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AUTHOR'S  PREFACE 


This  book  contains,  with  slight  variations,  the  material  given  iu 
my  course  at  the  University  of  Paris,  I  have  modified  somewhat 
the  order  followed  iu  the  leetiircB  for  the  sake  of  uniting  in  a  single 
volume  all  that  has  to  do  with  functions  of  real  variables,  except 
the  theory  of  differential  equations.  The  differential  notation  not 
being  treated  in  the  "  Classe  Je  Mathematiques  speciales,"  •  I  have 
treated  this  notation  from  the  beginning,  and  have  presupposed  only 
a  knowledge  of  the  formal  rules  for  calculating  derivatives. 

Since  mathematical  analysis  is  essentially  the  science  of  the  con- 
tinuum, it  would  seem  that  every  course  in  analysis  should  Ijegin, 
logically,  with  the  study  of  irrational  numbers.  I  have  supposed, 
however,  that  the  student  is  already  familiar  with  that  subject.  The 
theory  of  incommensurable  numbers  is  treated  in  so  many  excellent 
well-known  works  t  that  I  have  thought  it  useless  to  enter  upon  such 
a  discussion.  As  for  the  other  fundamental  notions  which  lie  at  the 
basis  of  analysis.  — such  as  the  upper  limit,  the  definite  integral,  the 
double  integral,  etc.,  —  I  have  endeavored  to  treat  them  with  all 
desirable  rigor,  seeking  to  retain  the  elementary  character  of  the 
work,  and  to  avoid  gen erali nations  which  would  be  supertluous  iu  a 
book  intended  for  purposes  of  instruction. 

Certain  paragraphs  which  are  printed  in  smaller  type  than  the 
body  of  the  book  contain  either  problems  solved  in  detail  or  else 
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iv  AUTHOR'S  PREFACE 

supplementary  matter  which  the  reader  may  omit  at  the  first  read- 
ing without  inconvenience.  Each  chapter  is  followed  by  a  list  of 
examples  which  are  directly  illustrative  of  the  methods  treated  in 
the  chapter.  Most  of  these  examples  have  been  set  in  examina- 
tions. Certain  others,  which  are  designated  by  an  asterisk,  are 
somewhat  more  difficult.  The  latter  are  taken,  for  the  most  part, 
from  original  memoirs  to  which  references  are  made. 

Two  of  my  old  students  at  the  !^cole  Normale,  M.  !^ile  Cotton 
and  M.  Jean  Clairin,  have  kindly  assisted  in  the  correction  of  proofs ; 
I  take  this  occasion  to  tender  them  my  hearty  thanks. 

E.  GOURSAT 
Jamuaby  27,  1902 


TRANSLATOR'S  PREFACE 


The  translation  of  this  Course  was  undertaken  at  the  suggestion 
of  Professor  W.  F.  Osgood,  whose  review  of  the  original  appeared 
in  the  July  number  of  the  Bulletin  of  the  American  Mathematical 
Society  in  1903.  The  lack  of  standard  texts  on  mathematical  sub- 
jects in  the  English  language  is  too  well  known  to  require  insistence. 
I  earnestly  hope  that  this  book  will  help  to  fill  the  need  so  generally 
felt  throughout  the  American  mathematical  world.  It  may  be  used 
conveniently  in  our  system  of  instruction  as  a  text  for  a  second  course 
in  calculus,  and  as  a  book  of  reference  it  will  be  found  valuable  to 
an  American  student  throughout  his  work. 

Few  alterations  have  been  made  from  the  French  text.  Slight 
changes  of  notation  have  been  introduced  occasionally  for  conven- 
ience, and  several  changes  and  additions  have  been  made  at  the  sug- 
gestion of  Professor  Goursat,  who  has  very  kindly  interested  himself 
in  the  work  of  translation.  To  him  is  due  all  the  additional  matter 
not  to  be  found  in  the  French  text,  except  the  footnotes  which  are 
signed,  and  even  these,  though  not  of  his  initiative,  were  always 
edited  by  him.  I  take  this  opportunity  to  express  my  gratitude  to 
the  author  for  the  permission  to  translate  the  work  and  for  the 
sympathetic  attitude  which  he  has  consistently  assumed.  I  am  also 
indebted  to  Professor  Osgood  for  counsel  as  the  work  progressed 
and  for  aid  in  doubtful  matters  pertaining  to  the  translation. 

The  publishers,  Messrs.  Ginn  &  Company,  have  spared  no  pains  to 
make  the  typography  excellent.  Their  spirit  has  been  far  from  com- 
mercial in  the  whole  enterprise,  and  it  is  their  hope,  as  it  is  mine, 
that  the  publication  of  this  book  will  contribute  to  the  advance  of 
mathematics  in  America.  ^  «   „^^,.,^«- 

August,  1904 
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CHAPTER  I 

DERIVATIVES  AND  DIFFERENTIALS 

L  FUNCTIONS  OF  A  SINGLE  VARIABLE 

1.  Limlta.  When  the  succeasive  values  of  a  variable  x  approach 
nearer  aud  nearer  a  constant  quantity  a,  in  such  a  way  that  the 
absolute  value  of  the  difference  x  —  a  finally  becoraea  and  remains 
less  than  any  preassigncd  number,  the  constant  a  is  called  the 
limit  of  the  variable  x.  This  definition  furnishes  a  criterion  for 
determining  whether  a  is  the  lijnit  of  the  variable  x.  The  neces- 
sary and  sufficient  condition  that  it  should  be,  is  that,  given  any 
positive  number  c,  no  matter  how  small,  the  absolute  value  oi  x  —  a 
should  remain  less  than  t  for  all  values  which  the  variable  x  can 
assume,  after  a  certain  instant. 

Numerous  examples  of  limits  are  to  he  found  in  Geometry 
and  Algebra.  For  example,  the  limit  of  the  variable  quantity 
X  =  (a*  —  J7i')/(n  —  m),  as  m  approaches  o,  is  2n  ;  for  a-  —  2ff  will 
l«  less  than  e  whenever  m  —  a  is  taken  less  than  t.  Likewise,  the 
variable  x  —  a  —  l/it,  where  n  is  a  positive  integer,  approaches  the 
limit  a  when  n  increases  indefinitely ;  for  a  —  a^  is  less  than  i  when- 
ever II  is  greater  than  1  /<.  It  is  apparent  from  these  examples  that 
the  successive  values  of  the  variable  x,  as  it  approaches  its  limit,  may 
form  a  continuous  or  a  discontinuous  sequence. 

It  is  in  general  very  difficult  to  determine  the  limit  of  a  variable 
quantity.  The  following  proposition,  which  we  will  assume  as  self- 
evident,  enables  us,  in  many  eases,  to  establish  the  existence  of  a  limit. 

Ani/  variable  quantity  which  never  deereasea,  and  which  always 
rtrnaini  le*»  than  a  eonitant  quantity  L,  approaehea  a  limit  I,  which 
it  fcjw  thin  or  at  most  equal  to  L. 

Similarly,  any  variable  quantity  which  never  tnereetses,  and  which 
always  remains  greater  than  a  constant  quantity  L',  approaches  a 
limit  /',  vkich  is  greater  than  or  else  equal  to  L'. 
1 
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For  example,  if  each  of  an  infiiiite  series  of  positive  terms  is 
less,  respectively,  than  the  corresponding  term  of  another  infinite 
series  of  positive  terms  which  is  known  to  converge,  then  the  first 
series  converges  also ;  for  the  sum  2«  of  the  first  n  terms  evidently 
increases  with  n,  and  this  sum  is  constantly  less  than  the  total  sum 
5  of  the  second  series. 

2.  Functions.  When  two  vaiiable  quantities  are  so  related  that 
the  value  of  one  of  them  depends  upon  the  value  of  the  other,  they 
are  said  to  be  functions  of  each  other.  If  one  of  them  be  sup- 
posed to  vary  arbitrarily,  it  is  called  the  independent  variable.  Let 
this  variable  b6  denoted  by  x,  and  let  us  suppose,  for  example, 
that  it  can  .assume  all  values  between  two  given  numbers  a  and  b 
(a  <  b).  Let  y  be  another  variable,  such  that  to  each  value  of  x 
between  a  and  by  and  also  for  the  values  a  and  b  themselves,  there 
corresponds  one  definitely  determined  value  of  //.  Then  //  is  called 
a  function  of  x,  defined  in  the  interval  (a,  h) ;  and  this  dependence 
is  indicated  by  writing  the  equation  y  =/(x).  For  instance,  it  may 
happen  that  y  is  the  result  of  certain  arithmetical  operations  per- 
formed upon  X.  Such  is  the  case  for  the  very  simplest  functions 
studied  in  elementary  mathematics,  e.g.  polynomials,  rational  func- 
tions, radicals,  etc. 

A  function  may  also  be  defined  graphically.  Let  two  coordinate 
axes  Oxy  Oy  be  taken  in  a  plane ;  and  let  us  join  any  two  points  A 
and  B  of  this  plane  by  a  curvilinear  arc  A  Cli,  of  any  shape,  which 
is  not  cut  in  more  than  one  point  by  any  parallel  to  the  axis  Oy. 
Then  the  ordinate  of  a  point  of  this  curve  will  1x5  a  function  of  the 
abscissa.  The  arc  ACB  may  be  composed  of  several  distinct  por- 
tions which  belong  to  different  curves,  such  as  segments  of  straight 
lines,  arcs  of  circles,  etc. 

In  short,  any  absolutely  arbitrary  law  may  be  assumed  for  finding 
the  value  of  y  from  that  of  x.  The  word  functio7i,  in  its  most  gen- 
eral sense,  means  nothing  more  nor  less  than  this :  to  every  value  of 
X  corresponds  a  value  of  y. 

3.  Continuity.  The  definition  of  functions  to  which  the  infini- 
tesimal calculus  applies  does  not  admit  of  such  broad  generality. 
Let  y  =f(x)  be  a  function  defined  in  a  certain  interval  (a,  b),  and 
let  Xq  and  Xq  -f  ^  be  two  values  of  x  in  that  interval.  If  the  differ- 
ence f(xo  -f  h)—f{xQ)  approaches  zero  as  the  absolute  value  of  h 
approaches  zero,  the  function  f{x)  is  said  to  be  continuous  for  the 
value  Xq.     From  the  very  definition  of  a  limit  we  may  also  say  that 
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a  fiinrtioti  f(x)  is  continiioHS  for  x  =  x^  i/,  corresponilitii/  to  evert/ 
potitioe  number  t,  ho  matter  how  small,  we  can  find  a  positive  num- 
ber  n,  stteh  that 

for  every  value  of  h  leas  than  ij  inabsoltUe  value*  We  shall  say  that 
a  f unctiou  f{x)  is  continuous  iji  an  interval  (a,  b)  if  it  is  contiuuous 
for  every  value  of  x  lying  in  that  iaterval,  and  if  the  differences 

/(»  +  *)-/(»),       /C4-»)-/« 
each  approach  zero  when  h,  which  is  now  to  be  taken  only  positive, 
approaches  zero. 

In  elementary  text-books  it  is  usually  shown  that  polynomials, 
rational  functions,  the  exponential  and  the  logarithmic-  function, 
the  trigonometric  functions,  and  tlie  inverse  trigonometric  functions 
are  continuous  functions,  except  for  certain  particular  values  of 
the  variable.  It  follows  directly  froui  the  lietiuition  of  continuity 
that  the  sum  or  the  prc>duct  of  any  nuuilier  of  coutiuuous  functions 
is  itself  a  contiuuous  function ;  and  this  holds  for  the  quotient  of 
two  contiuuous  functions  also,  except  for  the  values  of  the  variable 
for  which  the  denominator  vanishes. 

It  seems  superfluous  to  explain  here  the  reasons  which  lead  us  to 
assume  that  functions  which  are  defined  by  physical  conditions  are, 
at  least  in  general,  continuous. 

Among  the  properties  of  continuous  functions  we  shall  now  state 
only  the  two  following,  which  one  might  be  tempted  to  think  were 
self-evident,  but  which  really  amount  to  actual  theorems,  of  which 
rigorous  demonstrations  will  l>e  given  later,  t 

I.  If  the  function  y  =/(«)  w  eontiniioMa  in  the  internal  (a,  b),  and 
if  N  is  n  number  between  f  (a)  antlf(b),  then  the  equation  f(x)  =  N 
has  at  least  one  root  between  a  and  b, 

II.  There  exists  at  least  one  value  of  x  belonging  to  the  intercal 
(a,  b),  ijielusioe  of  its  end  points,  for  which  y  takes  on  a  value  M 
u>hieh  is  greater  than,  or  at  Ir.ast  equal  to,  the  value  of  the  function  at 
any  other  point  in  the  internal.  Likewise,  there  exists  a  value  of  x 
for  which  y  takes  on  a  value  m,  than  which  the  function  assumes  no 
smaller  value  in  the  interval. 

The  numbers  M  and  m  are  called  the  maximum  and  the  minimum 
values  of  f{x),  respectively,  in  the  interval  (a,  b).     It  is  clear  that 

*  The  notation  |  n  |  denolss  thu  Hlisolute  value  uf  a. 
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the  value  of  x  for  which /(as)  assumes  its  maximum  value  A/,  or  the 
value  of  X  corresponding  to  the  minimum  m,  may  be  at  one  of  the 
end  points,  a  or  h.  It  follows  at  once  from  the  two  theorems  above, 
that  if  iV  is  a  number  between  M  and  m,  the  equation  f{x)  =  N  has 
at  least  one  root  which  lies  between  a  and  h, 

4.  Examples  of  discontinuities.  The  functions  which  we  shall  study 
will  be  in  general  continuous,  but  they  may  cease  to  be  so  for 
certain  exceptional  values  of  the  variable.  We  proceed  to  give 
several  examples  of  the  kinds  of  discontinuity  which  occur  most 
frequently. 

The  function  y  =  1  /  (x  —  a)  is  continuous  for  every  value  x^  of 
X  except  a.  The  operation  necessary  to  determine  the  value  of  y 
from  that  of  x  ceases  to  have  a  meaning  when  x  is  assigned  the 
value  a ;  but  we  note  that  when  x  is  very  near  to  a  the  absolute 
value  of  y  is  very  large,  and  y  is  positive  or  negative  with  x  —  a. 
As  the  difference  x  —  a  diminishes,  the  absolute  value  of  y  increases 
indefinitely,  so  as  eventually  to  become  and  remain  greater  than  any 
preassigned  number.  This  phenomenon  is  described  by  saying  that 
y  becomes  infinite  when  x  =  a.  Discontinuity  of  this  kind  is  of 
great  importance  in  Analysis. 

Let  us  consider  next  the  function  y  =  sin  1  fx.  As  x  approaches 
zero,  l/a5  increases  indefinitely,  and  y  does  not  approach  any  limit 
whatever,  although  it  remains  between  -f  1  and  —  1.  The  equation 
sin  1/05  =  ^,  where  |yl  |  <  1,  has  an  infinite  number  of  solutions 
which  lie  between  0  and  c,  no  matter  how  small- c  be  taken.  What- 
ever value  be  assigned  to  y  when  a;  =  0,  the  function  under  con- 
sideration cannot  be  made  continuous  for  a;  =  0. 

An  example  of  a  still  different  kind  of  discontinuity  is  given  by 
the  convergent  infinite  series 


x^      .         .         x^ 


When  X  approaches  zero,  S(x)  approaches  the  limit  1,  although 
5(0)  =  0.  For,  when  a:  =  0,  every  term  of  the  series  is  zero,  and 
hence  S  (0)  ==  0.  But  if  a:  be  given  a  value  different  from  zero,  a 
geometric  progression  is  obtained,  of  which  the  ratio  is  1/(1  -f  x*). 
Hence 

^"iT^« 


x^ 
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and  the  limit  of  S(x)  \a  seen  to  be  1.  Thus,  in  this  example,  tha 
function  approaches  a  definite  limit  as  x  approaches  zero,  but  that 
limit  is  different  from  tlie  value  of  the  function  for  a;  =  0. 

5.  Derivatives.    Let/(3:)  be  a  continuous  function.     Then  the  two 
terms  of  the  quotient 

/(x  +  A)-/(^) 
h 

approach  zero  simultaneously,  as  the  absolute  value  of  fi  approaches 
3evo,  while  a-  remains  fixetl.  If  this  quotient  approaches  a  limit, 
this  limit  is  called  the  derivative  of  the  function /(a:),  and  is  denoted 
by  y'l  or  by_/''(xj,  in  the  notation  due  to  Lagrange. 

An  important  geometrical  concept  is  associated  with  this  analytic 
notion  of  derivative.  Let  us  consider,  in  a  plane  Xoy,  the  c 
AMB,  which  represents  the  function  if  ~f(x),  which  we  shall  assume 
to  be  continuous  in  the  interval  (a,  li).  Let  M  and  M'  be  two  points 
on  this  curve,  in  the  interval  (n,  b),  and  let  their  ahscissse  be  x  and 
T  +  A,  respectively.  The  slope  of  the  straight  line  A/J/'  is  then 
precisely  the  quotient  alxive.  Now  as  h  approaches  zero  the  point 
M' approaches  the  point  M;  and,  if  the  function  has  a  derivative, 
the  slope  of  the  line  ^f^f'  approaches  the  limit  y'.  The  straight  line 
MM',  therefore,  approaches  a  limiting  position,  which  is  called  the 
tangent  to  the  cun'e.     It  follows  that  the  equation  of  the  tangent  is 

Y-y  =  y'(X- 

wfaere  X  and  )'  are  the  running  coSrdinates. 

To  generalize,  let  us  consider  any  curve  in  space,  and  let 

be  the  coordinates  of  a  point  on  the  curve,  expressed  as  functions  of 
a  variable  parameter  (.  Let  M  and  M'  be  two  points  of  the  oiuve 
oorresponding  to  two  values,  t  and  ( -I-  A,  of  the  parameter.  The 
equations  of  the  chord  MM'  are  then 

I.  x-f(i)  r-4,(t) 

H  m  dii 
the  ohoTt 
given  1^ 


f(t  +  h)-f{t)      ♦((  +  »)-♦(()      ^l,t  +  h)-^(f) 

If  ire  divide  each  denominator  by  A  and  then  let  k  approach  zero, 
the  chord  MM'  evidently  approaches  a  limiting  position,  which  ia 
given  hj  the  etjuations 

x-fm    y-»(() 
/'(<)       ♦'(')        ♦'(') 
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provided,  of  course,  that  each  of  the  three  functions  f(t),  4>  (t)y  \p  (t) 
possesses  a  derivative.  The  determination  of  the  tangent  to  a  curve 
thus  reduces,  analytically,  to  the  calculation  of  derivatives. 

Every  function  which  possesses  a  derivative  is  necessarily  con- 
tinuous, but  the  converse  is  not  true.  It  is  easy  to  give  examples 
of  continuous  functions  which  do  not  possess  derivatives  for  par- 
ticular values  of  the  variable.  The  function  y  =  x  sml/x,  for 
example,  is  a  perfectly  continuous  function  of  x,  for  x  =  0,*  and  y 
approaches  zero  as  x  approaches  zero.  But  the  ratio  y/x  =  sinl/a; 
does  not  approach  any  limit  whatever,  as  we  have  already  seen. 

Let  us  next  consider  the  function  y  =  «'.  Here  y  is  continuous 
for  every  value  of  ar;  and  y  =  0  when  a:  =  0.  But  the  ratio  y/x  =  x"* 
increases  indefinitely  as  x  approaches  zero.  For  abbreviation  the 
derivative  is  said  to  be  infinite  for  a;  =  0 ;  the  curve  which  repre- 
sents the  function  is  tangent  to  the  axis  of  y  at  the  origin. 

Finally,  the  function 

xe^ 

y  =  — i 

1-1-6* 

is  continuous  at  a;  =  0,*  but  the  ratio  y/x  approaches  two  different 
limits  according  as  x  is  always  positive  or  always  negative  while 
it  is  approaching  zero.  When  x  is  positive  and  small,  e^^'  is  posi- 
tive and  very  large,  and  the  ratio  y/x  approaches  1.  But  if  x 
is  negative  and  very  small  in  absolul^e  value,  e^^'^  is  very  small,  and 
the  ratio  y/x  approaches  zero.  There  exist  then  two  values  of  the 
derivative  according  to  the  manner  in  which  x  approaches  zero :  the 
curve  which  represents  this  function  has  a  comer  at  the  origin. 

It  is  clear  from  these  examples  that  there  exist  continuous  func- 
tions which  do  not  possess  derivatives  for  particular  values  of  the 
variable.  But  the  discoverers  of  the  infinitesimal  calculus  confi- 
dently believed  that  a  continuous  function  had  a  derivative  in  gen- 
eral. Attempts  at  proof  were  even  made,  but  these  were,  of  course, 
fallacious.  Finally,  Weierstrass  succeeded  in  settling  the  question 
conclusively  by  giving  examples  of  continuous  functions  which  do  not 
possess  derivatives  for  any  values  of  the  variable  whatever. t  But 
as  these  functions  have  not  as  yet  been  employed  in  any  applications. 


*  After  the  value  zero  has  been  assigDed  to  y  f or  a;  =  0. — Translator. 

t  Note  read  at  the  Academy  of  Sciences  of  Berlin,  July  18,  1872.  Other  examples 
are  to  be  found  in  the  memoir  by  Darboux  on  discontinuous  functions  {Annalea  de 
VEcole  Normals  Sup^rieure,  Vol.  IV,  2d  series).  One  of  Weierstrass's  examples  is 
given  later  (Chapter  IX). 
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we  shall  not  i;oiisiili;r  them  here.  In  the  future,  when  we  say  that 
a  function  f{x)  has  a  derivative  in  the  interval  (a,  b),  we  shall  mean 
that  it  has  an  uniqan  finite  derirntlne  for  every  value  of  x  between 
a  and  b  and  also  iox  x  =  a,  (h  being  positive)  and  for  a:  =  ft  (A  being 
negative),  unless  an  explicit  statement  is  made  to  the  contrary. 

6.  Successire  derivstivea.  The  derivative  of  a  function  f(x)  is  in 
general  another  function  of  x,f'(x).  1{  f'(x)  in  turn  has  a  deriva- 
tive, the  new  function  is  called  the  sprond  derlnatiue  at  /(x),  and  ia 
represented  by  y"  or  by  f"(x).  In  the  same  way  the  third  deriva- 
tive I/'",  or  /'"(x),  is  defined  to  be  the  derivative  of  the  second,  and 
BO  on.  In  genera),  the  nth  derivative  y'"\  or/*"'(j-),  is  the  deriva- 
tive of  the  derivative  of  order  (n  —  1).  If,  in  thus  forming  the 
succeesive  derivatives,  we  never  obtain  a  function  which  has  no 
derivative,  we  may  imagine  the  process  caiTied  on  indefinitely.  In 
this  way  we  obtain  an  unlimited  s&iuenc.e  of  derivatives  of  the  func- 
tion ^(x)  with  which  we  started.  Such  is  the  case  for  all  functions 
which  have  found  any  considerable  agiplicatiou  up  to  the  present 
time. 

The  above  notation  is  due  to  Lagrange,  The  notation  D,y,  or 
D^f(x),  due  to  Oauehy,  is  also  used  occasionally  to  represent  the 
nth  derivative.     Leibniz'  notation  will  bo  given  presently. 

7.  Rolle's  theorem.  The  use  of  derivatives  in  the  study  of  equa^ 
tiona  depends  upon  the  following  proposition,  which  i.s  known  as 
HotU's  Theorem  : 

Let  a  and  h  be  two  itiois  of  the  equation  f{x)  =  0.  If  the-  function 
/(ps)  is  eonlinuouf  awl  poMessm  a  deritiative  in  the  interval  (a,  b), 
the  eqvation  f'(x)  =  0  has  at  least  one  root  which  lies  between  a  and  b. 

For  the  function  /(x)  vanishes,  by  hypothesis,  for  «  =  «  anda*  =  b. 
If  it  vanishes  at  every  point  of  the  interval  («.  J),  its  derivative  also 
vanishes  at  every  point  of  the  interval,  and  tlie  theorem  is  evidently 
fulfilled.  If  the  function /(a-)  does  not  vanish  lliroughout  the  inter- 
val, it  will  assume  either  positive  or  negative  values  at  some  points. 
Suppose,  for  instance,  that  it  has  positive  values.  Then  it  will  have 
a  maximum  value  Af  for  some  value  of  x,  say  x„  which  lie^  between 
a  and  b  (S  3,  Theorem  II).     The  ratio 

f(r,  +  k)-f(x,)^ 
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where  h  is  taken  positive,  is  necessarily  negative  or  else  zero. 
Hence  the  limit  of  this  ratio,  i.e.  f'(xi),  cannot  be  positive;  i.e. 
/'(«i)  S  0.     But  if  we  consider  /'(aJi)  as  the  limit  of  the  ratio 

where  h  is  positive,  it  follows  in  the  same  manner  that  f^(xi)  >  0. 
From  these  two  results  it  is  evident  that/'(a;i)  =  0. 

8.  Law  of  the  mean.  It  is  now  easy  to  deduce  from  the  above 
theorem  the  important  law  of  the  mean:* 

Let  f(x)  be  a  continuous  function  which  has  a  derivative  in  the 
interval  (a,  h),     TJien 

(1)  f(p)-f(a)  =  (b-a)f(e), 

where  c  is  a  number  between  a  and  b. 

In  order  to  prove  this  formula,  let  ^  (a?)  be  another  function  which 
has  the  same  properties  as  f{x),  i.e.  it  is  continuous  and  possesses  a 
derivative  in  the  interval  (a,  6).  Let  us  determine  three  constants, 
AjBjC,  such  that  the  auxiliary  function 

vanishes  for  x  =  a  and  for  x  =  b.  The  necessary  and  sufficient 
conditions  for  this  are 

^/(a)+  B^(«)+  C  =  0,         Af(b)-^B<l>(b)-^  C  =  0; 

and  these,  are  satisfied  if  we  set 

A=4>(a)-4>(b),        B=f(b)-f(a),      C  :=f(a)<l>(b)^f(b)<l>(a). 

The  new  function  ^[/(x)  thus  defined  is  continuous  and  has  a  derivative  . 
in  the  interval  (a,  b).     The  derivative  ^'(x)  =  Af'(x)  -h  B  <\>\x)  there- 
fore vanishes  for  some  value  c  which  lies  between  a  and  b,  whence, 
replacing  A  and  B  by  their  values,  we  find  a  relation  of  the  form 

(1-)  [*  (6)  -  *(«)]  f(c)  =  [/(i)  -/(a)]  ^'(c). 

It  is  merely  necessary  to  take  <^  (aj)  =  aj  in  order  to  obtain  the  equality 
which  was  to  be  proved.  It  is  to  be  noticed  that  this  demonstration 
does  not  presuppose  the  continuity  of  the  derivative  /'(«). 


* "  Formole  des  aocroiasements  finis."  The  French  also  use  "  Form  ale  de  la 
moyenne"  as  a  synonym.  Other  English  synonyms  are  "  Average  value  theorem  " 
and  " Mean  value  theorem."  —Trams. 
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From  the  tlieorem  just  proven  it  follows  that  if  the  derivative 
f'{x)  ia  zero  at  each  point  of  the  interval  (a,  6),  the  function /(a:) 
has  the  same  value  at  every  point  of  the  interval ;  for  the  applica- 
tion of  the  formula  to  two  values  Xi,  x„  belonging  to  the  interval 
(o,  i),  gives  /(a'i)=/(j;,).  Hence,  if  two  functions  have  the  same 
derivative,  their  difference  is  a  constant;  and  the  converse  is  evi- 
dently true  also.  J/  a  function  F(x)  be  given  inkoae  derivatii-e  ia 
f(x),  all  other J\mctians  wkwh  have  tlieaame  derivative  arefaund  by 
adding  to  F{x)  an  arbitrary  eonstant.* 

The  geometrical  int^u'pretation  of  the  equation  (1)  is  very  simple. 
Let  us  draw  the  curve  A  MB  which  represents  the  function  y  =  f{x) 
in  the  interval  (a,  b).  Then  the  ratio  [/(6)  -/(a)]/(A  -  ")  is  the 
slope  of  the  chord  AB,  while  /'(>?)  is  the  slope  of  tlie  tangent  at  a 
point  C  of  the  curve  whose  abscissa  is  c.  Hence  the  equation  (1) 
expresses  the  fact  that  there  exist*  a  point  C  on  the  curve  A  MB, 
between  A   and  B,  where  the  tangent  ia  parallel  to  the  chord  AB. 

If  the  derivative  f'(x)  is  continuous,  and  if  we  let  a  and  b  approach 
the  same  limit  Xy  according  to  any  law  whatever,  the  number  c, 
which  lies  between  a  and  b,  also  approaches  Xg,  and  the  equation  (1) 
shows  that  the  limit  of  the  ratio 


is  /'(*o).  The  geometrical  interpretation  is  as  follows.  Let  ua 
consider  upon  the  curve  y  =/(«)  a  point  M  whose  abscissa  ia  x,, 
and  two  points  A  and  B  whose  absciss*  are  a  and  b,  respectively. 
The  ratio  [/(*)  —  /(")]/ (^  —  ")  is  equal  to  the  slope  of  the  chord 
AB,  while  f'{x^  is  the  slope  of  the  tangent  at  M.  Hence,  when 
the  two  points  A  and  B  approacli  the  point  M  according  to  any  law 
whatever,  the  secant  ^ij  approaches,  as  its  limiting  position,  the 
tangent  at  the  point  M. 

•  This  theorem  la  Bonietinieil  npplie'i  withont  dne  rogaH  lo  tlie  pomlltloiiH  imposed  In 
iWteniBnt.  I*t/(i)  ami  *(j-),  tor  enam|Jlo.  be  two  conlinuouB  fuoutioiia  «hii^L  have 
I  deH»»tlve«/'(i},  *■{«>  In  an  inlerval  (u,  h).  If  the  relBtlou/'(i)  *(!)-/(>;)  *'<J-)  =  0 
<■  MtiBfled  by  these  tonr  ranttlnnn.  it  l«  sometimes  amepteil  as  proved  Ihal  thederiva- 
f  e  of  the  tumrtlon  //  *,  or  [f'M  « (?)  -  '/(y)  «'{j-)1  /  ♦',  is  wiro.  and  that  accordingly 
//♦  Is  TOnstant  in  the  interval  (o,  ft).  But  this  conclusion  Is  not  ateolutely  rlKorous 
nnlesii  the  fnnction  rO<i)  doe*  notvanish  In  ihelnlorvBl  (a,  6).  Suppose,  tor  inatanoe, 
thai  ^  [z)  and  ♦'(»)  both  vanish  tor  a  valne  c  between  o  and  h.  A  fnnction/{j:)  eqnal 
to  Ci#(i)  between  n  and  c.  and  lo  Ci*(J')  between  r  and  6,  where  C,  and  Cj  are  dH- 
ferentcootUuitB.lscontlnuoiiBandhasB  derlvatlvp  In  the  Interval  (a,  61,  and  we  have 
/'(it  «(i)-/(i)  *'(>■)  =  0  tor  every  value  of  x  in  the  Interval.  The  Keometrii-al 
interptitaUoa  is  apparent. 
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This  does  not  hold  in  general,  however,  if  the  derivative  is  not 
continuous.  For  instance,  if  two  points  be  taken  on  the  curve 
y  =  «',  on  opposite  sides  of  the  y  axis,  it  is  evident  from  a  figure 
that  the  direction  of  the  secant  joining  them  can  be  made  to  approach 
any  arbitrarily  assigned  limiting  value  by  causing  the  two  points  to 
approach  the  origin  according  to  a  suitably  chosen  law. 

The  equation  (1')  is  sometimes  called  the  generalized  law  of  the 
mean.  From  it  de  PHospitars  theorem  on  indeterminate  forms  fol- 
lows at  once.  For,  suppose  f{a)  =  0  and  <^  (a)  =  0.  Replacing  b 
by  «  in  (!'),  we  find 

where  Xi  lies  between  a  and  x.  This  equation  shows  that  if  the 
ratio  f'(x)/<l>'(x)  approaches  a  limit  as  x  approaches  a,  the  ratio 
/(aj)/<^(aj)  approaches  the  same  limits  if  f(a)  =  0  and  ff>(a)  =  0, 

9.  Generalizations  of  the  law  of  the  mean.  Various  generalizations  of  the  law 
of  the  mean  have  been  sugge.sted.  The  following  one  is  due  to  Stieltjes  (Bulletin 
de  la  SocUU  Math&matique^  Vol.  XVI,  p.  100).  For  the  sake  of  definiteness  con- 
sider three  functions, /(x),  g(x)j  h{x),  each  of  which  has  derivatives  of  the  first 
and  second  orders.  Let  a,  6,  r  be  three  particular  values  of  the  variable  (a  <  6  <  c). 
Let  ^  be  a  number  defined  by  the  equation 


and  let 


0(X)  = 


f(a)    g(a)    h(a) 
f(b)    g(b)    h{b) 
/(c)    g(c)    h(c) 

-A 

1  a  a2 
1    6    62 

1    c    c2 

f(a)    g(a)    h(a) 
f(b)    g(b)    h{b) 
f(x)    g(x)    h(x) 

-A 

\  a  a^ 
1    6     62 

1     X     x2 

=  0, 


/(a) 

g(a) 

h{a) 

1    a    a^ 

/(6) 

ff(6) 

h(b) 

-A 

1    6     6« 

/'(f) 

/(f) 

A'(f) 

0    1    2f 

be  an  auxiliary  function.     Since  this  function  vanishes  when  x  =  6  and  when 
X  =  c,  its  derivative  must  vanish  for  some  value  ^  between  b  and  c.     Hence 


=  0. 


If  6  be  replaced  by  x  in  the  left-hand  side  of  this  equation,  we  obtain  a  function 
of  X  which  vanishes  when  x  =  a  and  when  x  =  5.  Its  derivative  therefore  van- 
ishes for  some  value  of  x  between  a  and  6,  which  we  shall  call  ^  The  new 
equation  thus  obtained  is 


=  0. 


Finally,  replacing  ^by  x  in  the  left-hand  side  of  this  equation,  we  obtain  a  func- 
tion of  X  which  vanishes  when  x  =  (  and  when  x  =  ^     Its  derivative  vanishes 


/(a) 

9(a) 

h(a) 

1    a    a* 

/'(I) 

ftii) 

»'(f) 

-A 

0    1    2{ 

/'(f) 

»'(f) 

A'(f) 

0    1    2i- 
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,  I  /  (a)    I  («)     »  (•)  I 
■1=7;    /•(«)    »■(«    »■«)    , 
I  /"M    «"Cil    *"M  1 
where  (  lies  between  a  and  b,  and  1)  lieR  bclween  a  and  c 

Tills  proof  does  not  preeuppoEe  Ihe  cnnciiiuit;  of  tbe  second  derivatives 
/"(i),  a"(i).  h"{^).  I!  ihciae  derivativea  are  coutinuous,  and  If  lUe  valuea  a,  (1,  c 
approach  Uie  sauie  liuiii  ji^,  we  have,  in  the  tluiit, 

,   I  /  (««>     9  {Xo)    ft  (lo)  I 
Hm  ^  =  —    /'  (Xo)     3'  (Xe)    A'  (*o) 
I  /-(lo)    £f"(io)     A"(z„)  I 

Analogotu  expreaslona  exist  for  n  [unctions  and  the  proof  follows  the  same 
Unea.  If  only  Iwo  fuiicUotis  /(i)  and  y  (z)  are  taken,  tbe  formula;  reduce  to  Uie 
law  of  the  mean  if  we  aely{x)=  1. 

An  analogous  gunerallKattuii  lias  been  given  by  Schwar^  {Annali  di  Maths' 
tiuUka.  2d  Eeries,  Vol.  X). 


II,    FirNCTIONS  OF  SEVERAL  VARIABLES 

10.  Introduction.  A  variable  quantity  a  whose  value  depends  on 
the  values  of  several  other  Tarial)]es,  x,  y,  z,  ■■■,  I,  which  are  in- 
dependent of  each  other,  is  called  a  function  of  the  inilnpend- 
eni  variables  x,  y,  z,  ■••,  t;  and  this  relation  is  denoted  by  writing 
<a=f(x,y,z,  ■■■,')■  For  defiuiteness,  let  us  suppose  that  u  =f(x,y') 
is  a  function  of  the  two  independent  variables  x  and  y.  If  we  think 
of  X  and  y  as  the  Cartesian  coordinates  of  a  point  in  the  plane, 
each  pair  of  values  {x,  y)  determines  a  point  of  the  plane,  and  con- 
versely. If  to  each  point  of  a  certain  region  A  in  the  xy  plane, 
hounded  by  one  or  more  contours  of  any  form  whatever,  there 
corresponds  a  value  of  ui,  the  function  f{x,  y)  Is  aaid  to  bt  defined 
in  the  region  A. 

Let  (xg,  yo)  he  the  coordinates  of  a  point  M^  lying  in  this  region. 
The  function  f(x,  y)  is  said  to  be  eantinuoue  for  the  pair  of  values 
(*ot  y<t)  \f'  forrespondiny  to  any  preassiyned positive  number  c.  another 
positive  numlier  ij  exists  such  that 

\f(x^  +  h,y^  +  k)-f{x,,y,)\<t 

whenever  |  A I  <  ij  and  \k\<  t/. 

This  definition  of  continuity  may  be  interpreted  as  follows,  Let 
us  suppose  constructed  in  the  xy  plane  a  square  of  side  2ri  about 
Jfu  as  center,  with  its  aides  parallel  to  the  axes.     The  point  AT, 


12  DERIVATIVES  AND   DIFFERENTIALS  [I,  §11 

whose  coordinates  are  Xq  -f  A,  yo  -f  ^,  will  lie  inside  this  square,  if 
I A I  <  1;  and  |  A  |  <  1;.  To  say  that  the  function  is  continuous  for  the 
pair  of  values  (xq,  1/0)  amounts  to  saying  that  by  taking  this  square 
sufficiently  small  we  can  make  the  difference  between  the  value  of 
the  function  at  Mq  and  its  value  at  any  other  point  of  the  square  less 
than  c  in  absolute  value. 

It  is  evident  that  we  may  replace  the  square  by  a  circle  about 
(^o>  1/0)  as  center.  For,  if  the  above  condition  is  satisfied  for  all 
points  inside  a  square,  it  will  evidently  be  satisfied  for  all  points 
inside  the  inscribed  circle.  And,  conversely,  if  the  condition  is 
satisfied  for  all  points  inside  a  circle,  it  will  also  be  satisfied  for  all 
points  inside  the  squai-e  inscribed  in  that  circle.  We  might  then 
define  continuity  by  saying  that  an  rf  exists  for  every  c,  such  that 
whenever  VA*  -f  A*  <  ly  we  also  have 

\f(Xo  -f  h,  yo  -f  k)  -/(xo,  j/o)  \  <  c 

The  definition  of  continuity  for  a  function  of  3,  4,  •  •  • ,  n  inde- 
pendent variables  is  similar  to  the  above. 

It  is  clear  that  any  continuous  function  of  thq^  two  independent 
variables  x  and  y  is  a  continuous  function  of  each  of  the  variables 
taken  separately.     However,  the  converse  does  not  always  hold.* 

11.  Partial  derivatives.  If  any  constant  value  whatever  be  substi- 
tuted for  y,  for  example,  in  a  continuous  function  /(a*,  y),  there 
results  a  continuous  function  of  the  single  variable  x.  The  deriva- 
tive of  this  function  of  x,  if  it  exists,  is  denoted  by  /j.(iF,  ?/)  or  by  to^. 
Likewise  the  symbol  w^,  or  f^(x,  //),  is  used  to  denote  the  derivative 
of  the  function  f(x,  y)  when  x  is  regarded  as  constant  and  //  as  the 
independent  variable.  The  functions  /,(ir,  y)  and  /^(x,  y)  are  called 
the  partial  derivatives  of  the  function  f{x,  y).  They  are  themselves, 
in  general,  functions  of  the  two  variables  x  and  y.  If  we  form  their 
partial  derivatives  in  turn,  we  get  the  partial  derivatives  of  the  sec- 
ond order  of  the  given  function  f(x,  y).  Thus  there  are  four  partial 
derivatives  of  the  second  order,./>(ir,  y),fjry(x,  y),f^^(x,  y),./>(ar,  y). 
The  partial  derivatives  of  the  third,  fourth,  and  higher  orders  are 


•  Consider,  for  instance,  the  function /(ar,  y),  which  is  equal  to  2  ry  /  (x*  -|-  j/^  when 
the  two  variables  r  and  »/  are  not  botli  zero,  and  which  is  zero  when  x  =  y  =  0.  It  is 
evident  that  this  is  a  continuous  function  of  x  wlien  y  is  constant,  and  mce  versa. 
Nevertheless  it  is  not  a  continuous  function  of  the  two  indepeud<nit  variables  x  and  y 
for  the  pair  of  values  x  =  0,y  =  0.  For,  if  the  ixnnt  (r,  y)  approaches  the  orijfiii  mx»n 
the  line  r  =  ?/.  the  function/far,  y)  approaches  the  limit  1,  and  not  zero.  Such  functions 
have  been  studied  by  Baire  in  his  thesis. 
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defined  similarly.  In  general,  given  a  function  oi  =/(a',  y,  z,  --ft) 
of  any  number  of  independent  variables,  a  partial  derivative  of  the 
nth  order  is  the  i-esult  of  n  successive  differentiations  of  the  function 
/,  in  a  certain  order,  with  respect  to  any  of  the  variables  which  occur 
in  /.  We  will  now  show  that  the  result  does  not  depend  upon  the 
order  in  which  the  differentiations  are  carried  out. 
Let  us  first  prove  the  following  lemma : 

Let  CD  =  f(Xy  y)  be  a  function  of  the  two  variables  x  and  y.     Then 
fj^  =fyxi  provided  that  these  two  derivatives  are  continuous. 

To  prove  this  let  us  first  write  the  expression 

U  =f(x  -h  Aaj,  y  -f  Ay)  -f(x,  y  +  Ay)  -f(x  +  Aar,  y)  +/(«,  y) 

in  two  different  forms,  where  we  suppose  that  x,  y,  Ax,  Ay  have 
definite  values.     Let  us  introduce  the  auxiliary  function 

where  v  is  an  auxiliary  variable.     Then  we  may  write 

//  =  <^(y-f-Ay)-<^(y). 
Appljring  the  law  of  the  mean  to  the  function  <f>  (v),  we  have 

U  =  ^y<l>^(y-\-  O^y),  where  0  <  ^  <  1 ; 

or,  replacing  <f>y  by  its  value, 

U  =  Ay[f,(x  +  Ax,  y  -f-  eAy)-f,(x,  y  +  ^Ay)]. 

If  we  now  apply  the  law  of  the  mean  to  the  function  fy(ic,  y  H-  ^Ay), 
regarding  u  as  the  independent  variable,  we  find 

U=^xAyf^,(x  -f-  6' Ax,  y  +  ^Ay),        0  <  6' <  1. 

From  the  symmetry  of  the  expression  U  in  ar,  y,  Ax,  Ay,  we  see  that 
we  would  also  have,  interchanging  x  and  y, 

U=Ay  Ax/^  (X  -f  e[  Ax,  y -\- 0,  Ay), 

where  0^  and  $[  are  again  positive  constants  less  than  unity.  Equat- 
ing these  two  values  of  TT  and  dividing  by  Ax  Ay,  wo  have 

/^(x  +  ^; Ax,  y  +  ^1  Ay)  =/,,(x  -f  ^' Ax,  y  -f-  ^Ay). 

Since  the  derivatives /^^  (x,  y)  and/^(x,  y)  are  supposed  continuous, 
the  two  members  of  the  above  equation  approach  /^^  (.r,  y)  and 
/^(x,  y),  respectively,  as  Ax  and  Ay  approach  zero,  and  we  obtain 
the  theorem  which  we  wished  to  prove. 
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It  is  to  be  noticed  in  the  above  demonstration  that  no  hypothesis 
whatever  is  made  concerning  the  other  derivatives  of  the  second  order, 
f^  and  /^.  The  proof  applies  also  to  the  case  where  the  function 
/(x,  if)  depends  upon  any  number  of  other  independent  vaiiables 
besides  x  and  y,  since  these  other  variables  would  merely  have  to 
be  regarded  as  constants  in  the  preceding  developments. 

Let  us  now  consider  a  function  of  any  number  of  independent 
variables, 

and  let  12  be  a  partial  derivative  of  order  n  of  this  function.  Any 
permutation  in  the  order  of  the  differentiations  which  leads  to  H 
can  be  effected  by  a  series  of  interchanges  between  two  successive 
differentiations ;  and,  since  these  interchanges  do  not  alter  the 
result,  as  we  have  just  seen,  the  same  will  be  true  of  the  permuta- 
tion considered.  It  follows  that  in  order  to  have  a  notation  which 
is  not  ambiguous  for  the  partial  derivatives  of  the  71th  order,  it  is 
sufficient  to  indicate  the  number  of  differentiations  performed  with 
respect  to  each  of  the  independent  variables.  For  instance,  any  7ith 
derivative  of  a  function  of  three  variables,  w  =f(xy  y,  «),  will  be 
represented  by  one  or  the  other  of  the  notations 

where  7?-|-^H-r  =  n.*  Either  of  these  notations  represents  the 
result  of  differentiating  /  successively  p  times  with  respect  to  sr, 
q  times  with  respect  to  y,  and  r  times  with  respect  to  «,  these  oper- 
ations being  carried  out  in  any  order  whatever.  There  are  three 
distinct  derivatives  of  the  first  order,  /p,  /y,  f^\  six  of  the  second 
order,  /^,  /^,  /^,  /^,  /^,  /„ ;  and  so  on. 

In  general,  a  function  of  jt>  independent  variables  has  just  as  many 
distinct  derivatives  of  order  n  as  there  are  distinct  terms  in  a  homo- 
geneous polynomial  of  order  n'vap  independent  variables ;  that  is, 

(yt-f-l)(yi-f  2)...(n-f-/?-l) 
1.2....(^-2)(/>-l)      ' 

as  is  shown  in  the  theory  of  combinations. 

Practical  rules,  A  certain  number  of  practical  rules  for  the  cal- 
culation of  derivatives  are  usually  derived  in  elementary  books  on 


•  The  notation  /,  p^^  {x,  y,  z)  is  used  instead  of  the  notation  fxP^z*^  («.  y.  z)  for 
simplicity.  Thus  the  notation /^y (x,  y),  used  in  place  of /^^(x,  y),  is  simpler  and 
equally  clear.  —  Trans. 
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the  Calculus.     A  table  of  such  rules  is  appended,  the  function  and 
its  derivative  being  placed  on  the  same  line : 

y  =  a%  y'  =  a^  log  a, 

where  the  symbol  log  denotes  the  natural  logarithm ; 

y  =  logar,  y  =  -' 

X 

y  =  sin  a?,  y'  =  cos  a; ; 

y  =  cos  a;,  y'  =  —  sin  x ; 


» 


y  —  arc  sin  Xy  y'  = 


±vni^ 


y  =  arc  tan  Xy  y'  = 


1  ■\-x' 
y  =  t/v,  y'  =  u'y  -f-  uy' ; 


y  =/(w,  ^,,  Iff),  y_^  =  y^f^  4.  ,,,/,.  +  W,/^. 

The  last  two  rules  enable  us  to  find  the  derivative  of  a  function 
of  a  function  and  that  of  a  composite  function  if /,»,/„, /»  are  con- 
tinuous. Hence  we  can  find  the  successive  derivatives  of  the  func- 
tions studied  in  elementary  mathematics,  —  polynomials,  rational 
and  irrational  functions,  exponential  and  logarithmic  functions, 
trigonometric  functions  and  their  inverses,  and  the  functions  deriv- 
able from  all  of  these  by  combination. 

For  functions  of  several  variables  there  exist  certain  formulae 
analogous  to  the  law  of  the  mean.  Let  us  consider,  for  definite- 
ness,  a  function  /(as,  y)  of  the  two  independent  variables  x  and  y. 
The  difference /(a;  -\-  hy  y  -\-  k)  —f{x,  y)  may  be  written  in  the  form 

f(x  4-  A,  y  +  k)-f{x,  y)=if{x  +  A,  y  -f  A:)-/(x,  y  -f-  A:)] 

4-[/(x,y  +  A:)-/(a:,y)], 

to  each  part  of  which  we  may  apply  the  law  of  the  mean.     We 
thus  find 

/(x  -f  A,  y  +  k)-f{Xy  y)  =  hf,(x  -f-  ^A,  y  4.  A;)  +  kf^{x,  y  +  ffk), 

where  6  and  &  each  lie  between  zero  and  unity. 

This  formula  holds  whether  the  derivatives  /^  and  f^  are  continu- 
ous or  not     If  these  derivatives  are  continuous,  another  formula, 
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similar  to  the  above,  but  involving  only  one  undetermined  number 
6,  may  be  employed.*  In  order  to  derive  this  second  formula,  con- 
sider the  auxiliary  fimction  4>(t)  =f(x  -{'  hty  y  -{-  kt),  where  x,  y,  A, 
and  k  have  determinate  values  and  t  denotes  an  auxiliary  variable. 
Applying  the  law  of  the  mean  to  this  function,  we  find 

<^(1)-  ^(0)=  ^'(*)^       0  <  tf  <  1. 

Now  ^(^)  is  a  composite  function  of  t,  and  its  derivative  ^'(^)  is 
equal  to  hf^  (x  -{-  ht,  y  -{-  kt)  4-  kf^  (x  •\-  ht,  y  -{-kt)\  hence  the  pre- 
ceding formula  may  be  written  in  the  form 

f{x^-h,y^-k)r-f(x,y)=^hf,(xJfeh,y  +  ek)^kf^{x  +  eh,y-^ek). 

12.  Tangent  plane  to  a  surface.  We  have  seen  that  the  derivative 
of  a  function  of  a  single  variable  gives  the  tangent  to  a  plane  curve. 
Similarly,  the  partial  derivatives  of  a  function  of  two  variables  occur 
in  the  determination  of  the  tangent  plane  to  a  surface.     Let 

(2)  •  z  =  F(x,  y) 

be  the  equation  of  a  surface  S,  and  suppose  that  the  function  F(x,  y)y 
together  with  its  first  partial  derivatives,  is  continuous  at  a  point 
(^o>  Vo)  of  the  xy  plane.  Let  Zq  be  the  corresponding  value  of  «, 
and  Mq  (xq,  yoy  Zq)  the  corresponding  point  on  the  surface  S.  If 
the  equations 

(3)  x^f(t),    y  =  ^(t),    z  =  if(t) 

represent  a  curve  C  on  the  surface  S  through  the  point  3fo,  the 
three  functions  f(t),  4>  (t),  ^  (t),  which  we  shall  suppose  continuous 
and  differentiable,  must  reduce  to  Xq,  yo,  Zq,  respectively,  for  some 
value  to  of  the  parameter  t  The  tangent  to  this  curve  at  the  point 
Mq  is  given  by  the  equations  (§  5) 

/A\  X  —  Xq  __  Y  —  yo  __  Z  —  Zq 

Since  the  curve  C  lies  on  the  surface  5,  the  equation  ^(0=^[y(0>  ^0] 
must  hold  for  all  values  of  t;  that  is,  this  relation  must  be  an  identity 

*  Another  formala  may  be  obtained  which  involves  only  one  undetermined  namber  ^, 
and  which  holds  even  when  the  deri  vatives/x  ^^^fv  aro  discontinuous.  For  the  applica- 
tion of  the  law  of  the  mean  to  the  auxiliary  function  4>{t)  =/{x + A^  y + k)  +/(aj,  y-\-k() 
gives 

0(1)-0(O)  =  0'«?),  0<tf<l, 

or 

/{x  -\-h,y-\-k)  -/(I,  y)  =  hf^z  +  ^A,  y  +  *)  +  ifc/y (aj,  y  +  Bk),    0<B<\. 

The  operations  performed,  and  hence  the  final  formula,  all  hold  provided  the  deriva- 
tives/e  and  fy  merely  exist  at  the  points  (aj  +  A^  y  +  ifc) ,  <aj,  y  -H  ifcO  1 0  ^  ^  ^  1  • — Tbahs. 
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in  (,  Taking  the  derivative  of  the  second  membei'  by  the  rule  for 
the  derivative  of  a  composite  function,  ajid  setting  ( =  („,  we  have 

We  can  now  eliminate /*(*(,),  ^'('u)-  f'C'o)  between  the  equations  (4) 
and  (p),  and  the  result  of  this  elimination  is 

(6)  Z-z,  =  (X  -  X,) F^  +  (Y-  J,,) F,^. 

This  is  the  equation  of  a  plane  which  is  the  locus  of  the  tangents  to 
all  curves  on  the  surface  thi'ough  the  point  M„.  It  is  called  Ihe  tan- 
gent plane  to  the  surface. 

13.  PssMga  from  IncremenU  to  dsrirBtivea.  We  buve  defined  tlie  auccessive 
derivatives  in  terms  of  each  other,  the  derivatives  of  c)rder  n  being  derived  from 
those  nf  onler  (n  —  1),  aod  eo  forth.  It  is  niiturai  to  inquire  nlietlier  ne  ma; 
not  deHne  &  derivative  of  any  order  a«  the  liitiit  of  a  certain  ratio  directiy,  with- 
out the  intervention  of  derivativeB  of  lower  onier.  We  have  already  done  some- 
thing of  thia  kind  for/^,  (§  II);  for  the  demonstration  given  above  ebowB  that /,, 
1b  the  limit  of  the  ratio 


/Wi 


=.  y  +  A5f)-/(3;  +  ax.  y)-/(i.  v  +  &y)+flz.  v) 


as  Az  and  A^  both  approach  zero.     It  can  be  nhown  In  like  manner  that  the 
iKcoud  derivative  /"  of  a  function  f{x)  of  a  single  variable  is  the  limit  of  the 

f{x  +  fti  +  A))  -/(a  -I-  hi)  -  /(I  +  ht)  +  /(x) 


as  A[  Hod  hi  both  approach  n 
For,  let  ua  set 


in  the  form 


Itihi 


=/"(!  + CAi  +  flhj).    0<a'<l. 


The  limit  of  this  ratio  is  therefore  the  second  derivative  /",  provided  that 
derivative  is  continuous. 

Pastung  now  to  the  general  case.  let  us  consider,  for  definiteness,  a  function  of 
liuee  independent  variablea,  u  -fix.  y,  i).     Let  ua  set 

iiy.^fiT  +  h,y,i)-/{z,y.z). 

a;«  =  /(x,  v  +  *.  i)-/(a:.  V.  «)■ 

4;«=/(s,  I/,  t  +  l)-fix.y.z). 
where  A^u,  aJw,  a[  ware  theirs*  iiicrements  at  u.    If  we  consider  fc,  k,  I  as  given 
constants,  then  these  three  first  iiicrementB  are  tliemselves  functions  of  z,  y,  z, 
and  we  may  form  the  relative  incrementa  of  these  functions  corresponding  to 
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Increments  hu  ^iv  ^i  of  the  variables.  This  gives  us  the  second  increments, 
A*»  A*  w,  A^'»  aJjw,  •  •  • .  This  process  can  be  continued  indefinitely  ;  an  increment 
of  order  n  would  be  defined  as  a  first  increment  of  an  increment  of  order  (?i  —  1). 
Since  we  may  invert  the  order  of  any  two  of  these  operations,  it  will  be  suffi- 
cient to  indicate  the  successive  increments  given  to  each  of  the  variables.  An 
increment  of  order  n  would  be  indicated  by  some  such  notation  as  the  following : 

A(«)«  =  Ai»A*»  ...  A*'  A*'  . .  .  A*' A^  .  •  •  a':/{x.  y,  2), 

where  p  '\-  q  ■{■  r  =  n,  and  wliere  the  increments  h,  k,  I  may  be  either  equal  or 
unequal.  This  increment  may  be  expressed  in  terms  of  a  partial  derivative  of 
order  n,  being  equal  to  the  product 

hihg  "  '  hpki  • ' '  kql\  • ' '  Ir 

where  every  $  lies  between  0  and  1.  This  formula  has  already  been  proved  for 
first  and  for  second  increments.  In  order  to  prove  it  in  general,  let  us  assume 
that  it  holds  for  an  increment  of  order  {n  —  1),  and  let 


0(x,  y,  2)  =  A>  . . .  Ai"A*«  . . .  A*;»  A^i  . .  •  A^V- 


Then,  by  hypothesis, 

<p(x^y,2)  =h2"   hpki'  •   kgli'-  'lr/xP-itfiz^(x-\-62h-2-\- \-6phf„  y+  •    -j^H ). 

But  the  nth  increment  considered  is  c(iual  to  0(x  +  /ii,  y,  z)  —  0(x,  y,  z) ;  and  if  we 
apply  the  law  of  the  mean  to  this  increment,  we  finally  obtain  the  formula  sought. 
Conversely,  the  partial  derivative  ^'^.r^^jr  is  the  limit  of  the  ratio 

A*«  A*«  • '  •  A*'  A*"^ .  •  •  A*«  a'^  . . .  a'*"/ 

Aj  /I3  •  •  •  hp  ki  AC2  •  '  '  kqli  '  •  '  Ir 

as  all  the  increments  A,  k,  I  approach  zero. 

It  is  interesting  to  notice  that  this  definition  is  sometimes  more  general  than 
the  usual  definition.  Suppose,  for  example,  that  w  -  /{x,  y)  =  <f>{x)-^^  (y)  is  a 
fimction  of  x  and  y,  where  neither  <f>  nor  ^  has  a  derivative.  Then  <a  also  has 
no  first  derivative,  and  consequently  second  derivatives  are  out  of  tlie  question, 
in  the  ordinary  sense.  Nevertheless,  if  we  adopt  the  new  definition,  the  deriva- 
tive fxy  is  the  limit  of  the  fraction 

fix  ■^h.y-\-k)  -fix  4-  h.  y)  -/(x,  y  -f  k)  4-/(x,  y) 

hk  ' 

which  is  equal  to 

0 (X  +  ^)  4-  ^ (y-l-A-)-0(x-|-  h)  -^ (y)  -  0 (x)  -J (y  +  ^)  -I-  0 (x)  ^-J' (y) 

-   -     ^^.  - 

But  the  numerator  of  this  ratio  is  identically  zero.     Hence  the  ratio  ap[)roaches 
zero  as  a  limit,  and  we  find  fry  =  0.* 


•  A  similar  remark  may  be  made  regarding  fimctions  of  a  singlo  variable.    For 
example,  the  fanction/(4;)  =  x«  cosl/a;  has  the  derivative 

/'(x)  =  3x2 cos-  4.  arsini, 

and/'Cx)  has  no  derivative  for  a;  =  0.    But  the  ratio 

/(2a)  -  2/ (g)  4-/(0) 

or  8  a  cos  (1  /  2  a)  —  2  a  cos  (1  /  a),  has  the  limit  zero  when  ex  approaches  zero. 
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in.    THE  DIFFERENTIAL  NOTATION 

The  difCeiential  notation,  which  has  been  in  use  longer  than  any 
other,*  ia  due  to  Leibniz.  Although  it  is  by  no  means  indispensable, 
it  possesses  certain  advantages  of  symmetry  and  of  generality  which 
are  convenient,  especially  in  the  study  of  functions  of  several  varia- 
bles.    This  notation  ia  founded  upon  the  use  of  infinitesimals. 

14.  DiSerentials.  Any  variable  quantity  which  approaches  zero  as 
a  limit  is  called  an  infinitely  small  qitnntiti/,  or  simply  an  hifinilesi- 
vuil.  The  condition  that  the  quantity  be  variable  is  essential,  for 
a  constant,  however  small,  is  not  an  intjnitesimal  unless  it  is  zero. 

Ordinarily  several  quantities  are  considered  which  approach  zero 
simultaneously.  One  of  them  is  chosen  as  the  standard  of  compari- 
son, and  is  called  the  principal  infinitesimal.  Let  <i  be  the  principal 
infinitesimal,  and  p  another  infinitesimal.  Then  B  is  said  to  be  an 
infinitesimal  of  higher  order  ■u-itk  rfupert  to  a,  if  the  ratio  fi/ct 
approaches  zero  with  a.  On  the  other  hand,  0  is  called  an  infini- 
tesimal of  the  first  order  with  respect  to  a,  if  the  ratio  fi/a 
approaches  a  limit  K  different  from  zero  as  a  approaclies  zero.  In 
this  case 

wheie  (  ia  anotlier  infinitesimal  with  respect  to  a.     Hen'te 

and  Ka  is  called  the  prim-ipal  part  of  (3.  The  complementary  term 
a(  is  an  infinitesimal  of  higher  order  with  respect  to  a.  In  general. 
if  we  can  find  a  positive  power  of  a,  say  a",  such  that  p/a' 
approaches  a  finite  limit  A'  different  from  zero  as  a  approaches 
zetOt  B  ^  called  an  infinitesimal  of  order  n  with  respect  to  a.  Then 
we  hare 


^  =  a"(A-  +  £)=A'-i'  +  «"«. 

The  term  A'ti*  is  again  called  the  principal  jiart  of  fi. 

Having  given  these  definitions,  let  us  consider  a  continuous  func- 
tion y=f(x),  which  possesses  a  derivative  fix).     Let  ia:  be  an 

*  Wilh  the  iKWBJblu  eiveiitioii  ol  Newton's  nolHtloii,  —  Tkahk 
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increment  of  x,  and  let  Ay  denote  the  corresponding  increment  of  y. 
From  the  very  definition  of  a  derivative,  we  have 

where  e  approaches  zero  with  Are.     If  Ao;  be  taken  as  the  principal 

infinitesimal,  Ay  is  itself  an  infinitesimal  whose  principal  part  is 

f*(x)  Aar.*     This  principal  part  is  called  the  differential  of  y  and  is 

denoted  by  dy. 

dy=f\x)dkZ. 

When  f{x)  reduces  to  x  itself,  the  above  formula  becomes  cte  =  Are  ; 
and  hence  we  shall  vrrite,  for  symmetry, 

dy==f(x)dx, 

where  the  increment  dx  of  the  index)endent  variable  x  is  to  be  given 
the  same  fixed  value,  which  is  otherwise  arbitrary  and  of  course 

variable,  for  all  of  the  several  dependent 
functions  of  x  which  may  be  under  consid- 
eration at  the  same  time. 

Let  us  take  a  curve  C  whose  equation  is 
y  =/(ar),  and  consider  two  points  on  it,  M 
and  M\  whose  abscissae  are  x  and  x  +  dx, 
respectively.    In  the  triangle  MTN  we  have 

NT  =  MN  tan  Z  TMN  =  dxf(x). 
Fia.l 

Hence  NT  represents   the  differential  rfy, 

while  Ay  is  equal  to  NM*,  It  is  evident  from  the  figure  that  3/T 
is  an  infinitesimal  of  higher  order,  in  general,  with  respect  to  NT^ 
as  M'  approaches  Af,  unless  MT  is  parallel  to  the  x  axis. 

Successive  differentials  may  be  defined,  as  were  successive  deriv- 
atives, each  in  terms  of  the  preceding.  Thus  we  call  the  differ- 
ential of  the  differential  of  the  first  order  the  differential  of  the 
second  order,  where  dx  is  given  the  same  value  in  both  cases,  as 
above.     It  is  denoted  by  d^y. 

d!'y=:d(dy)  =  [/"(ar)  dx-]  dx  =  f"(x)  {dx)\ 

Similarly,  the  third  differential  is 

d^y  =  d(d^j/)  =  [f"(x)  rfr^]  dx  =  f"(x)  (dxy, 


•  Strictly  speakinp,  we  shonld  here  oxolnde  the  case  wh(>re/'(J-)  =  0.  It  is,  how- 
ever, convenient  to  retain  the  same  definition  of  dy  =/'(ar)  Ax  in  this  case  also, 
even  though  it  is  not  the  principal  part  of  Ay. — Trans. 
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and  so  on.     In  general,  the  differential  of  the  differential  of  order 
(n  —1)  ia 

The  derivatives  /'(ar),  /"(«),  •  •  •,  f^*\x),  •  •  •  can  be  expressed,  on 
the  other  hand,  in  terms  of  differentials,  and  we  have  a  new  nota- 
tion for  the  derivatives : 

To  each  of  the  rules  for  the  calculation  of  a  derivative  corresponds 
a  rule  for  the  calculation  of  a  differential.     For  example,  we  have 

(£  ar*"  =  maf*~^dx,  da'  =  a'  log  adx; 

dx 
d  log  X  =  —  9  '      d  sin  x  =  cos  xdx;        •  •  • ; 

X 

,  .  dx  _        ^  dx 

d  arc  sin  x  — >  d  arc  tan  x  = 


±y/l-x'  l+aj* 

Let  us  consider  for  a  moment  the  case  of  a  function  of  a  function. 
Let  1/  =f(H)y  where  m  is  a  function  of  the  independent  vai'iable  x. 
Then  ^.  . 

whence,  multiplying  both  sides  by  dx,  we  get 

y^dx=f{u)  X  u^dx] 
that  is, 

^y  =f(u)du. 

The  formula  for  dy  is  therefore  the  same  as  if  u  were  the  inde- 
pendent variable.  This  is  one  of  the  advantages  of  the  differential 
notation.    In  the  derivative  notation  there  are  two  distinct  formulae, 

to  represent  the  derivative  of  y  with  respect  to  a*,  according  as  y  is 
given  directly  as  a  function  of  x  or  is  given  as  a  function  of  x  by 
means  of  an  auxiliary  function  it.  In  the  differential  notation  the 
same  formula  applies  in  each  case.* 

If  y  =f(Uy  Vy  w)  is  a  composite  function,  we  have 

at  least  if /«,/,,/„;  are  continuous,  or,  multiplying  by  dx, 

y^dx  =  u^dxf^  +  Vx^/r  +  "uj^dx/^ ; 


•  This  particular  advantage  is  slight,  howpver ;  for  the  last  formula  above  is  equally 
well  a  general  one  and  covers  both  the  cases  mentioned.  —  Trans. 
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that  is, 

^U  =fudii  -\-fv(iv  -\-f„dw. 

Thus  we  have,  for  example, 

J/     \          J     .       1             ,/^\      vdu  —  udv 
a{iiv)  =  udv -\- vduy         c?i-l  = 

The  same  rules  enable  us  to  calculate  the  successive  differentials. 
Let  us  seek  to  calculate  the  successive  differentials  of  a  function 
y  =f(u)y  for  instance.     We  have  already 

dy  =f'(7i)du. 

In  order  to  calculate  (Pf/,  it  must  be  noted  that  du  cannot  be  regarded 
as  fixed,  since  u  is  not  the  independent  variable.  We  must  then 
calculate  the  differential  of  the  composite  function  f'(u)du,  where  u 
and  du  are  the  auxiliary  functions.     We  thus  find 

rf2y  =f\u)du^  -\-f\u)d'u. 

To  calculate  d^f/y  we  must  consider  cPi/  as  a  composite  function,  with 
w,  duy  (Pu  as  auxiliary  functions,  which  leads  to  the  expression 

d^i/  =f"(u)dit^  -f-  Sf"(u)dud'u  -\-f(tt)iPu  ; 

and  so  on.  It  should  be  noticed  that  these  form u he  for  d^i/,  d^y, 
etc.,  are  not  the  same  as  if  u  were  the  independent  variable,  on 
account  of  the  terms  d^u,  d^u^  etc.* 

A  similar  notation  is  used  for  the  partial  derivatives  of  a  function 
of  several  variables.  Thus  the  partial  derivative  of  order  n  of 
f(x,  y,  «),  which  is  represented  by  f,p^.r  in  our  previous  notation, 
is  represented  by 

^-^,  p  +  q  +  r=n, 

in  the  differential  notation.f  This  notation  is  purely  symbolic,  and 
in  no  sense  represents  a  quotient,  as  it  does  in  the  case  of  functions 
of  a  single  variable. 

16.  Total  differentials.  Let  a>  =/(«,  y,  «)  be  a  function  of  the 
three  independent  variables  ar,  y,  z.     The  expression 

dw  =  -^  dx-\-  -^  dy  -\-  —  dz 

ex  oy  cz 


*  This  diRadvantaf^e  would  seem  completely  to  offset  the  ad^'^ntage  mentioned 
alwve.    Strictly  speaking,  we  should  distinguish  between  if^y  and  d\y^  etc.  —Trans. 

t  This  use  of  the  letter  t  to  denote  the  psirtial  derivatives  of  a  function  of  several 
variables  is  due  to  Jacobi.  Before  liis  time  the  same  letter  d  was  iLsed  as  is  used  for 
the  derivatives  of  a  function  of  a  single  variable. 
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is  called  the  total  differential  of  a>,  where  dx,  dy,  dz  are  three  fixed 
increments,  which  are  otherwise  arbitrary,  assigned  to  the  three 
independent  variables  x,  y,  z.     The  three  products 

df  ^  df  ^  df  ^ 

:r-  ax.  ~  au,  zr  dz 

cx      '         dy  ^'         dz 

are  called  partial  differentials. 

The  total  differential  of  the  second  order  c?^o)  is  the  total  differ- 
ential of  the  total  differential  of  the  first  order,  the  increments 
dx,  dy,  dz  remaining  the  same  as  we  pass  from  one  differential  to 
the  next  higher.     Hence 

cro}=:  d  (do})  =  — —  dx  +  — —  dy  +  — -  dz ; 
^     ^       ex  cy     '^        dz 

or,  expanding, 

-i  dx  +  ^  dy  +  TT^-  dz    dx 
ex-  Cx  cy  Cx  cz      J 


+ 


[7-4- dx+      A,dy^-^dz)dy 

\cx  cy  cy^    ^       dy  Ct:      J    ^ 

(d^f  d'^f  d^f     \ 

7-^dx-\-  ;-4rdy-\-      ■^,dz)dz 
cx  dz  Cy  cz  cz^      J 

d^f  d'^f  c'^f 

cx^  cy^  oz^ 

d^f  d^f  d^f 

4-  2  ^r-4r-  dxdy-\-2  tt^-  dx  dz  -f-  2  r-4-  dy  dz, 
Cx  Cy  Cx  cz  cy  cz 

If  c^f  be  replaced  by  df^,  the  right-hand  side  of  this  equation 
becomes  the  square  of 

-4  dx  -\-  ^  dy  -\-  —  dz. 

cx  cy  cz 

We  may  then  write,  symbolically, 

cf»a,  =  ( l^rfx  -f  ^/dy  +  ^Jdz\^\ 
\cx  dy    ^       dz      I 

it  being  agreed  that  dp  is  to  be  replaced  by  ^^/ after  expansion. 

In  general,  if  we  call  the  total  differential  of  the  total  differential 
of  order  (w  —  1)  the  total  differential  of  order  n,  and  denote  it  by 
c^o),  we  may  write,'  in  the  same  symbolism, 


(df  df  df     \<"> 


where  dp  is  to  be  replaced  by  d**/  after  expansion  ;  that  is,  in  our 
ordinary  notation, 
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where 


"^      p\q\r\ 

is  the  coefficient  of  the  term  a^b^d"  in  the  development  of  (a  -f  ft  -fc)". 
For,  suppose  this  formula  holds  for  rf"  a>.  We  will  show  that  it  then 
holds  for  cP'"*'*a);  and  this  will  prove  it  in  general,  since  we  have 
already  proved  it  for  n  =  2,     From  the  definition,  we  find 

whence,  replacing  ^"'•"^/by  ^/"*S  the  right-hand  side  becomes 

df*  (df  df  df     \ 


or 


\^x  ^y  cz      J     \cx  oy    *'      dz      I 

Hence,  using  the  same  symbolism,  we  may  write 

\€x         ,  cy  CZ      / 

Note.    Let  us  suppose  that  the  expression  for  e/a>,  obtained  in  any 
way  whatever,  is 

(7)  d(a  =  Pdx  -^  Qdy-\-  Rdz, 

where  P,  Q,  R  are  any  functions  x,  y,  z.     Since  by  definition 

rfci>  =  X-  ctx  H-  -r-  tf y  -f-  -V-  dz, 

ox  cy  dz 

we  must  have 

where  dx,  dy,  dz  are  any  constants.     Hence      ^ 

The  single  equation  (7)  is  therefore  equivalent  to  the  three  separate 
equations  (8);  and  it  determines  all  three  partial  derivatives  at  once. 
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In  general,  if  the  nth  total  differential  be  obtained  in  any  way 
whatever,  .         -,^      »     ^     , 

then  the  coefficients  C^^  are  respectively  equal  to  the  corresponding 
nth  derivatives  multiplied  by  certain  numerical  factors.  Thus  all 
these  derivatives  are  determined  at  once.  We  shall  have  occasion 
to  use  these  facts  presently. 

16.  Successive  differentials  of  composite  functions.  Let  co  =  F(t/,  v,  w) 
be  a  composite  function,  w,  v,  w  being  themselves  functions  of  the 
independent  variables  x,  y^  Zy  t  The  partial  derivatives  may  then  be 
written  down  as  follows : 

dm  __dF  du  dFdv  oF  dw 

dx       du  dx  dv  dx  dw  dx 

dja_dFdu  dFdv  dFdw 

dy       du  dy  dv  dy  dw  dy 

d(a  ^dF  du  dF  dv  dFdw 

dz       du  dz  da  dz  dw  dz 

dia_dFdudFd^  dFdw 

dt       du  dt  dv  dt  dw  dt 

If  these  four  equations  be  multiplied  by  dx,  dy,  dz,  dty  respectively, 
and  added,  the  left-hand  side  becomes 

dx  dy    '^       dz  dy 

that  is,  dio ;  and  the  coefficients  of 

dF  dF  dF 

du  dv  dw 

an  the  right-hand  side  are  du,  dv,  dw,  respectively.     Hence 

dF  dF  dF 

and  we  see  that  the  expression  of  the  total  differential  of  the  first 
order  of  a  composite  function  is  the  same  as  if  the  auxiliary  functions 
were  the  independent  variables.  This  is  one  of  the  main  advantages 
of  the  differential  notation.  The  equation  (9)  does  not  depend,  in 
form,  either  upon  the  number  or  upon  the  choice  of  the  independent 
variables  ;  and  it  is  equivalent  to  as  many  separate  equations  as 
there  are  independent  variables. 

To  calculate  <£*a>,  let  us  apply  the  rule  just  found  for  rfw,  noting 
that  the  second  member  of  (9)  involves  the  six  auxiliary  functions 
u,  v,  w,  du,  dv,  dw.     We  thus  tind 
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d^F  d^F  d^F  dF 

ou.  onov  ouCw  du 

d^F  c^F  d^F  dF 

e7w<7t;  (7^*  Cucw  ov 

OUCW  ov  ow  Ow*  ow 

or,  simplifying  and  using  the  same  symbolism  as  above, 

(dF  ^         dF  ^        dF  ^    Y^  ,   dF  ^      ,   dF  .^      ,   dF  ^ 
dru}={7r-du-\-^-dv-{'-r-dw)     -\-    -  d^u  -{-  tt  d^  c  +  tt-  drw, 
\ou  ov  OW'      I         ou  ()v  dtv 

This  formula  is  somewhat  complicated  on  account  of  the  terms  in 
d^Uy  d^v,  d^w,  which  drop  out  when  w,  v,  w  are  the  independent 
variables.  This  limitation  of  the  differential  notation  should  be 
borne  in  mind,  and  the  distinction  between  d^ia  in  the  two  cases 
carefully  noted.  To  determine  cPa>,  we  would  apply  the  same  rule 
to  c?'u),  noting  that  d^m  depends  upon  the  nine  auxiliary  functions 
M,  v,  w^  duy  dv,  dw,  d^Uy  d^v,  d^w ;  and  so  forth.  The  general  expres- 
sions for  these  differentials  become  more  and  more  complicated; 
d^in  is  an  integral  function  of  du,  dvy  dtv,  d^u,  •  •  •,  c?"?/,  d^v,  c^w,  and 
the  terms  containing  d**u,  d^v,  d^w  are 

dF  ^         dF  ^        dF  ^ 

^—  crw  +  -r-  d'v  +  -T—  d'w, 
ou  ov  ow 

If,  in  the  expression  for  d^  a>,  w,  v,  w;,  du^  dv,  dwy  •  •  •  be  replaced  by 
their  values  in  terms  of  the  independent  variables,  rf"a>  becomes  an 
integral  polynomial  in  dx,  dy,  dzy  •  •  •  whose  coefficients  are  equal 
(cf.  Xote,  §  15)  to  the  partial  derivatives  of  o>  of  order  n,  multiplied 
by  certain  numerical  factors.  We  thus  obtain  all  these  derivatives 
at  once. 

Suppose,  for  example,  that  we  wished  to  calculate  the  first  and 
second  derivatives  of  a  composite  function  ci>=/(m),  where  w  is  a 
function  of  two  independent  variables  u  =  ff>  (a?,  y).  If  we  calculate 
these  derivatives  separately,  we  find  for  the  two  partial  derivatives 
of  the  first  order 


do}      d<a  du 

dio      du)  du 

dx       du  dx 

dy       du  dy 

(10) 

Again,  taking  the  derivatives  of  these  two  equations  with  respect 
to  3!*,  and  then  with  respect  to  y>  we  find  only  the  three  following 
distinct  equations,  which  give  the  second  derivatives : 
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(11) 


a« 


(i> 


dx' 


d^ 


du^\dx)         du 


d^u 


(i> 


d^ia  du  du      doi    d^u 


dx  dy       du^  dx  dy       du  ex  dy 


d^ 


(i> 


(i> 


dy' 


du'' 


du^       du) 
^dyj         du 


C^U 


dy' 


The  second  of  these  equations  is  obtained  by  differentiating  the 
first  of  equations  (10)  with  respect  to  y,  or  the  second  of  them  with 
respect  to  x.  In  the  differential  notation  these  five  relations  (10) 
and  (11)  may  be  written  in  the  form 


(12) 


dm 


ta 


=  ^.  ^^h 


du 
d^d) 


du 


*  Cu 


If  du  and  d^um  these  formulae  be  replaced  by 


du  du 

^<^  +  ^dy    and 


8x 


OX  oy  dy' 


dx^ 


respectively,  the  coefficients  of  dx  and  dy  in  the  first  give  the  first 
partial  derivatives  of  w,  while  the  coefficients  of  dx^,  2dxdyy  and 
dy'  in  the  second  give  the  second  partial  derivatives  of  a>. 

17.  Differentials  of  a  product  The  formula  for  the  total  differential 
of  order  n  of  a  composite  function  becomes  considerably  simpler 
in  certain  special  cases  which  often  ai'ise  in  practical  applications. 
Thus,  let  us  seek  the  differential  of  order  n  of  the  product  of  two 
functions  w  =  uv.     For  the  first  values  of  n  we  have 

dia  =  V du -\- u dvy     d^<i}  =  v(Pu-\-2dudv-\-ud^v,     •••; 

and,  in  general,  it  is  evident  from  the  law  of  formation  that 

ct^ui  =  vd^u  4-  Cidvct^-^u  -h  C^d^vd^'^u  H h  ud^v, 

where  Cj,  Cj,  •  •  are  positive  integers.  It  might  be  shown  by  alge- 
braic induction  that  these  coefficients  are  equal  to  those  of  the 
expansion  of  (a  -f-  ft)" ;  but  the  same  end  may  be  reached  by  the 
following  method,  which  is  much  more  elegant,  and  which  applies 
to  many  similar  problems.  Observing  that  Cj,  Cj,  •  •  do  not  depend 
upon  the  particular  functions  u  and  v  employed,  let  us  take  the 
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special  functions  n  =  e*,  v  =  e'',  where  x  and  y  are  the  two  inde- 
pendent variables,  and  determine  the  coefficients  for  this  case.  We 
thus  find 

«  =  «*+«',     du>==e"*-^(dx  +  dy),     •••,     cP^cu  =  e*+"'((fo; -f  cfy)", 

du  =  e'dx,     d^u  =  e'dx*,     •  •  •, 
dif  =  e^di/f     d^%J  =  e^dy^j     •  •  •; 

and  the  general  formula,  after  division  by  e*  "*"*',  becomes 

{dx  -f  dyY  =  cir"  +  Cidydx""-^  -f  (\dfdx''-*  H +  <^y . 

Since  cZx  and  dy  are  arbitrary,  it  follows  that 

and  consequently  the  general  formula  may  be  written 

(13)  cP* (wy)  =  y  rf" ?* 4-  ^  rfy  rf"- * ?£  +  ^\        ^  (£*t;  <^-*w  H Vudl^v. 

This  formula  applies  for  any  number  of  independent  variables. 
In  particular,  if  u  and  v  are  functions  of  a  single  variable  ar,  we 
have,  after  division  by  rfx",  the  expression  for  the  nth  derivative  of 
the  product  of  two  functions  of  a  single  variable. 

It  is  easy  to  prove  in  a  similar  manner  formulsB  analogous  to 
(13)  for  a  product  of  any  number  of  functions. 

Another  special  case  in  which  the  general  formula  reduces  to  a 
simpler  form  is  that  in  which  ?/,  v,  w  are  integral  linear  functions 
of  the  independent  variables  x,  y,  z. 

u=    arc  -f    fty  4-   c« +/  , 

v=  a'x-{-  b'y^  c*r.-\-f, 

tv  =  a"x-\'b"y-^c"z-\-f", 

where  the  coefficients  a,  a',  a",  6,  ft',  •  •  •  are  constants.     For  then  we 

have 

du=^  adx  •\-  hdy-\-   cdz, 

dv  =  a'dx  +  b'dy  -\-  r'dzy 

dw  =  a^^dx  -f  b^^dy  +  c'^dz, 

and  all  the  diflFerentials  of  higher  order  rf"?/,  d'^Vy  d''w,  where  n>l, 
vanish.  Hence  the  formula  for  ct^oi  is  the  same  as  if  //,  ?^,  w  were 
the  independent  variables  ;  that  is, 
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rf"tt)  =  I  -^-  du  -{-  -^  dv  •}-  ^—  dw)    . 
\ou  ov  ow       I 

We  proceed  to  apply  this  remark. 

18.  Homogeneous  functions.    A  function  ^(rr,  y,  z)  is  said  to  be 
homogeneous  of  degree  m,  if  the  equation 

^  (u,  V,  w)  =  r  «^  (re,  y,  z) 

is  identically  satisfied  when  we  set 

u  =  to,         V  =  ty,         w  =  tz. 

Let  us  equate  the  differentials  of  order  n  of  the  two  sides  of  this 
equation  with  respect  to  t,  noting  that  u,  Vy  w  are  linear  in  t^  and  that 

du  =  X  dty         dv  =  j/  dt,         dw  =  z  dt. 

The  remark  just  made  shovvs  that 

If  we  now  set  ^  =  1,  w,  v,  w  reduce  to  a:,  y,  «,  and  any  term  of 
the  development  of  the  first  member, 

becomes 

"^'^dxPdi/'dz^'^'^''^' 
whence  we  may  write,  symbolically, 

which  reduces,  for  »  =  1,  to  the  well-known  formula 

Variaiis  notations.  We  have  then,  altogether,  three  systems  of  nota- 
tion for  the  partial  derivatives  of  a  function  of  several  variables,  — 
that  of  Leibniz,  that  of  Lagrange,  and  that  of  Cauchy.  Each  of 
these  is  somewhat  inconveniently  long,  especially  in  a  complicated 
calculation.  For  this  reason  various  shorter  notations  have  been 
devised.     Among  these  one  first  used  by  Monge  for  the  first  and 
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second  derivatives  of  a  function  of  two  variables  is  now  in  common 
use.     If  s  be  the  function  of  the  two  variables  x  and  y^  we  set 


^  =  ai' 


y  = 


dz  d^z 


8  = 


dy  dx^  dx  dy 

and  the  total  differentials  dz  and  d^z  are  given  by  the  formulse 

rfs  =  pdx-^  q  dy, 
d^z  =  rdx^  -^  2  8  dx  dy  •\- 1  di^. 

Another  notation  which  is  now  coming  into  general  use  is  the 
following.  Let  «  be  a  function  of  any  number  of  independent  vari- 
ables x^y  Xi,  x^y  "-y  x^\  then  the  notation 

^a,  +  a,  +  . .  •  +  a„  ^ 

is  used,  where  some  of  the  indices  ai,  aj,  •  •  •,  a^  may  be  zeros. 

19.  AppUcattons.  Let  y=f(z)  be  the  equation  of  a  plane  curve  C  with 
respect  to  a  set  of  rectangular  axes.  The  equation  of  the  tangent  at  a  point 
M(Xj  y)  is 

F-y  =  y'(X-x). 

The  slope  of  the  normal,  which  is  perpendicular  to  the  tangent  at  the  point  of 
tangency,  is  —  l/y';  and  the  equation  of  the  normal  is,  therefore, 

Let  P  be  the  foot  of  the  ordinate  of  the  point  AT,  and  let  T  and  N  be  the 
points  of  intersection  of  the  x  axis  with  the  tangent  and  the  normal,  respectively. 

The  distance  PN  is  called  the  subnormal; 
Pr,  the  subtangent;  MN,  the  normal;  and 
3f  T,  the  tangent. 

From  the  equation  of  the  normal  the  ab- 
scissa of  the  point  ^  is  x  +  yy\  whence  the 
subnormal  is  i:  yy'.  If  we  agree  to  call  the 
length  PN  the  subnormal,  and  to  attach  the 
sign  +  or  the  sign  —  according  as  the  direc- 
tion P^  is  positive  or  negative,  the  subnormal 
will  always  be  yy^  for  any  position  of  the  curve 
C.    Likewise  the  subtangent  is  —  y/y'. 

The  lengths  MN  and  MT  are  given  by  the  triangles  MPN  and  liiPT: 

MN  =  VjZP^-fP^  =  y  Vl  +  y^, 
MT  =  ^MP  -\-pf^  =  ^ Vl  +  y^. 

Various  problems  may  be  given  regarding  these  lines.  Let  us  find,  for 
instance,  all  the  curves  for  which  the  subnormal  is  constant  and  equal  to  a  given 
number  a.  •  This  amounts  to  finding  all  the  functions  y  =  f(z)  which  satisfy 
the  equation  yy'  =  a.    The  left-hand  side  is  the  derivative  of  y^/2,  while  the 
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right-hand  side  is  the  derivative  of  ax.  These  functions  can  therefore  differ 
only  by  a  constant ;  whence 

which  is  the  equation  of  a  parabola  along  the  x  axis.  Again,  if  we  seek  the 
curves  for  which  the  subtangent  is  constant,  we  are  led  to  write  down  the  equa- 
tion y" /y  =  1/a ;  whence 

logy  =  -  +  log C,    or    y  =  Ce«, 
a 

which  is  the  equation  of  a  transcendental  curve  to  which  the  x  axis  is  an  asymp- 
tote.   To  find  the  curves  for  which  the  normal  is  constant,  we  have  the  equation 


y  Vl  +  2^  =  a, 


or 


yy 


Va2  -  y2 


=  1. 


The  first  member  is  the  derivative  of  —  Va-^  —  y2 ;  hence 

'  -  Va2-y2  =  X  +  C, 

or 

(X  +  C)«  +  y2  =  aa, 

which  is  the  equation  of  a  circle  of  radius  a,  whose  center  lies  on  the  x  axis. 

• 

The  curves  for  which  the  tangent  is  constant  are  transcendental  curves,  which 
we  shall  study  later. 

Let  y  =  /(x)  and  F  =  F(x)  be  the  equations  of  two  curves  C  and  C\  and  let 
M^  M*  be  the  two  points  which  correspond  to  the  same  value  of  x.  In  order  that 
the  two  subnormals  should  have  equal  lengths  it  is  necessary  and  sufficient  that 

that  is,  that  T^  ^  ±y^  ■\-  C^  where  the  double  sign  admits  of  the  normals'  being 
directed  in  like  or  in  opposite  senses.     This  relation  is  satisfied  by  the  curves 


a^ 


and  also  by  the  curves 


b^  62x2 


which  gives  an  easy  construction  for  the  normal  to  the  ellipse  and  to  the  hyperbola. 


EXERCISES 

1.  Let  p  =  f(9)  be  the  equation  of  a  plane  curve  in  polar  coordinates.  Through 
the  pole  O  draw  a  line  perpendicular  to  the  radius 
vector  OM^  and  let  T  and  N  be  the  points  where  this 
line  cuts  the  tangent  and  the  normal.  Find  expres- 
sions for  the  distances  OT,  ON^  MN,  and  3f  T  in 
terms  of  /($)  and  f'(0). 

Find  the  curves  for  which  each  of  these  distances, 
in  turn,  is  constant. 

2.  Let  y  =  /(x),  z=<p{x)  be  the  equations  of  a 
skew  curve  r,  i.e.  of  a  general  space  curve.     Let  N  Fia.  3 


82  DERIVATIVES  AND  DIFFERENTIALS  [I.  Exs. 

be  the  point  where  the  normal  plane  at  a  point  3f,  that  is,  the  plane  perpendicu- 
lar to  the  tangent  at  3f,  mecte  the  z  axis ;  and  let  P  be  the  fool  of  the  perpen- 
dicular from  M  to  the  z  axis.  Find  the  curves  for  which  each  of  the  distances 
PN  and  MN^  in  turn,  is  constant. 

[Note.   These  curves  lie  on  paraboloids  of  revolution  or  on  spheres.] 

3.  Determine  an  integral  polynomial  f(x)  of  the  seventh  degree  in  x,  given 
that/(x)  +  1  is  divisible  by  (x  —  1)*  and  f(x)  —  1  by  (x+1)*.  Generalize  the 
problem. 

4.  Show  that  if  the  two  integral  polynomials  P  and  Q  satisfy  the  relation 


Vl  -  pi  =  Q  Vl  -  x2, 

then 

dP  ndx 


Vl-  pa      Vl-xa 
where  n  is  a  positive  integer. 

[Note.   From  the  relation  \ 

(a)  l-P9=Q2{l-aJ8) 
it  follows  that 

(b)  -2PP'=Q[2Q'(l-x2)-2Qx]. 

The  equation  (a)  shows  that  Q  is  prime  to  P;  and  (b)  shows  that  P' is  divisible 

byQ.] 

5*.  Let  R  (x)  be  a  polynomial  of  the  fourth  degree  whose  roots  are  all  dif- 
ferent, and  let  x  =  U/  V  be  a  rational  function  of  ty  such  that 

where  R\  (i)  is  a  polynomial  of  the  fourth  degree  and  P/  Q  is  a  rational  function. 
Show  that  the  function  U/  V  satisfies  a  relation  of  the  form 

dx  kdt 


VJi{x)      y/Hi  {t) 
where  A;  is  a  constant.  [Jacobi.] 

[Note.   Each  root  of  the  equation  R{U/  V)  =  0,  since  it  cannot  cause  R\x) 
to  vanish,  must  cause  UV  —  VU\  and  hence  also  dx/dt,  to  vanish.] 

6*.  Show  that  the  ntli  derivative  of  a  function  y  =  0  (u),  where  u  is  a  func- 
tion of  the  independent  variable  x,  may  be  written  in  the  form 

where 


(b) 


.        d»M*      k     d"u*->      k{k-1)    ,d»u*-« 

Ak  =  — u  — +  — u« +  . .  . 

(ic»       1        dx»  1.2  dx" 

+  (-l)*-iA:ui-i^        (A:=l,2,...,n). 

ctx* 


[First  notice  tliat  the  nth  derivative  may  be  written  in  the  form  (a),  where  the 
coefficients  Ai,  A2,    -  ,  An  are  independent  of  the  form  of  the  function  <f>(u). 
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To  find  their  values,  set  <p  (u)  equal  to  u,  u^  •  •  • ,  u"  successively,  and  solve  the 
resulting  equations  for  ^i,  At,  •  •  • ,  An-    The  result  is  the  form  (b).] 

7*.  Show  that  the  nth  derivative  of  0  (z^)  is 

— p-i  =  (2z)»0(")(z2)  +  ii(n  -  1)  (2z)--«0(--»>(z«)  +  . . . 

.  nln  —  I)--   (n -2p  ■\- I)  ,^   ^     „      .      ,,  ^ 

+  -^ L—^ iLJL-L  (2z)— «i»0(— i')(z«)  +  . . ., 

1 .  ^ •  •  'J? 

where  p  varies  from  zero  to  the  last  positive  integer  not  greater  than  n/2,  and 
where  0(0  (z')  denotes  the  ith  derivative  with  respect  to  z. 
Apply  this  result  to  the  functions  er^^  arc  sin  z,  arc  tan  z. 

8*.  If  z  =  cos  u,  show  that 

L -L =  (_  i)m-i ^  '  gm  mu. 

[OLI.N'DK  I^odrioukh.] 


9.  Show  that  Legendrc^s  polynomial, 


1  d" 

A'«  =  — ^ -  -  (z2  -  1)«, 

satisfies  the  differential  equation 

Hence  deduce  the  coefficients  of  the  polynomial. 

10.  Show  that  the  four  functions 

yi  =  sin  (n  arc  sin  z),  y^  =  sin  {n  arc  cos  z), 

yt  =  cos  (n  arc  sin  z),  ^4  =  cos  (n  arc  cos  z), 

satisfy  the  differential  equation 

(1  -z2)y"-zy'+iiay  =  0. 

Hence  deduce  the  developments  of  these  functions  when  they  reduce  to  poly- 
nomials. 

11*.  Prove  the  formula 

d"  I  e* 

-(x.->e.)  =  (-l)-— . 

[Halphen.] 

12.  Every  function  of  the  form  z  =  x<p{y/x)  -^  }l/{y/x)  satisfies  the  equation 

rz»  +  2  azy  +  ty^  =  0, 
whatever  be  the  functions  ^  and  ^. 

13.  The  functtbn  z  =  z0(z  +  y)  +  y  ^(z  +  y)  satisfies  the  equation 

r  -  2  8  +  t  =  0, 
whatever  be  the  functions  <p  and  ^. 
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14.  The  function  z  =/[x  +  0(y)]  satisfies  the  equation  ps  =  qr,  whatever 
be  the  functions /and  <p. 

16.  The  function  z  =  x"0(y/a5)  +  y~"^(y/«)  satisfies  the  equation 

rx3  +  2«cy  +  ty^  ^  px -\- qy  =  n^z, 
whatever  be  the  functions  <f>  and  ^. 

16.  Show  that  the  function 

y  =  |x-ai|0i(x)  +  |x-a2|0j(x)  +  ...  +  |x  -  a,j0,(x), 

where  ^i  (x),  0s  (x),  •  •  • ,  0m  (x),  together  with  their  derivatives,  0i  (x),  02  (x),  •  • , 
0n(x)f  are  continuous  functions  of  x,  has  a  derivative  which  is  discontinuous 
for  X  =  ai ,  (Is ,  •  •  • ,  On. 

17.  Find  a  relation  between  the  first  and  second  derivatives  of  the  function 
z  =/(xi,  u),  where  u  =  0(xs,  Xs);  Xi,  Xa,  Xs  being  three  independent  variables, 
and /and  0  two  arbitrary  functions. 

18.  Let /"(x)  be  the  derivative  of  an  arbitrary  function /(x).     Show  that 

1  d^u  _  1  dPv 
udz^  ~  V  dx^' 

where  u  =  [/'(x)]-*  and  v  =  f{z)  [f{x)]-i. 

19*.  The  nth  derivative  of  a  function  of  a  function  u  =  0  (y),  where  y  =  4^  (x), 
may  be  written  in  the  form 

^'^      2^i!j!...ifc!^'''^Vl/    \1.2/    Vl.2.3/  V1.2...Z/ 

where  the  sign  of  summation  extends  over  all  the  positive  integral  solutions  of 
the  equation  i  -\-  2j  -^  S  h  -^  -  •  •  -\-  Ik  =  n,  and  where  p  =  i  -f  J  +  •  •  •  +  Ac. 

[Faa  de  Bruno,  (Quarterly  Journal  of  MatkematicSy  Vol.  I,  p.  869.] 
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WPUaT  FUNCTIONS      FUNCTIONAL  DETERMINANTS 
CHANGE  OF  VARIABLE 


L    IMl'LICIT  FUNCTIONS 

SO.  A  particular  case.    We  frequently  have  to  study  funotions  for 

whiuh  no  explicit  expressions  are  known,  but  which  are  given  hy 
means  of  unsolved  equations.  Let  us  consider,  for  instance,  an 
equation  between  the  three  variables  a:,  i/,  x, 

(1)  F(x,  y,  z)  =  0. 

This  equation  defines,  under  certain  conditions  which  we  are  about 
to  investigate,  a  function  of  the  two  independent  variables  x  and  y. 
We  shall  prove  the  following  theorem  ; 

Let  J-  ^  Xo,  ff  =  ffn,  x  =  Snlie  a  g«i  of  values  which  aattnfy  the  equa- 
tion (1),  and  let  us  iuppose  thai  the  fuivtiim  F,  together  with  its  first 
fUrivaiives,  is  eotUinuous  in  the  neighiiorhood  of  this  set  of  values.' 
If  the  derivative  F,  does  nnt  vanish  for  x  =  x„,  p  =  ya.  z  =  Zg,  there 
exists  one  and  only  one  continuous  funetion  of  the  independent  variables 
X  and  y  which  satisfies  the.  equation  (1),  and  which  assumes  the  valve  a,, 
when  X  and  y  assume  the  values  x,  and  y^,  respectively. 

The  derivative  /•',  not  being  zero  for  x  =  Xa,y  =  ya,  z  =  z„,  let  us 
suppose,  for  definiteness,  that  it  is  positive.  Since  F,  F„  F^,  F,  are 
supposed  continuous  in  the  neighliorhood,  let  us  choose  a  positive 
number  I  so  small  that  these  four  functions  are  continuous  for  all 
sets  of  values  x,  y,  x  which  satisfy  the  relations 

(2)  |.-«.|5I,  |»-!,.|<i,         \'->:.\it, 
and  that,  for  these  sets  of  values  of  x,  y,  z, 

F,{x,y,z)>P, 

rit'le  {BuUtlin  de  la  SocitU  Malhimaligut  ib  France.  Vol.  XXXI, 
1003,  pp.  Ifl4..i;i3)  (ioursBt  litu  Bhown,  by  a  metbod  uf  auocesBive  ■pproiimationH.  thkt 
It  is  not  neceiiwiry  lo  make  an;  mwumplion  whatever  regard  inn  f\  nnd  F^.  even  m  to 

Uieir  eilRtence-  His  proof  mnhes  nn  use  af  the  PxlateiM«  of  F,  ntid  F,.  His  goneral 
Iheoreni  and  it  Hkch.'h  of  tiis  proof  are  given  in  a  fooUiote  li>  §  '25.  —  Tbans. 


86  FUNCTIONAL  RELATIONS  [II,  §20 

where  P  is  some  positive  number.  Let  Q  be  another  positive  num- 
ber greater  than  the  absolute  values  of  the  other  two  derivatives 
F,,  Fy  in  the  same  region. 

Giving  x,  y,  z  values  which  satisfy  the  relations  (2),  we  may  then 
write  down  the  following  identity : 

F(x,  y,  z)  -  F{xo,  Voy  «o)  =  F{^,  y, «)  -  ^(a?o,  y,  «)  -f  /'X^o,  y, «) 

4 

or,  applying  the  law  of  the  mean  to  each  of  these  differences,  and 
observing  that  F(xoy  yo>  «o)=^> 

^(»>  y>  «)  =      («  -  ^o)  ^x[^o  4-  ^(a;  -  ajo),   y,   «] 

H-  (y  -  yo)  i^VCaJo,  yo  +  ^'(y  -  yo)>  «] 

-f  («  -  «o)  ^.  [aJo,  yo,  «o  -f  ^"(«  -  «o)]- 
Hence  F(Xy  y,  «)  is  of  the  form 

^  ^       ^  4-  B(Xy  ij,  «)(y-yo)  -f  ^(a:,  y,  «)(«-«o)» 

where  the  absolute  values  of  the  functions  A(x,  y,  «),  5(a:,  y,  «), 
C(a:,  y,  «)  satisfy  the  inequalities 

|.1|<Q,         |/i|'<Q,         |C|>P 

for  all  sets  of  values  of  x,  y,  z  which  satisfy  (2).  Now  let  c  be  a 
positive  number  less  than  /,  and  rj  the  smaller  of  the  two  numbers 
/  and  FC/2Q.  Suppose  that  x  and  y  in  the  equation  (1)  are  given 
definite  values  which  satisfy  the  conditions 


and  that  we  seek  the  number  of  roots  of  that  equation,  z  being 
regarded  as  the  unknown,  which  lie  between  «o  —  «  and  Zq  -f  c.  In 
the  expression  (3),  for  F(x,  y,  z)  the  sum  of  the  first  two  terms  is 
always  less  than  2Qrf  in  absolute  value,  while  the  absolute  value  of 
the  third  term  is  greater  than  Pc  when  z  is  replaced  by  z^  ±  c.  From 
the  manner  in  which  rj  was  chosen  it  is  evident  that  this  last  term 
determines  the  sign  of  F.  It  follows,  therefore,  that  F(x,  u,ZQ  —  t)<0 
and  F{Xy  y,  «o  -f  «)  ^  ^  5  hence  the  equation  (1)  has  at  least  one  root 
which  lies  between  Zq  —  t  and  Zq  -f-  c.  Moreover  this  root  is  unique, 
since  the  derivative  F,  is  positive  for  all  values  of  z  between  Zq  —  t 
and  Zq  -f  €.  It  is  therefore  clear  that  the  equation  (1 )  has  one  and 
only  one  root,  and  that  this  root  approaches  ^Jq  as  x  and  y  approach 
Xq  and  yo,  respectively. 
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Let  us  investigate  for  just  what  values  of  the  variables  x  and  y 
the  root  whose  existence  we  have  just  proved  is  defined.  Let  A  be 
the  ainaller  of  the  two  uumbers  I  and  fl/iQ;  the  foregoing  reason- 
ing shows  that  if  the  values  of  the  variables  x  and  y  satisfy  the 
inequalities  1 1  —  j-„|  <  h,  |y  —  !/„\  <  k,  the  equation  (1)  will  have  one 
and  only  one  root  wliieli  lies  between  «„  —  I  and  s„  4- 1-  Let  fl  be  a 
square  of  side  2h,  about  the  point  ^fa{^o•  !/o)j  ^^^^  ^^^  sides  parallel 
to  the  axes.  As  long  as  the  point  (x,  y)  lies  inside  this  square, 
tlie  equation  (1)  uniquely  determines  a  function  of  x  and  y,  which 
remains  between  .-!„  —  /  and  x„  +  I.  This  function  is  continuous,  by 
the  above,  at  the  point  M„,  and  this  is  likewise  true  for  any  other 
point  .Wi  of  R ;  for,  by  tlie  hypotlieses  made  regarding  the  func- 
tion Fand  its  derivatives,  the  derivative  F,(Xi,  y,,  Zi)  will  be  posi- 
tive at  the  point  JVfi,  since  |jri— ar„|<^,  \>/i—%\<  t,  |*i— S|,|</. 
The  condition  of  things  at  Mi  is  tlien  exactly  the  same  as  at  Ma, 
and  hence  the  root  under  consideration  will  be  continuous  for 
x  =  Xi,  y  =  yi. 

Since  the  root  considered  is  defined  only  in  the  interior  of  the 
region  R.  we  have  thus  far  only  an  element  of  an  implicit  function. 
In  order  to  define  this  function  out- 
side of  It,  we  proceed  by  successive 
steps,  as  follows.  Let  /.  be  a  con- 
tinuous path  starting  at  the  point 
(«,,  .y„)  and  ending  at  a  point  (.Y,  I') 
outside  of  R.  Let  us  suppose  that 
the  vai'iables  x  and  y  vary  simul- 
taneou.ily  in  such  a  way  that  the 
point  (j',  y)  describes  the  path  L. 
If  we  start  at  fx„,  y„)  with  the  value 

«,  of  X,  we  have  a  definite  value  of  this  root  as  long  as  we  remain 
inside  tlie  region  R.  Let  A/i  (a-,,  i/,)  be  a  point  of  the  path  inside  R, 
and  B,  the  corresponding  value  of  z.  The  conditions  of  the  theorem 
being  satisfied  for  a  =x,,  j  =  y,,  i  =  s;,,  there  exists  another  region 
Ri,  about  the  point  A/i,  inside  which  the  root  which  reduces  to  a,  for 
x  =  Xi,  y  =  yi  is  uniquely  determined.  This  new  region  H,  will 
have,  in  general,  points  outside  of  R.  Taking  then  such  a  point  M, 
on  the  path  L,  inside  ff,  but  outside  R,  we  may  repeat  the  same  con- 
struction and  determine  a  new  region  Rj,  inside  of  which  the  solu- 
tion of  the  equation  (1)  is  defined;  and  this  process  could  be 
repeated  indefinitely,  as  long  as  we  did  not  find  a  set  of  values  of 
x,tf,s  for  which  F,  =  0.     We  shall  content  ourselves  for  the  present 
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with  these  statements;  we  shall  find  occasion  in  later  chapters  to 
treat  certain  analogous  problems  in  detail. 

21.  Derivatives  of  implicit  functions.  Let  us  return  to  the  region 
R,  and  to  the  solution  z  =  ^(x,  y)  of  the  equation  (1),  which  is  a 
continuous  function  of  the  two  variables  or  and  y  in  this  region. 
This  function  possesses  derivatives  of  the  first  order.  For,  keeping 
y  fixed,  let  us  give  x  an  increment  Aa;.  Then  z  will  have  an  incre- 
ment ^,  and  we  find,  by  the  formula  derived  in  §  20, 

F(x  -h  Aa:,  y,  «  4-  A«)  —  F{x,  y,  z) 
=  Aa; F^(x  +  B^x,  y,  «  H-  A«)  -f-  A«  F^(x,  y,  z -{-  0'^)  =  0. 

Hence 

A«  _  _  Fa,(x-f  ^Aor,  yyZ-^-^z)  . 

A^""  F,(x,  y,  «  +  ^'A«) 

and  when  Ax  approaches  zero,  Az  does  also,  since  z  ia  b,  continuous 
function  of  x.  The  right-hand  side  therefore  approaches  a  limit, 
and  z  has  a  derivative  with  respect  to  x: 

dx  F, 

In  a  similar  manner  we  find 

dz^      Fjf 

Note.  If  the  equation  F  =  0  is  of  degree  m  in  z,  it  defines  m 
functions  of  the  variables  x  and  y,  and  the  partial  derivatives  dz /dx, 
dz  /dij  also  have  m  values  for  each  set  of  values  of  the  variables 
X  and  y.  The  preceding  formulai  give  these  derivatives  without 
ambiguity,  if  the  variable  z  in  the  second  member  be  replaced  by 
the  value  of  that  function  whose  derivative  is  sought. 

For  example,  the  equation 

ar*  +  y»  +  «'  -  1  =  0 
defines  the  two  continuous  functions 

-f  Vl  -  a;2  -  y^         and         -  Vl  -  ar^  -  y^ 

for  values  of  x  and  y  which  satisfy  the  inequality  x^  -f  y*  <  1, 
The  first  partial  derivatives  of  the  first  are 

—  X  — y 


Vl  -  x^  -  y"  Vl  -  x*^  -  y* 
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and  the  partial  derivatives  of  the  aecoad  are  found  by  merely  chang- 
ing the  signs.  The  same  results  would  be  obtained  by  using  the 
formulm 


replacing  z  by  its  two  values,  successively. 

22.  Applications  to  surfaces.    If  we  interpret  x,y,z&a  the  Cartesian 
coordiuates  of  a  point  in  space,  any  equation  of  the  form 

(4)  F(x,y,z)  =  0 

represents  a  surface  .S',  Let  (x„,  t/,„  s„)  be  the  coordinates  of  a  point 
A  of  this  surface.  If  tlie  function  F,  together  with  its  first  deriva- 
tives, is  continuous  in  the  neighborhood  of  the  set  of  values  r„,  ^„,  2„, 
and  if  all  three  of  these  derivatives  do  not  vanish  simultaneously 
at  the  point  .-I,  the  surface  .*>'  has  a  tangent  plane  at  .4.  Suppose, 
for  instance,  that  F.  is  not  zero  for  ^  =  ar^,,  y  =  y^,  a  =  s„.  Accord- 
ing to  the  general  theorem  we  may  think  of  the  equation  solved 
for  X  uear  the  point  vl,  and  we  may  write  the  equation  of  tlie  surface 
in  the  form 

where  ^(x,  y)  is  a  continuous  function;  and  the  equatioo  of  the 
tangent  plane  at  A  is 


/dz\ 


K-^- 


r«)-t 


Vff/ 


'  !/.d- 


Keplacing  dz/dz  and  Sz/di/  by  the  values  found  above,  the  equation 
of  the  tangent  plane  becomes 
/dF\ 


(fi) 


(fcO<- 


'.)+{ 


(»'-S.)4 


|(Z-».)=0. 


If  F,  =  0,  but  Fj  ^  0,  at  ^,  we  would  consider  t/  and  z  as  inde- 
pendent variables  and  .e  as  ;i  function  of  thein.  We  would  then 
find  the  same  equation  (R)  for  the  tangent  plane,  which  is  also  evi- 
dent a  priori  from  Ihe  aymnietry  of  the  left-hand  aide.  Likewise 
the  tangent  to  a  plane  curve  F(x,  y)  =  0,  at  a  paint  {x„,  y,,),  is 


{X -'.)[■ 


dl-\ 


^{y-!i.)\ 


-0. 


If  the  three  first  derivatives  vanish  simultaneously  at  the  point  A, 


i 
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the  preceding  reasoning  is  no  longer  applicable.  We  shall  see  later 
(Chapter  III)  that  the  tangents  to  the  various  curves  which  lie  on 
the  surface  and  which  pass  through  A  form,  in  general,  a  cone  and 
not  a  plane. 

In  the  demonstration  of  the  general  theorem  on  implicit  functions 
we  assumed  that  the  derivative  F^  did  not  vanish.  Our  geometrical 
intuition  explains  the  necessity  of  this  condition  in  general.  For, 
if  F^  =  0  but  Fjc^  4=-  0,  the  tangent*  plane  is  parallel  to  the  z  axis, 
and  a  line  parallel  to  the  z  axis  and  near  the  line  x^x^^y  ^y^ 
meets  the  surface,  in  general,  in  two  points  near  the  point  of 
tangency.  Hence,  in  general,  the  equation  (4)  would  have  two 
roots  which  both  approach  z^  when  x  and  y  approach  x^  and  y^^ 
respectively. 

If  the  sphere  x*  4-  y^  4-  «*  —  1  =  0,  for  instance,  be  cut  by  the  line 
y  =  0,  05  =  1  -f  €,  we  find  two  values  of  «,  which  both  approach  zero 
with  c ;  they  are  real  if  c  is  negative,  and  imaginary  if  c  is  positive. 

23.  Sucoessiye  derivatives.    In  the  formulae  for  the  first  derivatives, 

^__F^  a«_  _^ 

dx"       fJ  dy~       fJ 

we  may  consider  the  second  members  as  composite  functions,  z  being 
an  auxiliary  function.  We  might  then  calculate  the  successive  deriv- 
atives, one  after  another,  by  the  rules  for  composite  functions.  The 
existence  of  these  partial  derivatives  depends,  of  course,  upon  the 
existence  of  the  successive  partial  derivatives  of  F(Xy  y,  z). 

The  following  proposition  leads  to  a  simpler  method  of  determin- 
ing these  derivatives. 

If  several  functions  of  an  independent  variable  satisfy  a  relation 
F  =  0,  their  derivatives  satisfy  the  equation  obtained  by  equating  to 
zero  the  derivative  of  the  left-hand  side  formed  by  the  rule  for  differ- 
entiating composite  functions,  P'or  it  is  clear  that  if  F  vanishes 
identically  when  the  variables  which  occur  are  replaced  by  func- 
tions of  the  independent  variable,  then  the  derivative  will  also  van- 
ish identically.  The  same  theorem  holds  even  when  the  functions 
which  satisfy  the  relation  F  =  0  depend  upon  several  independent 
variables. 

Now  suppose  that  we  wished  to  calculate  the  successive  derivatives 

of  an  implicit  function  y  of  a  single  independent  variable  x  defined 

by  the  relation 

F(x,  y)  =  0. 
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We  iind  successively 

^F  .  ^^'   . 

—  -h  -   y'   =0, 

d^F     ^  d^F     .      d^F     „      dF 
d*F  ,  ^  ^F     ,  ,  „    S'F     ,,  ,  „  d'F    „      d*F    „ 

d^F  dF 


from  which  we  could  calculate  successively  y\  y",  y'",  •  ••. 

Example,  Given  a  function  y  =/(x)t  we  may,  inversely,  consider  y  as  the 
independent  variable  and  x  as  an  implicit  function  of  y  defined  by  the  equation 
yz=if(x).  If  the  derivative  f'{x)  does  not  vanish  for  the  value  Xo»  where 
Vo  =  /(xo)»  there  exists,  by  the  general  theorem  proved  above,  one  and  only  one 
function  of  y  which  satisfies  the  relation  y  —f(x)  and  which  takes  on  the  value 
Xoiory  =  yo>  This  function  is  called  the  iwoerse  of  the  function  /  (x).  To  cal- 
culate the  successive  derivatives  Xy,  XyS,  x^s,  •  •  •  of  this  function,  we  need  merely 
differentiate,  re^uxling  y  as  the  independent  variable,  and  we  get 

1    =       r(X)     Xy, 

0  =  r(x)  (Xy)2  -f     /'(x)  x^, 

0  =r"(x)  (Xy)»  +  3/"(x)XyXy.  +/'(x)x^, 


whence 

_1_  __   r{x)  ^  3[/-(x)]a-r(x)/nx) 

Ax)'     ^      [/'(xw'      "^  [rw?         '    *'■• 

It  should  be  noticed  that  these  formulae  are  not  altered  if  we  exchange  Xy  and 
/'(x),  XyS  and/"(x),  XyS  and/'"(x),  •  • ,  for  it  is  evident  that  the  relation  between 
the  two  functions  y  =  /(x)  and  x  =  ^  (y)  is  a  reciprocal  one. 

As  an  application  of  these  formulae,  let  us  determine  all  those  functions 
y=/{x)  which  satisfy  the  equation 

yV"  -  3y"2  =  0. 

Tkking  y  as  the  independent  variable  and  x  as  the  function,  this  equation 
becomes 

XyS    =    0. 

But  the  only  functions  whose  third  derivatives  are  zero  are  polynomials  of  at 
most  the  second  degree.     Hence  x  must  be  of  the  form 

x=  Ciy2+  Coy  -f  Cs, 

where  Ci,  Cj,  Cs  are  three  arbitrary  constants.  Solving  this  equation  for  y, 
we  see  that  the  only  functions  y  =  f{x)  which  satisfy  the  given  equation  are 
of  the  form 

y  =  a  ±  Vte  +  c, 
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where  a,  b,  c  are  three  arbitrary  constants.  This  equation  represents  a  parabola 
whose  axis  is  parallel  to  the  x  axis. 

24.  Partial  derivatives.    Let  us  now  consider  an  implicit  function 
of  two  variables,  defined  by  the  equation 

(6)  F(x,t/,z)  =  0. 

The  partial  derivatives  of  the  first  order  are  given,  as  we  have  seen,  ^ 
by  the  equations 

dF      dFdz      ^  dF  ^dFdz      _ 

^  '  ox       cz  ox  cy       Oz  oy 

To  determine  the  partial  derivatives  of  the  second  order  we  need 
only  differentiate  the  two  equations  (7)  again  with  respect  to  x  and 
with  respect  to  y.  This  gives,  however,  only  three  new  equations, 
for  the  derivative  of  the  first  of  the  equations  (7)  with  respect  to  y 
is  identical  with  the  derivative  of  the  second  with  respect  to  x. 
The  new  equations  are  the  following: 

d^F  c^dz      o^/dzV     dFdH    __ 


(8) 


dx^  dxdz  dx        cz^  V^-^/         ^^    ^^^ 

d^F        c'^F  dz  d^  ^   .   ?!if  ^  ^   .   ?^  ^!£_  _  A 


e^j*  Oy      ox  dz  by  oy  dz  ox       dz^  dx  dy       dz  dx  dy 

^4.  2-^^-  4.  — /^— V-U—  —  -0 
dy^  dydz  dy        dz^    \^!//        ^^    ^l/^ 

The  third  and  higher  derivatives  may  be  found  in  a  similar  manner. 
By  the  use  of  total  differentials  we  can  find  all  the  partial  deriva- 
tives of  a  given  order  at  the  same  time.     This  depends  upon  the 
following  theorem : 

If  several  f Hurt  Ions  u,  v,  w,  •••  of  any  number  of  independent  vari- 
ables X,  //,  z,  "•  satisfy  a  relation  F  =  0,  the  total  differentials  satisfy 
the  relatimi  dF  =  0,  which  is  obtained  by  forming  the  total  differential 
of  F  a^  if  all  the  variables  which  occur  in  F  were  independent  tmriahles. 

In  order  to  prove  this  let  F{u,  v,  w)  =  0  be  the  given  relation  between 
the  three  functions  u,  v,  w  of  the  independent  variables  x,  y,  «,  t.  The 
first  partial  derivatives  of  ?«,  v,  w  satisfy  the  four  equations 

du  dx        dv  dx        dw  dx         ' 

dF  du    ,    ^/^  ^    ,    ^Z*'  ^  _  .V 
du  dy         dv  dy        dw  dy         ' 
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du  dz        dv  dz        dw  dz         ' 

dFdu       ^_£^    ,^_E^  __  r. 
du  dt        dv  dt        dw  dt 

Multiplying  these  equations  by  dx^  dy,  dz,  dt,  respectively,  and 

adding,  we  find 

dF  dF  ,        dF 

ir-  du  -\-  -^  dv  -\-  ■:r-'  dw  =^  dF  =  0. 

ou  ov  cw 

This  shows  again  the  advantage  of  the  differential  notation,  for  the 
preceding  equation  is  independent  of  the  choice  and  of  the  number 
of  independent  variables.  To  find  a  relation  between  the  second 
total  differentials,  we  need  merely  apply  the  general  theorem  to  the 
equation  dF=0,  considered  as  an  equation  between  u,  v,  w,  du, 
dvy  dw,  and  so  forth.  The  differentials  of  higher  order  than  the 
first  of  those  variables  which  are  chosen  for  independent  variables 
must,  of  course,  be  replaced  by  zeros. 

Let  us  apply  this  theorem  to  calculate  the  successive  total  differ- 
entials of  the  implicit  function  defined  by  the  equation  (6),  where 
X  and  y  are  regarded  as  the  independent  variables.     We  find 

dF.     .dF  dF.        ^ 


(If^-^l^^^^-^^^^) 


(«)     dF 

dz 


and  the  first  two  of  these  equations  may  be  used  instead  of  the  five 
equations  (7)  and  (8) ;  from  the  expression  for  dz  we  may  find  the 
two  first  derivatives,  from  that  for  rf*fe  the  three  of  the  second  order, 
etc.     Consider  for  example,  the  equation 

Ax^-^A'y^-^A"z^  =  l, 
which  gives,  after  two  differentiations, 

Axdx  -{-A'ydy  +    ^";rrf«  =  0, 

A  dx^ -{-  A' dy^ -h    A"dz^ -^  A"zd^z  =  0, 

whence 

Axdx-\-  A'ydi/, 

^'^ A^z '-' 

and,  introducing  this  value  of  dz  in  the  second  equation,  we  find 

A  {A  x^-^A  ^^g')  dx^-^2AA'xydx  dy  -f  A  '(A '//'  -f  A  "z')  df 
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Using  Monge's  notation,  we  have  then 

Ax  A^y 

AjAT^^A^'z^)  AA'xy  A'(AY-^A"z^ 

*''"■"  A'^^z*         '       *"       A"^z*'  A"^z* 

This  method  is  evidently  general,  whatever  be  the  number  of  the 
independent  variables  or  the  order  of  the  partial  derivatives  which 
it  is  desired  to  calculate. 

Example.  Let  z  =/(x,  ^)  be  a  function  of  x  and  y.  Let  us  try  to  calculate 
the  differentials  of  the  first  and  second  orders  dx  and  d^x,  regarding  y  and  z  as 
the  independent  variables,  and  x  as  an  implicit  function  of  them.  First  of  all, 
we  have 

dz  =  ^(Lc  +  ^-^dy. 
dx  dy 

Since  y  and  z  are  now  the  independent  variables,  we  must  set 

and  consequently  a  second  differentiation  gives 

0  =  —^dr^  +  2  ^  dxdy  +  ^dy^  +  ^-^(Px. 
tx^  dxdy  dy^  dx 

In  Mongers  notation,  using  p,  q,  r,  s,  t  for  the  derivatives  of  /(x,  y),  these 
equations  may  be  written  in  the  form 

dz  =  pdx  +  qdy, 

0  =  rdx^  -^-'Zsdxdy  +  tdy^  ^prfax. 
From  the  first  we  find 

^^dz^^qdy^ 

P 

and,  substituting  this  value  of  dx  in*the  second  equation, 

_  _  rdz^'^2{pa-qr)dydz  -\-(q^r -2pqs  +  p^t)d^ 

The  first  and  second  partial  derivatives  of  x^  regarded  as  a  function  of  y  and 
2,  therefore,  have  the  following  values : 


dx  __1           ^2;  __       q 
dz      p           dy           p 

d^x 

r 

d^x       qr  —  ps          c^x  _2pq8 —pH  —  q^r 

dz'^ 

p.' 

dydz~       p^      '         dy^~                p8 

As  an  application  of  these  formulae,  let  us  find  all  those  functions  /(x,  y) 
which  satisfy  the  equation 

(^r-\-pH  =  2pqs, 

If,  in  the  equation  z  =/(x,  y),  x  be  considered  as  a  function  of  the  two  inde- 
pendent variables  y  and  z,  the  given  equation  reduces  to  i^  =  0.     This  means 
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that  Zy  is  independent  of  y ;  and  hence  Xy  =  ^  (z),  where  0  (z)  is  an  arbitrary 
function  of  z.    This,  Ui  turn,  may  be  written  in  the  form 


ay 


[x-y0(2)]  =  O, 


which  shows  that  x  —  y  0(z)  is  independent  of  y.    Hence  we  may  write 

where  ^  (z)  is  another  arbitrary  function  of  z.  It  is  clear,  therefore,  that  all  the 
functions  z  =/(x,  y)  which  satisfy  the  given  equation,  except  those  for  which /« 
vanishes,  are  found  by  solving  this  last  equation  for  z.  This  equation  represents 
a  surface  generated  by  a  straight  line  which  is  always  parallel  to  the  xy  plane. 

25.  The  general  theorem.    Let  us  consider  a  si/stem  of  n  equations 


(E) 


h\{x^,  Xiy  •  •  •,  Xp ;  ui,  M„  . . .,  wj  =  0, 

9 


">  ^p- 


Suppose 


Xp  =  ^py 


between  the  n  -{•  p  variables  Mi,  Wj,  •  •  •,  w, ;  Xi,  Xj, 

that  these  equations  are  satisfied  for  the  values  x^  =  a^, 

Wj  =  t£j ,  •  •  • ,  t«^  =  uj ;  ^Aa^  the  functions  F,-  are  continuous  and  possess 

first  partial  derivatives  tvhich  are  continuoiiSy  in  the  neighborhood  of 

this  system  of  values;  and,  finally,  that  the  determinant 


A  = 


does  not  vanish  for 


dui      du^ 


du, 

dn. 


dFn     SF. 
dui      du2 


du. 


x^  —  a;,-, 


u„  =  ul, 


(i  =  l,  2,  -,p\  A;  =  1,  2,  ...,  w). 


Under  these  conditions  there  exists  one  and  only  one  system  of  con- 
tinuous functions  %  =  ^i (a?i,  x^,  •  •  -,  x^,  .  •  ,  m^  =  ^^(arj,  x„  •  • .,  x^) 
which  satisfy  the  equations  (E)  and  which  reduce  to  Ui,  t^, 
forx^  =  xfi,  •••,a;^  =  icj.* 


-y  K, 


*  In  his  paper  quoted  above  (ftn.,  p.  ^  Goursat  proves  that  the  same  conclusion 
may  be  reached  without  making;  any  hypotheses  whatever  regarding  the  derivatives 
cF'i/dXj  of  the  functions  Fi  with  regard  to  the  x's.  Otherwise  the  hypotheses  remain 
exactly  as  stated  above.  It  is  to  be  noticed  that  the  later  theorems  regarding  the 
existence  of  the  derivatives  of  the  functions  0  would  not  follow,  however,  without 
some  assumptions  regarding  dFi/dxj,    The  proof  given  is  based  on  the  following 
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The  determinant  A  is  called  the  Jacobian,*  or  the  Functional  Deter- 
minant, of  the  n  functions  Fi,  Fj,  •  •  •,  F^  with  respect  to  the  n  vari- 
ables uiy  tit,  • " ,  u^.     ^^  is  represented  by  the  notation 

D(F,,Ft,"',F,) 

We  will  begin  by  proving  the  theorem  in  the  special  case  of  a 
system  of  two  equations  in  three  independent  variables  x,  y,  z  and 
two  unknowns  u  and  v. 

(9)  F^(x,y,z,u,v)=0, 

(10)  Fa(x,y,z,u,v)  =  0. 

These  equations  are  satisfied,  by  hypothesis,  for  x  =  XQ,y  =  i/Q,z  =  z^^, 
u  =  Uq,  V  =  Vq',  and  the  determinant 

du    dif         dv    du 

does  not  vanish  for  this  set  of  values.  It  follows  that  at  least  one 
of  the  derivatives  dFi/dv,  dh\ldv  does  not  vanish  for  these  same 
values.  Suppose,  for  definiteness,  that  dFi/dv  does  not  vanish. 
According  to  the  theorem  proved  above  for  a  single  equation,  the 
relation  (9)  defines  a  function  v  of  the  variables  x,  y,  z,  u, 

which  reduces  to  v^  for  x  =  Xq,  y  =  y^,  z  =  z^,  u  =  xi^.  Replacing  v 
in  the  equation  (10)  by  this  function,  we  obtain  an  equation  between 
X,  y,  z,  and  u, 

*(ac,  y,  z,  n)  =  F^[x,  y,  z,  u,f{x,  y,  z,  m)]=  0, 

•> 

lomma:  Lei /i(a;i,a^,-  -.Xp:  Wi,M2»-»Wn).  •••./ii(a;i,  aJs,  ••-.Xp;  "i,  w,,  •••,  u^htn 
functions  of  the  n  -f  p  variables  Xi  and  u^-,  ichichf  together  with  the  n*  partial  derivor- 
tives  dfi/du]^,  are  continuous  near  Xi  =  0,  Xj  =  0,  ••  • ,  Hp  =  0,  i/i  =  0,  ••.,  ii,  =  0.  If 
the  n  functions  fi  and  the  n^  derivatives  tfi/duj^  aU  vanish  for  this  system  of  valueSt 
then  the  n  equations 

admit  one  and  only  one  system  of  solutions  of  the  form 

where  ^i,  0s,  ••• ,  0n  are  continuous  functions  of  the  p  variables  Xi,  ij,  ••  •,  Xp  which 
all  approach  zero  as  the  variables  all  approach  zero.  The  lemma  is  proved  by  means  of 
asuiteof  functions  wj"*)  =/,(xi,X2,  •  •,  Xp;  m("— ^  t4'""*\  ■,v^~^^  (i  =  l,  2,  •.,  n), 
where  u\^^  =  0.  It  is  shown  that  the  suite  of  functions  u^*"^  thus  defined  approaches  a 
limiting  function  {/<,  which  1)  satisfies  the  given  equations,  and  2)  constitutes  the  only 
s(»Iutioii.  The  passage  from  the  lemma  to  the  theorem  consists  in  an  easy  transforma- 
tion of  the  equations  (E)  into  a  form  similar  to  that  of  the  lemma.  —  Tkans. 
•  Jacobi,  Crelle's  Journal,  Vol.  XXII. 
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which  is  satisfied  for  a;  =  Xo,  y  =  yo>  '  =  -^oj  "  =  ^^-     Now 


and  from  equation  (9), 


e7w        e?w         cv  cu 


du         dv    du  ' 


whence,  replacing  df/du  by  this  value  in  the  expression  for  d^/du^ 
we  obtain 

a*_  D(Uy     v) 

aw  ~  dF[ 

dv 

It  is  evident  that  this  derivative  does  not  vanish  for  the  values  j*o, 
yoj  *o>  ^-  Hence  the  equation  *  =  0  is  satisfied  when  ?/  is  replaced 
by  a  certain  continuous  function  u  =  <l>  (x,  y,  «),  which  is  equal  to 
11^  when  a?  =  0*0,  y  =  y^,  z  =  z^-^  and,  replacing  ?/  by  <^ (x,  y,  «)  in 
/(ar,  y,  «,  t/),  we  obtain  for  v  also  a  c^irtain  continuous  function. 
The  proposition  is  then  proved  for  a  system  of  two  equations. 

We  can  show,  as  in  §  21,  that  these  functions  possess  partial 
derivatives  of  the  first  order.  Keeping  y  and  z  constant,  let  us 
give  X  an  increment  Air,  and  let  A?*  and  Ar  be  the  corresjwnding 
increments  of  the  functions  u  and  v.  The  equations  (9)  and  (10) 
then  give  us  the  equations 

where  c,  c',  c",  17,  17',  17"  approach  zero  with  Aa?,  Aw,  £^v.     It  follows 
that 


(S-')(^--v)-(^'..")(^ 


Aa;  (dF.        \  IdF.        .\      IdF.    .     ..\  idF^ 

du 


+v 


When  Aa*  approaches  zero,  Aw  and  A/'  also  approach  zero ;  and  hence 
c,  c',  c",  ly,  17',  17"  do  so  at  the  same  time.  The  ratio  Aw /Ax  therefore 
approaches  a  limit;  that  is,  w  possesses  a  derivative  with  respect  to  x : 
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du  dx    CO         cv    dx 


dx  dF\dJ\_dF\dFi 

da    do        dv    du 

It  follows  in  like  manner  that  the  ratio  Aw /Ax  approaches  a  finite 
limit  do  /dx,  which  is  given  by  an  analogous  formula.  Practically, 
these  derivatives  may  be  calculated  by  means  of  the  two  equations 

dFy^       dF^  du       dF^  ^^  =  q 

dx        du    dx       dv    dx        ' 

dF2      dFj  du      dF^do 

dx  du     dx  CO      dx  ' 

and  the  partial  derivatives  with  respect  to  f/  and  z  may  be  found  in 
a  similar  manner. 

In  order  to  prove  the  general  theorem  it  will  be  sufficient  to  show 
that  if  the  proposition  holds  for  a  system  of  (n  —  1)  ecjuations,  it 
will  hold  also  for  a  system  of  n  equations.  Since,  by  hypothesis, 
the  functional  determinant  A  docs  not  vanish  for  the  initial  values 
of  the  variables,  at  least  one  of  the  first  minors  corresponding  to  the 
elements  of  the  last  row  is  different  from  zero  for  these  same  values. 
Suppose,  for  deftniteness,  that  it  is  the  minor  which  corresponds  to 
dF^/di/^  which  is  not  zero.     This  minor  is  precisely 

D(F,,  Fa,  •-,  F„_,), 

and,  since  the  theorem  is  assumed  to  hold  for  a  system  of  (n  —  1) 
equations,  it  is  clear  that  we  may  obtain  solutions  of  the  first  (n  —  1) 
of  the  equations  (E)  in  the  form 

where  the  functions  <^,.  are  continuous.  Then,  replacing  tti,  •  •  •,  f/„_i 
by  the  functions  </>i,  •  •  •,  </>,_i  in  the  last  of  equations  (E),  we  obtain 
a  new  equation  for  the  determination  of  w„, 

H^i,  aJ„  . . .,  X,, ;   u^)  =  F„(xi,  Xj,  . . .,  X,, ;  </>i,  </>2,  •  •  •,  </>,-i,  '0=0. 

It  only  remains  for  us  to  show  that  the  derivative  d^/du^  does 
not  vanish  for  the  given  set  of  values  xj,  xj,  •  •  •,  xj,  t^;  for,  if  so,  we 
can  solve  this  last  equation  in  the  form 

?*„  =  i/f(xi,  Xa,  .-.,  Xp)j 

where  ^  is  continuous.  Then,  substituting  this  value  of  u^  in 
^1)  ••>  ^n-if  we  would  obtain  certain  continuous  functions  for 
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Ui,  U29  '"9  u^-i  also.     In  order  to  show  that  the  derivative  in  ques- 
tion does  not  vanish,  let  us  consider  the  equation 

The  derivatives  d^^Jdu^^  ^^j/^^n?    ••>  ^^h-i/^^»  are  given  by  the 
(n  —  1)  equations 


(12) 


^Ji    £*!  +  ...+ ?^ £5^-1  +  ?£.    =0 


and  we  may  consider  the  equations  (11)  and  (12)  as  n  linear  equa- 
tions for  8^i/8m„  •  ••,  8^,_j/8m„  d^/du„  from  which  we  find 

a»  7?(f„  F„  •  •  >  F,_,)       Z)(F.,  F„  ■  •  •,  F,) 

It  follows  that  the  derivative  d^  /dii^  does  not  vanish  for  the  initial 
values,  and  hence  the  general  theorem  is  proved. 

The  successive  derivatives  of  implicit  functions  defined  by  several 
equations  may  be  calculated  in  a  manner  analogous  to  that  used  in 
the  case  of  a  single  equation.  When  there  are  several  independent 
variables  it  is  advantageous  to  form  the  total  differentials,  from 
which  the  partial  derivatives  of  the  same  order  may  be  found. 
Ck)nsider  the  case  of  two  functions  u  and  v  of  the  three  variables 
X,  y,  z  defined  by  the  two  equations 

F{x,y,  z,  u,  v)  =  Oy 

^(xy  y,  «,  ?/,  t;)  =  0. 

The  total  differentials  of  the  first  order  du  and  dv  are  given  by  the 
two  equations 

^-  dx  +  ^-  dy  -\-  -r-  dz  -\-  -r-  du  -\-  -T-  dv  ^  0, 

dx  oy  cz  ou  dv 

Likewise,  the  second  total  differentials  </*  w  and  d'v  are  given  by  the 
equations 
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\cx  ov      I        du  ov 


^  4-  •  • •  + 


(7V         /  on  OV 


and  80  forth.  In  the  equations  which  give  dJ^u  and  d^v  the  deter- 
minant of  the  coefficients  of  those  differentials  is  equal  for  all  values 
of  n  to  the  Jacobian  Z>(F,  *)//>(?/,  v),  which,  by  hypothesis,  does  not 
vanish. 

86.  Inyenion.  Let  iii,  Ua,  •  •  • ,  n^  be  n  functionB  of  the  n  independent  vari- 
ables Xi,  2s,  •  • ',  Xn,  such  that  the  Jacobian  />(ui,  U2,  ■  ,  Um)/D(xi,  Xs,  •  •  • ,  Xn) 
does  not  vanish  identically.     The  n  equations 

.,Qv  ( 1*1  =  0i(Xi,  Xa,  •    • ,  x„),        142  =  02(a;i,  Xa,  ••  •,  X,),         •.., 

(  w„  =  0«(*i,  Xa,  •  •  •,  x«) 

define,  inversely,  Xi,  Xa,  •  •  • ,  x,  as  functions  of  ui,  ua,  •  • ,  u„.  For,  taking  any 
system  of  values  xj,  x,,  •  •  • ,  x^,  for  which  the  Jacobian  does  not  vanish,  and 
demoting  the  corresponding  values  of  "i,  Wa?  •  •»  "w  by  uj,  uj,  •  .,  uj,  there 
exists,  according  to  the  general  theorem,  a  system  of  functions 

Xi  =  ^i(ui,  Ua,  •  •  • ,  u„),     a^  =  ^a(ui,  ?ia,  •  •  • ,  ^n),     •  •  • »    Xn  =  ^«(ui.  Ma,  •  •  •  >  u„), 

which  satisfy  (13),  and  which  take  on  the  valuer  Xp  xS*  •  ■ ,  xj|,  respectively, 
when  ui  =  ttj,  •  •  •,  u„  =  mJ.  These  functions  are  called  the  irvnerses  of  the  func- 
tions 01,  0a  t  *  "1  011)  &nd  the  process  of  actually  determining  them  is  called 
an  vnMTWin. 

In  order  to  compute  the  derivatives  of  these  inverse  functions  we  need  merely 
apply  the  general  rule.     Thus,  in  the  case  of  two  functions 

w=/(x,  y),  t>  =  0(x,  y), 

if  we  consider  u  and  v  as  the  independent  variables  and  x  and  y  as  inverse 
functions,  we  have  the  two  equations 

du  =  -^  ftc  +   -  dy,  do  =  ^—  dx  +  -7^  dy, 


?x  ?y  ex  ry 


whence 


dx         ^^              '^^ 

dy  = 

dx           dx 

^fd4>      cfd<f> 

dfd^  _dfd<f> 

ex  by       dy  dx 

dx  dy      dy  dx 

inally,  the  formulae 

?0 

df 

dx                dy 

dx  _ 
dv  ~ 

cy 

du^dfd</>      dfd<f>' 
dx  dy      dy  dx 

df  d</>      df  d<f> ' 
dx  dy      dy  dx 
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_  £0  bf 

9y  dx  dy  dx 


dz  dy      dy  dz  dz  dy      dy  dx 

27.  Tangents  to  skew  cunres.  Let  us  consider  a  curve  C  repre- 
sented by  the  two  equations 

(14)  j^i(^,y,^)  =  o, 

and  let  x^,  y^,  z^  be  the  coordinates  of  a  point  Mo  of  this  curve,  such 
that  at  least  one  of  the  three  Jacobians 

df\  dF^  _  dF\  dF^        dF\  dF^  _  dF\  dF^        dF\  dF^  _  dF\  dF^ 

dy    dz         dz    dy  dz    dx        dx    dz  dx    dy        dy    dx 

does  not  vanish  when  x,  y,  z  are  replaced  by  a^o>  yo>  ^w  respectively. 
Suppose,  for  definiteness,  that  /)(Fi,  F^/ D(i^,  z)  is  one  which  does 
not  vanish  at  the  point  M^,  Then  the  equations  (14)  may  be  solved 
in  the  form 

where  ^  and  ^  are  continuous  functions  of  x  which  reduce  to  y©  ^nd 
2o,  respectively,  when  x  =  x^.  The  tangent  to  the  curve  C  at  the 
point  Afo  is  therefore  represented  by  the  two  equations 

X-x^  ^  Y-y^  ^Z  -z^ 

where  the  derivatives  i>\x)  and  \lf\x)  may  be  found  from  the  two 
equations 

In  these  two  equations  let  us  set  x  =  x^,  y  =  y^, «  =  «o,  and  replace 
^'(a^)  and  ^'(^o)  by  (r- y,)/(X -Xo)  and  {Z  -  z,) / {X  -  x^), 
respectively.     The  equations  of  the  tangent  then  become 
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or 


X-x^         __  Y-y^  Z-z^ 


L  ^(y, «)  Jo     L  ^(«,  ^)  Jo     L  ^(^>y)  Jo 

The  geomettical  interpretation  of  this  result  is  very  easy.  The 
two  equations  (14)  represent,  respectively,  two  surfaces  ^j  and  5j,  of 
which  C  is  the  line  of  intersection.  The  equations  (15)  represent 
the  two  tangent  planes  to  these  two  surfaces  at  the  point  ATq  ;  and 
the  tangent  to  C  is  the  intersection  of  these  two  planes. 

The  formulae  become  illusory  when  the  three  Jacobians  above  all 
vanish  at  the  point  M^.  In  this  case  the  two  equations  (15)  reduce, 
to  a  single  equation,  and  the  surfaces  Xi  and  S^  are  tangent  at  the 
point  A/o-  The  intersection  of  the  two  surfaces  will  then  consist,  in 
general,  as  we  shall  sec,  of  several  distinct  branches  through  the 
point  3/o. 

IL   FUNCTIONAL  DETERMINANTS 

28.  Fundamental  property.  We  have  just  seen  what  an  important 
role  functional  determinants  play  in  the  theory  of  implicit  functions. 
All  the  above  demonstrations  expressly  presuppose  that  a  certain 
Jacobian  does  not  vanish  for  the  assumed  set  of  initial  values. 
Omitting  the  case  in  which  the  Jacobian  vanishes  only  for  certain 
particular  values  of  the  variables,  we  shall  proceed  to  examine  the 
very  important  case  in  which  the  Jacobian  vanishes  identically. 
The  following  theorem  is  fundamental. 

Let  Ml,  w,,  •••,  w„  he  n  functions  of  the  n  independent  variables 
^i)  ^29  •••>  ^n*  ^^  order  that  there  exist  between  these  n  functions 
a  relation  IT  (?*i,  w,,  •  •  • ,  w„)  =  0,  ivhich  does  not  involve  exrplicitly  any 
of  the  variable.^  x^y  x^,  •  •  • ,  x^,  it  is  necessary  and  sufficient  that  the 
functional  determinant 

n{xi,x^,"',x^) 
should  vanish  identically. 

In  the  first  place  this  condition  is  necessary.  For,  if  such  a  rela- 
tion U(uiy  Mj,  •  •  •,  ?0  =  ^  exists  between  the  n  functions  Ui,  u^y  •  •,  m„, 
the  following  n  equations,  deduced  by  differentiating  with  respect  to 
each  of  the  a's  in  order,  must  hold  : 
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an  a^     an  aw,  an  dn^  _ 

dui  dxi       du^  dxi                du^  dxi  ""    ' 
f 

ana^i     ana^a         .  ?J5^«-_a. 

dui  dx„       di(2  dx^  du^  dx^         ' 

and,  since  we  cannot  have,  at  the  same  time, 

an     an  an    ^ 

dui       cu^  du^        ' 

since  the  relation  considered  would  in  that  case  reduce  to  a  trivial 
identity,  it  is  clear  that  the  determinant  of  the  coefficients,  which  is 
precisely  the  Jacobian  of  the  theorem,  must  vanish.* 

The  condition  is  also  siifficient.  To  prove  this,  we  shall  make 
use  of  certain  facts  which  follow  immediately  from  the  general 
theorems. 

1)  Let  Hy  Vf  w  be  three  functions  of  the  three  independent  variables 
X,  y,  Zy  such  that  the  functional  determinant  D{Uy  v,  w)  / D(xy  y,  z) 
is  not  zero.     Then  no  relation  of  the  form 

\  du  -\-  ix  dv  -\-  V  dw  =  0 

can  exist  between  the  total  differentials  duy  dv,  dw,  except  for 
X  =  /A  =  V  =  0.  For,  equating  the  coefficients  of  dxy  dj/y  dz  in  the 
foregoing  equation  to  zero,  there  result  three  equations  for  A,  /a,  v 
which  have  no  other  solutions  than  A  =  /x  =  v  =  0. 

2)  Let  CO,  Uy  Vy  w  be  four  functions  of  the  three  independent 
variables  a*,  y,  «,  such  that  the  determinant  Z>(m,  v,  w)/  D(x,  y,  z) 
is  not  zero.  We  can  then  express  x,  y,  z  inversely  as  functions  of 
Uy  Vy  Wy  and  substituting  these  values  for  x,  ^,  z  in  a>,  we  obtain 
a  function 

(U   =  *  (W,    Vy    w) 

of  the  three  variables  w,  v,  w.  If  by  any  process  whatever  we  can 
obtain  a  relation  of  the  form 

(16)  du}  =  Pdu-\-  Q  dv  +  R  div 


*  As  Professor  Osgood  has  iwinted  out,  the  reasoning  here  supposes  that  the 
partial  derivatives  dU/lui,  c\\ /c'li^,  •  •  • ,  c\\ /cu^ do  not  all  vanish  simultaneously 
for  any  system  of  values  which  cause  II  (//i,  ?/2»  • '  »  "«)  ^^  vanish.  This  supposition 
in  certainly  justified  when  the  relation  II  =  0  is  solved  for  one  of  the  variables  u.. 
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between  the  total  differentials  dta,  du,  dv,  dw,  taken  with  respect  to  the 
independent  variahles  x,  y,  z,  then  the  coefficients  P,  Q,  R  are  equaly 
respectively y  to  the  three  first  partial  derivatives  of  *  (w,  v,  w)  : 

CU  €V  duf 

For,  by  the  rule  for  the  total  differential  of  a  composite  function 

(§  16),  we  have 

d^  d^  d^ 

(£(0  =  T—  du  -{-  -TT-  dv  -{-  -r—  dw ; 
OH  Cv  cw 

and  there  cannot  exist  any  other  relation  of  the  form  (16)  between 
dioy  du,  dif,  dwy  for  that  would  lead  to  a  relation  of  the  form 

X.du  -}-  fi  dv  -\-  V  dw  =  0, 

where  A,  /a,  v  do  not  all  vanish.  We  have  just  seen  that  this  is 
impossible. 

It  is  clear  that  these  remarks  apply  to  the  general  case  of  any 
number  of  independent  variables. 

Let  us  then  consider,  for  definiteness,  a  system  of  four  functions 
of  four  independent  variables 


(17) 


A'  =  Fi  (x,  y,  «,  t)y 
Y  =  F,  (x,  y,  «,  t)y 
Z  =  F^(x,y,z,  t), 
T=F,{x,y,z,t), 


where  the  Jacobian  D{F^,  Fj,  F3,  F^)/D(x,  y,  z,  t)  is  identically 
zero  by  hypothesis;  and  let  us  suppose,  first,  that  one  of  the  first 
minors,  say  />(Fi,  F2,  F^  / l)(x,  y,  «),  is  not  zero.  We  may  then 
think  of  the  first  three  of  equations  (17)  as  solved  for  Xy  y,  z  ss 
functions  of  A',  F,  Z,  t;  and.  substituting  these  values  for  ar,  y,  z  in 
the  last  of  equations  (17),  we  obtain  r  as  a  function  of  A',  F,  Zyt: 

(18)  r  =  *(A,  r,z,o. 

We  proceed  to  show  that  this  function  *  does  not  contain  the  vari- 
able t,  that  is,  that  d^/dt  vanishes  identically.  For  this  purpose 
let  us  consider  the  determinant 


II,  §  28] 


FUNCTIONAL  DETERMINANTS 


55 


A  = 


aFi     dFi     dFi 


dX 


dY 


dZ 


~     ^-      dT 


dx 

dy 

dz 

dF^ 

8  Ft 

dFt 

dx 

dy 

dz 

dF, 

dFt 

dFt 

dx 

^y 

dz 

dF, 

dF, 

dF, 

dx 

dv 

dz 

If,  in  this  determinant,  dX,  dY,  dZ,  dT  be  replaced  by  their  values 

dX  —  ^dx-\--7r^dy  +  -^dz-\--^dt, 


dx 


^y 


dz 


dt 


and  if  the  determinant  be  developed  in  terms  oidx,  dy,  dz,  dt,  it  turns 
out  that  the  coefficients  of  these  four  differentials  are  each  zero ;  the 
first  three  being  determinants  with  two  identical  columns,  while  the 
last  is  precisely  the  functional  determinant.  Hence  A  =  0.  But  if 
we  develop  this  determinant  with  respect  to  the  elements  of  the  last 
column,  the  coefficient  of  dT  is  not  zero,  and  we  obtain  a  relation  of 
the  form 

dT=^PdX  +  QdY+  RdZ. 

By  the  remark  made  above,  the  coefficient  of  dt  in  the  right-hand 
side  is  equal  to  d^/dt.  But  this  right-hand  side  does  not  contain 
dt,  hence  d^/dt  =  0.     It  follows  that  the  relation  (18)  is  of  the  form 

T==^(X,Y,Z), 

which  proves  the  theorem  stated. 

It  can  be  shown  that  there  exists  no  other  relation,  distinct  from 
that  just  found,  between  the  four  functions  X,  Y,  Z,  T,  independent 
of  X,  y,  z,  t.  For,  if  one  existed,  and  if  we  replaced  T  by  *(X,  F,  Z) 
in  it,  we  would  obtain  a  relation  between  A',  Y,  Z  of  the  form 
U(X,  F,  Z)  =  0,  which  is  a  contradiction  of  the  hypothesis  that 
D(X,  Y,  Z)/D(Xy  y,  z)  does  not  vanish. 

Let  us  now  pass  to  the  case  in  which  all  the  first  minors  of  the 
Jacobian  vanish  identically,  but  where  at  le.ast  one  of  the  second 
minors,  say  D(Fi,  F^)  /D(x,  y),  is  not  zero.  Then  the  first  two  of 
equations  (17)  may  be  solved  for  x  and  y  as  functions  of  A',  Y,  z,  t, 
and  the  last  two  become 


Z  =  *i  (A,  Y,  z,  t),         T=  *.,  (A,  Y,  z,  ty 
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On  the  other  hand  we  can  show,  as  before,  that  the  determinant 

^^'     ^^'     dX 


dY 


dx       dy 

dx       dy 

^     ^^»     dZ 

dx       dy 

vanishes  identically  ;  and,  developing  it  with  respect  to  the  elements 
of  the  last  column,  we  find  a  relation  of  the  form 


dZ  =  PdX-^  QdV, 


whence  it  follows  that 


d^ 

dz 


=  0, 


dt 


=  0. 


In  like  manner  it  can  be  shown  that 

dz    -    '         'dt 


=  0; 


and  there  exist  in  this  case  two  distinct  relations  between  the  four 
functions  A',  Y,  Z,  1\  of  the  form 

Z  =  *i(A,  F),  T  =  ^^{X,Y), 

There  exists,  however,  no  third  relation  distinct  from  these  two; 
for,  if  there  were,  we  could  find  a  relation  between  A'  and  1\  which 
would  be  in  contradiction  with  the  hypothesis  that  I>(A',  Y)/  J)(Xy  y) 
is  not  zero. 

Finally,  if  all  the  second  minors  of  the  Jar;obian  are  zeros,  but 
not  all  four  functions  A,  Z,  Y,  T  are  constants,  three  of  them  are 
functions  of  the  fourth.  The  above  reasoning  is  evidently  general. 
If  the  Jacobian  of  the  n  functions  Fj,  Fg.  ••  •,  F„  of  the  n  independ- 
ent variables  a-i,  a;,,  •  ••,  x^,  together  with  all  its  (n  —  r  -f  l)-rowed 
minors,  vanishes  identically,  but  at  least  one  of  the  (n  —  r)- rowed 
minors  is  not  zero,  there  exist  precisely  r  distinct  relations  between 
the  n  functions ;  and  certain  r  of  them  can  be  expressed  in  terms 
of  the  remaining  {n  —  r),  between  which  there  exists  no  relation. 

The  proof  of  the  following  proposition,  which  is  similar  to  the 
above  demonstration,  will  be  left  to  the  reader.  The  necessary  and 
sufficient  condition  that  n  functions  of  n  +  p  independent  variables  he 
connected  by  a  relation  which  does  not  involve  these  variables  is  that 
Cilery  one  of  the  Jacohians  of  these  n  funrtions,  with  respect  to  any  n 
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of  the  independent  variahles,  should  vanish  identieaUy.  In  par- 
ticular, the  necessary  and  eulBcient  condition  that  two  functions 
Fi(a:,,  X,,  -■-,  a;,)  and  ^1(^1,  x^.---,  a*,)  should  be  functicme  of  each 
other  is  that  the  corresponding  partial  derivatives  dFi/dx^  and 
dF^/dx,  Bhould  be  proportional. 

Note.  The  functions  Fi,  F„  ■  ■  -,  F,  in  the  foregoing  theorems  may 
involve  certain  other  variables  »/,,  y,,  -•■,  y„,  besides  a;,,  x^,  ■-■,  »,. 
If  the  Janobian  />(Fi,  Fj,  •■-,  F,)/D(3-t.  :r„  ■■■,  t„}  is  zero,  the 
functions  F„  F,,  ■■-,  F,  are  connected  by  one  or  more  relations 
which  do  not  involve  explicitly  the  variables  a-,,  x^,  •■■,  x,,  but 
which  may  involve  the  other  variables  ^,,  t/^,  ■■■,  i/„. 

Applieati^m,  The  preceding  theorem  is  of  great  importance.  Tlie  tunda- 
mental  property  of  the  logarithm,  for  instance,  can  be  demoiiHtr&ted  by  meana 
ot  il,  without  using  the  arithmetic  deflnitiou  of  the  logHrllhrn.  For  it  in  proved 
l^ie  beginning  of  Che  Integral  Cntculua  that  there  exints  a  function  which  is 
i  for  all  positive  values  of  tlie  variable,  which  is  zero  when  x  =  1,  and 
h  derivative  Is  1/x.     Let/(z)  be  this  function,  and  let 


Hence  there  exists  a  relation  of  the  form 

and  to  determine  4>  we  need  only  set  y  =  1,  which  gives  f{z)  =  •/•  (z).     Hence, 
■iuce  X  is  arbitrary. 

It  is  dear  that  the  preceding  definition  might  have  led  to  the  discovery  ot  ~ 
the  fundamental  properties  of  the  to^aritbtu  had  they  not  been  known  before  the 
Integral  Calculus. 

As  another  application  let  iia  consider  a  eyatem  of  n  equatiunx  In  n  unknowns 

Ui,  u,,  •    -,  u.: 


Fi(«i.i<„-..,  !..)  =  //„ 

F.(ni,"s,  ■■■,««)  =  «,, 

F.("i,ti,,  ■.■.u,)  =  ff., 

wbere  ffi,  ffi,  ■■•,  //,  are  conatants  or  functions  of  certain  other  vartablea 

Zi,  Zt<  -"■  2i»,  which  may  also  occur  in  the  functiona  F,.     If  the  Jacobiau 

B(Fi,  Pj,  •  ■  -,  F„)  /  D(ui,  Uj.  ■    •,  u„)  vanishes  identically,  there  exist  between 

le  n  functions  Fi  a  certain  number,  aay  n  -  jt,  of  distinct  relations  of  the  form 

Fi:  +  i  =  n,{Fi,-.-,  Ft), -..,  F„  =  n,-i(Fi,  ..-,  Ft). 
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In  order  that  the  equations  (19)  be  compatible,  it  is  evidently  necessary  that 
Hk+i  =  ni(ifi,  •  •  •,  Ht),  •  •  •,  Hn=  n„-ik(Hi,  •  •  •,  Hit), 

and,  if  this  be  true,  the  n  equations  (19)  reduce  to  k  distinct  equations.     We 
have  then  the  same  cases  as  in  the  discussion  of  a  system  of  linear  equations. 

29.  Another  property  of  the  Jacobian.  The  Jacobian  of  a  system  of  n 
functions  of  n  variables  possesses  properties  analogous  to  those  of 
the  derivative  of  a  function  of  a  single  variable.  Thus  the  preceding 
theorem  may  be  regarded  as  a  generalization  of  the  theorem  of  §  8. 

The  formula  for  the  derivative  of  a  function  of  a  function  may  be 
extended  to  Jacobians.  Let  Fj,  Fj,  •  ••,  F„  be  a  system  of  n  func- 
tions of  the  variables  Mi,  m,,  •  •  •,  u^,  and  let  us  suppose  that  Wi,  u^, 
•  •  • ,  u^  themselves  are  functions  of  the  n  independent  variables  Xi, 


ajj 


x..     Then  the  formula 


>  •*'»• 


D(Fu  F„  ■..,  F,)  ^  D(F^,  Fa,    .■,  F,)    D(u,,  y^,  »-.,  u^) 
Z>(xi,  Xa,  . . .,  x^)         D(ui,  ?^,  .  • .,  wj    D(xi,  a:,,  •  •  -,  x^) 

follows  at  once  from  the  rule  for  the  multiplication  of  determinants 
and  the  formula  for  the  derivative  of  a  composite  function.  For, 
let  us  write  down  the  two  functional  determinants 


dF\ 
dui 


dui     du^ 


dF 


dxi 

•  •  • 

dx^ 


dxi 

■  •  • 

dxZ 


dxi 

•  •  • 

dx^ 


where  the  rows  and  the  columns  in  the  second  have  been  inter- 
changed.    Tlie  first  element  of  the  product  is  equal  to 


dFi  dui      dFi  du^ 
dux  dxi       du2  dxi 


du^  dxi 


that  is,  to  dFi/dxi,  and  similarly  for  the  other  elements. 

80.  Hessians.  Let /(x,  y,  z)  be  a  function  of  the  three  variables  z,  y,  z.  Then 
the  functional  determinant  of  the  three  first  partial  derivatives  df/dx^  Sf/dy, 
df/dz, 


*  = 


^f 

^f 

^f 

dx^ 

cxdy 

dxdz 

^f 

e-^/ 

r^f 

dxcy 

dy^ 

dydz 

aa/ 

ev 

d^f 

dxdz 

dydz 

dz^ 
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IB  c«Ued  the  HeMian  of  /{x,  y,  z).  The  Hesaiao  of  a  function  of  n  variablea  is 
defined  in  like  laaoner,  atitl  plays  a  rOle  analogous  to  tbat  of  the  second  deriva- 
tive of  a.  function  of  a  single  variable.  We  proceed  to  prove  a  reiimrkablB 
[nTuiatil  property  of  tbis  determinant.  Let  us  Huppoae  the  iadepeDdent  vari- 
ablea  transforuied  by  the  linear  substituLiou 


,x=    aS+    ^Y+    7Z, 

J  y=  a'jL+  ^r+  yz, 

[z  =  a"Z  +  ^'r  +  y"Z, 


is  not  zero.  This  substitution  carries  the  function  /{z,  y,  t)  over  into  a,  new 
function  F(X,  Y.  Z)  of  the  three  variables  X,  Y.  Z.  I^et  //(J,  1',  Z)  Ije  the 
H«eaian  of  tliia  nan  function.     We  shall  show  that  we  bavu  ideuticallf 

S(X,  T.  Z)  =  il'ft(a,  y,  I), 
lAera  z,  ]/,  2  are  supposed  replaced  iti  k{z,  y.  x)  by  their  expressious  from  (19'). 


A 


,IX     BY     fZ/ 


Z){X,Y,Z)              D{x,y.i)        i>(.r.  y,  Z)' 

and  If  we  consider  df/Sx,  df/dy,  V//dz,  for  a  moment,  as  auxiliary  variables, 

WB  may  vrrila 

(/,    1/,    «) 

X,  Y,  Z) 

m    "(M-i-^  "'-'■"  " 

^tom  the  relaUon  F{X,  Y,  Z)  =/(x,  y,  t),  we  Bnd 

BX          &£           by            H 

%-^l-^%-^-l- 

Vex    ar    pz  / 

\dx     Py     Bz/ 
and  hence,  finally, 

D{X, 

a    a'    a" 
T    y    1" 

=  Ai 

It  is  clear  that  lliia  theorem  is  genejBl, 
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Let  us  now  consider  an  application  of  this  property  of  the  Hessian.    Let 

/(x,  y)  =  ax»  +  36x2y  +  Scxy^  +  dy^ 

be  a  given  binary  cubic  form  whose  coefficients  a,  6,  c,  d  are  any 'constants. 
Then,  neglecting  a  numerical  factor, 


h  = 


ax  +  by    bx-^  cy 
to  -f-  cy    cz  -^  dy 


=  (ac  -  62) x2  +  (od  -  6c)xy  +  (M  -  ca)y«, 


and  the  Hessian  is  seen  to  be  a  binary  quadratic  form.     First,  discarding  the 

case  in  which  the  Hessian  is  a  perfect  square,  we  may  write  it  as  the  product  of 

two  linear  factors : 

h  =  (mx  +  ny)  (pz  +  qy). 

If,  now,  we  perform  the  linear  substitution 

TUX  -f.  ny  =  X,        P^  -\'  qy  =  T^ 

the  form/(x,  y)  goes  over  into  a  new  form, 

F(X,  F)  =  ^^  +  3BX2r+3CXr»  +  DF», 

whose  Hessian  is 

and  this  must  reduce,  by  the  invariant  property  proved  above,  to  a  product  of 
the  form  KXY,     Hence  the  coefficients  A^  B,  C,  D  must  satisfy  the  relations 

B2-^C  =  0,        BD-C^  =  0. 

If  one  of  the  two  coefficients  B^  Q  be  different  from  zero,  the  other  must  be  so, 
and  we  shall  have 

C  B 

F(X,  Y)  =  — (B8X»  +  3B2CX'^r  +  3BC2.ry2+  czY^)  _{BXj-^Yy^ 
BC  BC 

whence  F(jr,  Y),  and  hence  /(x,  y),  will  be  a  perfect  cube.  Discarding  this 
particular  case,  it  is  evident  that  we  shall  have  B  =  C  =  0  ;  and  the  polynomial 
F(X,  Y)  will  be  of  the  canonical  form 

AX^  +  DF». 

Hence  the  reduction  of  the  form  /(x,  y)  to  its  canonical  form  only  involves  the 
solution  of  an  equation  of  the  second  degree,  obtained  by  equating  the  Hessian 
of  the  given  form  to  zero.  The  canonical  variables  X,  Y  are  precisely  the  two 
factors  of  the  Hessian. 

It  is  easy  to  see,  in  like  manner,  that  the  form  /(x,  y)  is  reducible  to  the  form 
AX^  +  BX^  Y  when  the  Hessian  is  a  perfect  square.  When  the  Hessian  van- 
ishes identically  /(x,  y)  is  a  perfect  cube  : 

/(x,  y)  =  (ax  +  /9y)». 
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III.   TRANSFORMATIONS 

It  often  happens,  in  mauy  problems  whidi  arts<:  in  Mathematical 
Analysis,  that  we  are  led  to  cliange  the  independent  varial>les.  It 
therefore  becomes  netseasary  to  be  able  to  express  the  derivatives 
with  reBi)ect  to  the  old  variables  in  terms  of  the  derivatives  with 
respect  to  the  new  variables.  We  have  already  considered  a  problem 
of  this  kind  in  the  case  of  inversion.  Let  us  now  consider  the 
question  from  a  general  point  of  view,  and  treat  those  problems 
which  occur  most  frequently. 

31.  Problem  I.  Lft  y  be  a  funetion  of  the  ivdepmdetit  ttariabh  x, 
and  let  t  be  it  new  independent  variable  connected  with  x  by  the  relation 
X  =  ^  {t).  It  is  required  to  rrprexa  the  successive  deriaatives  of  y  with 
retpeet  to  x  m  terms  of  t  and  the  aticeessive  derivatives  of  y  with 
Tttpeet  to  t. 

Let  y=/(a!)  be  the  given  function,  and  F(0  =/[*(')]  the  fnnc- 
tion  obtained  by  replacing  x  by  ^{')  in  the  given  function.  By  the 
rule  for  the  derivative  of  a  function  of  a  function,  we  tind 


*(') 


*•'(') 


This  result  may  be  stated  as  follows:  To  find  the  derioative  of  y 
with  respect  to  x,  tnkc  the  derivative  of  that  fiinetion  with  respect  to  t 
and  divide  it  hi/  the  derivative  of  x  with  reapeet  to  t. 

The  second  derivative  d^ij  jdj?  may  be  found  by  applying  this 
rule  to  the  expression  just  found  for  the  first  derivative.     We  find: 


and  another  application  of  the  same  rule  gives  the  third  derivative 


d^,j  Jdf^ 
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or,  performing  the  operations  indicated. 

The  remaining  derivatives  may  be  calculated  in  succession  by 
repeated  applications  of  the  same  rule.  In  general,  the  nth  deriva- 
tive of  y  with  respect  to  ar  may  be  expressed  in  terms  of  ^'(^),  ^"(^), 
• . .,  ^^"^(^),  and  the  first  n  successive  derivatives  of  y  with  respect  to 
t.  These  formulae  may  be  arranged  in  more  symmetrical  form. 
Denoting  the  successive  differentials  of  x  and  y  with  respect  to  f  by 
dx^  dyy  <Pxf  cPy,  •  •,  d^x,  €t*y,  and  the  successive  derivatives  of  y 
with  respect  to  x  by  y',  y",  •••,  y^"^  we  may  write  the  preceding 
formulae  in  the  form 


(20) 


„  __dx  d^y  —  dy  d^x 


y  =      d.^ 


,„      d^y  dx^  -Sd'y  dx  d^x  -f  3  dy  (d^x)*  -dyd^xdx 
^    ~"  dx^ 


The  independent  variable  t,  with  respect  to  which  the  differentials 
on  the  right-hand  sides  of  these  formulae  are  formed,  is  entirely 
arbitrary;  and  we  pass  from  one  derivative  to  the  next  by  the 
recurrent  formula 

the  second  member  being  regarded  as  the  quotient  of  two  differen- 
tials. 

32.  Applications.  These  formulae  are  used  in  the  study  of  plane 
curves,  when  the  coordinates  of  a  point  of  the  curve  are  expressed  in 
terms  of  an  auxiliary  variable  t 

x=f{t),        y  =  4>(ty 

• 

In  order  to  study  this  curve  in  the  neighborhood  of  one  of  its  points 
it  is  necessary  to  calculate  the  successive  derivatives  y',  y",  •  •  •  of  y 
with  respect  to  x  at  the  given  point.  But  the  preceding  formulae 
give  us  precisely  these  derivatives,  expressed  in  terms  of  the  succes- 
sive derivatives  of  the  functions /(^)  and  <l>(t),  without  the  necessity 
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of  having  recourse  to  the  explicit  expression  of  </  as  a  fimction  of  x, 
which  it  might  be  very  difficult,  practically,  to  obtain.  Thus  the 
fust  formula 

gives  the  slope  of  the  tangent.  The  value  of  y"  occurs  in  an  impor- 
tant geometrical  concept,  tliF.  radius  of  euroature,  which  is  given  by 
the  formula 

„      (!  +  ?'■)' 


which  we  shall  derive  later.  In  order  to  find  the  value  of  R,  when 
the  coordinates  t,  and  y  are  given  as  functions  of  a  parameter  t,  we 
need  only  replace  y'  and  y-'  by  the  preceding  expressions,  and  we 
find 

I  dx  d^y  —  dy  d^x  \ 

where  the  second  member  contains  only  the  first  and  second  deriva- 
tives of  X  and  y  with  respect  to  (. 

The  following  inlerosting  remark  U  taken  from  M.  Bertrand's  TVaiW  de 
CaUal  difffrmitiel  el  init'jfral  (Vol.  1,  p.  ITO).  Suppose  Ihal,  in  calrulating  Bome 
geometrical  concept  allied  to  a  given  plane  curve  whose  cof^rdinaten  x  and  y  are 
•LippoHed  given  in  [erms  uf  a  parameter  t,  we  had  obtained  tlie  expression 

F{x,  y.  it,  dtf,  d'x,  iPy,  ■  ■  ■,  d'x,  d'y), 

where  all  ilic  differentialR  are  taken  with  respect  to  (.  Since,  by  hypothesis, 
thin  coDcepL  has  a,  geometrical  signiflcBnce,  its  value  caiuiot  depend  upon  the 
choice  of  the  independent  variable  (.  But,  if  we  take  x  =  t,  we  shall  have 
dx  =  dt,  d'x  =  dfx  =  •  ■  ■  =  d^z  —  0,  and  the  preceding  ezpressLon  becomes 


/(I.  y.  y\  y"^  ■ 


■  I/*"'!; 


which  is  the  same  aa  the  eipresslnn  we  would  Imve  obtained  by  supposing  at  the 
wart  that  the  equation  of  the  given  curve  was  solved  wlih  respect  to  v  in  the 
form  tf  =  *  (i).  To  return  from  this  particular  ciibb  to  the  case  where  the  inde- 
ppAdent  variable  is  arbitrary,  we  need  inly  replace  y",  y'\  ■by  their  values 
from  the  formulse  (20).     Performing  this  substitnlion  in 


f{^<  1/.  y'<  y". 


.  V<"'), 


we  should  get  back  to  the  eipression  F{X,  y,  dx,  dy,  d'x,  dV>  ■  ■  •)  "itt  which 
we  started.  If  we  do  not.  we  can  assert  that  the  result  obtained  Is  InoorreoU 
For  example,  the  eipressii 


dxipy  +  dy(Pz 
{dz*  +  dy)* 


a 
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cannot  have  any  geometrical  significance  for  a  plane  curve  which  is  independent 
of  the  choice  of  the  independent  variable.  For,  if  we  set  x  =  t,  this  expression 
reduces  to  y'VCl  +  y'*)' ;  and,  replacing  y*  and  y"  by  their  values  from  (20),  we 
do  not  get  back  to  the  preceding  expression. 

« 

33.  The  formuliB  (^0)  aile  also  used  frequently  in  the  study  of 
differential  equations.  Suppose,  for  example,  that  we  wished  to 
determine  all  the  functions  y  of  the  independent  variable  x^  which 
satisfy  the  equation 

(21)  (l-x«)g-«|+nV  =  0, 

where  n  is  a  constant  Let  us  introduce  a  new  independent  variable 
ty  where  x  =  cos  t     Then  we  have 

dy 
dy  dt 

dx       —  sin  t 

^  d^y  ^  dy 

dx^  ein^t 

and  the  equation  (21)  becomes,  after  the  substitution, 

(22)  S  +  "'y  =  <>• 

It  is  easy  to  find  all  the  functions  of  t  which  satisfy  this  equation, 
for  it  may  be  written,  after  multiplication  by  2  dy/dt^ 


whence 


where  a  is  an  arbitrary  constant.     Consequently 

or 

dy 

dt  ^ 
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The  left-hand  side  is  the  derivative  of  are  sin(y/a)  — »(.    It  follows 
that  this  ditfereui*  must  be  another  arbitrary  constant  b,  whence 

y  =  aain(ii(  +  h), 

which  may  also  be  written  in  the  forni 

y  =  vl  sin  nt  -\-  B  cos  nt. 

Returning  to  the  original  variable  x,  we  see  that  all  the  functions  of 
X  which  satisfy  the  given  equation  (21)  are  given  by  the  formula 

1/  =  A  sin  (n  arc  cos  x}+  B  cos  (n  arc  coa  x), 

where  A  and  B  are  two  ai-bitrary  constants. 

34.  Problem  IL  To  every  relaiinn,  between  x  and  y  there  eorreaponda, 
by  means  of  the  trajuformation  x  =/((,  «),  y  =  't>{t,  u),  a  relation 
between  t  and  v.  It  i»  required  to  express  the  deriiiatives  of  y  with 
respect  to  x  in  terms  of  t,  u,  and  the  derivatives  of  ii  with  respect  to  t. 

This  problem  is  seen  to  depend  upon  the  preceding  when  it  Lb 
noticed  that  the  formutse  of  transformation, 


=/(', »). 


=  *ft »), 


give  US  the  expressions  for  the  original  variables  z  and  y  as  func- 
tions of  the  variable  t,  if  we  imagine  that  ii  has  been  replaced  in 
these  formiilse  by  its  value  as  a  function  of  t.  We  need  merely 
apply  the  general  method,  therefore,  always  regartling  x  and  y  as 
composite  functions  of  t,  and  ii  as  an  auxiliary  function  of  t.  We 
find  then,  first, 

Sift      8ijt  du 

dy  _  dy    dx  _  dt        git  dt 

dx"  dt'  dt' 


U. 


dfdu 

Su  dt 


and  then 


rfV  _  £  /dff\    dx 
dx*~ dt\dx)  '  dt' 


or,  performing  the  operations  indicated, 

d>v_\dt    dwdi)\_PP       Iticldt     Bu'Vdt/     gu  dpj    \et    fudt/\_dt^     "J 
Vt     dudl/ 
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In  general,  the  nth  derivative  y^"^  is  expressible  in  terms  of  <,  7f,  and 
the  derivatives  du/dtj  d^u/dt^,  •  •  •,  d^u/dV. 

Suppose,  for  instance,  that  the  equation  of  a  curve  be  given  in 
polar  coordinates  p  =f{ia).  The  formulae  for  the  rectangular  coor- 
dinates of  a  point  are  then  the  following : 

X  =  p  cos  (i>,        ^  =  p  sii^  <^ 

Let  p',  p",  •  •  •  be  the  successive  derivatives  of  p  with  respect  to  a>, 

considered  as  the  independent  variable.    From  the  preceding  formulae 

we  find 

dx  =  cos  iD  dp    —  p  sin  (■>  dia, 

dy  =  sin  to  dp    +  p  cos  (■>  d<a, 

d^x  =  coso) cPp  —  2  sino)  diodp  —  p  coscu  rfo)', 

c2^^  =  sincii  c^p  -)-  2  cos(i>  (f(i>  ^p  —  p  sin  en  o^', 

whence 

dx^ -\- df/^  =  dp^ -\- p^  diD^, 

dx  d^y  —  dyd^x  =  2d(o  dp^  —  pd(o  d!^p  +  p^  <^ci>'. 
The  expression  found  above  for  the  radius  of  curvature  becomes 

35.  Transformations  of  plane  curves.  Let  us  suppose  that  to  every 
point  w  of  a  plane  we  make  another  point  3/  of  the  same  plane  cor- 
respond by  some  known  construction.  If  we  denote  the  coordinates 
of  the  point  m  by  (a?,  y)  and  those  of  M  by  (A',  F),  there  will  exist, 
in  general,  two  relations  between  these  coordinates  of  the  form 

(23)  X=f(x,y),  Y=<l>(x,y). 

These  formulae  define  a  point  transformation  of  which  numerous 
examples  arise  in  Geometry,  such  as  projective  transformations,  the 
transformation  of  reciprocal  radii,  etc.  When  the  point  m  describes 
a  curve  c,  the  corresponding  point  3/  describes  another  curve  C,  whose 
properties  may  be  deduced  from  those  of  the  curve  c  and  from  the 
nature  of  the  transformation  employed.  Let  y\  y",  •  •  •  be  the  suc- 
cessive derivatives  of  y  with  respect  to  x,  and  y',  K",  •  •  •  the  succes- 
sive derivatives  of  Y  with  respect  to  X  To  study  the  curve  C  it 
is  necessary  to  be  able  to  express  ¥',  Y",  ••  in  terms  of  x,  y,  y\ 
y",  •  •  •.  This  is  precisely  the  problem  which  we  have  just  discussed ; 
and  we  find 
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dx  8x       dy 

dx  dx^  dy^ 

ill  /v,  ^ ,A/!V 

_  dx  _\cx       dy-*  l\dx' 


dx 


\dx^ 


and  BO  forth.  It  is  seen  that  1"  depends  only  on  x,  y,  y'.  Hence, 
if  the  transformation  (23)  be  applied  to  two  curves  c,  c',  which  are 
tangent  at  the  point  {x,  y),  the  transformed  curves  C,  C"  will  alao 
be  tangent  at  the  corresponding  pi>int  (.V,  Y).  This  remark  enables 
US  to  replace  the  curve  c  by  any  other  curve  which  is  tangent  to  it 
in  questions  which  involve  only  the  tangent  to  the  transformed 
curve  C. 

Let  us  consider,  for  example,  the  transformation  defined  by  the 
formulae 


■'+y 


F=  - 


■'  +  !/' 


which  is  the  transformation  of  reciprocal  radii,  or  innersion,  with 
the  origin  as  pole.  I^t  m  be  a  point  of  a  curve  f  and  M  the  cor- 
responding point  of  the  curve  C.  In 
order  to  find  the  tangent  to  this  curve 
C  we  need  only  apply  the  result  of 
ordinary  Geometry,  that  an  inversion 
carries  a  straight  line  into  a  circle 
through  the  pole. 

Let  ua  replace  the  curve  c  by  its 
tangent  mt.  The  inverse  of  mt  is  a 
circle  through  the  two  points  M  and  O, 
whose  center  lies  on  the  perpendicular 

Ot  let  fall  from  the  origin  upon  int.  The  tajigent  AfT  to  this  circle 
is  perpendicular  to  AM,  and  the  angles  Mint  and  mMT  are  equal, 
since  each  is  the  complement  of  the  angle  mOt.  The  tangents  mt 
and  MT  are  therefore  antiparallel  with  respect  to  the  radius  vector. 

36.  Contact  tTansformatlons.  The  preceding  transformations  are 
not  the  most  general  transformations  which  carry  two  tangent 
curves  into  two  other  tangent  curves.  Let  us  suppose  that  a  point 
if  is  determined  from  each  point  m  of  a  curve  c  by  a  constnictioQ 
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which  depends  not  only  upon  the  point  m,  but  also  upon  the  tangent 
to  the  curve  c  at  this  point.  The  formulae  which  define  the  trans- 
formation are  then  of  the  form 

(24)  A'  =  /(x,  y,  y"),         r  =  ^  {X,  y,yy, 

and  the  slope  Y^  of  the  tangent  to  the  transformed  curve  is  given 
by  the  formula 

^      dY      dx^  dy^       dy'^ 

Fx-^^y-^d^^y 

In  general,  r'  depends  on  the  four  variables  ar,  y,  y\  y" ;  and  if  we 
apply  the  transformation  (24)  to  two  curves  c,  c'  which  are  tangent 
at  a  point  (a;,  y),  the  transformed  curves  C,  C  will  have  a  point 
(X,  r)  in  common,  but  they  will  not  be  tangent,  in  general,  unless 
y"  happens  to  have  the  same  value  for  each  of  the  curves  c  and  c\ 
In  order  that  the  two  curves  C  and  C  should  always  be  tangent,  it 
is  necessary  and  sufficient  that  F'  should  not  depend  on  ^";  that  is, 
that  the  two  functions  /(x,  y,  y')  and  <^  (ar,  y,  y')  should  satisfy  the 
condition 

dy\dx  ^  dy^  I      dy\dx^  dy^  ) 

In  case  this  condition  is  satisfied,  the  transformation  is  called  a 

contact  transformation.     It  is  clear  that  a  point  transformation  is  a 

particular  case  of  a  contact  transformation.* 

Let  us  consider,  for  example,  Legendre's  transformation,  in  which 

the  point  M,  which  corresponds  to  a  point  (x,  y)  of  a  curve  c,  is  given 

by  the  equations 

X  =  7/,         Y=xy'-y; 

from  which  we  find 

^,        dY        xt/" 

dX  y"  ""' 

which  shows  that  the  transformation  is  a  contact  transformation. 
In  like  manner  we  find 

dY'         dx         1 


Y"  =; 


dX        y"dx       y" 


f 


dY"  v'" 


dX  y 


199 


'Legendre  and  Ampere  gave  many  examples  of  contact  transformations.  Sophus 
Lie  developed  the  general  theory  in  various  works ;  see  in  particular  his  Oeometrie 
der  Beruhrungstran^ormationen.    See  also  Jacobi,  Vorlesungen  iiber  Dynamik. 


I 
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and  BO  forth.     From  the  precediDg  formulae  it  follows  that 

x  =  Y',         y  =  XY'  -Y,         1/  =  X, 

which  Bhovs  that  the  traas formation  is  involutoiy.*  All  these  prop- 
erties are  explained  hy  the  remark  that  the  point  whose  coordinates 
are  X  =  y',  }'  =  xy'  —  y  is  the  pole  of  the  tangent  to  the  curve  c  at 
the  point  {x,  y)  with  respect  to  the  parabola  x'^  —  2  y  =  0.  But,  in 
general,  if  M  denote  the  pole  of  the  tangent  at  m  to  a  curve  c  with 
respect  to  a  directing  conic  2,  then  the  locus  of  the  point  M  is  a 
curve  C  whose  tangent  at  M  is  precisely  the  polar  of  the  point  m 
with  respect  to  2.  The  relation  between  the  two  curves  c  and  C  is 
therefore  a  reciprocal  one ;  and,  further,  if  we  replace  the  curve  c  by 
auother  curve  c',  tangent  to  e  at  the  point  m,  the  reciprocal  curve  C 
will  be  tangent  to  the  curve  ('  at  the  point  M. 

Ptdal  euTTts.  If,  from  a  fixed  point  O  in  tlio  plane  of  a  curve  c,  a  perpeD- 
dicular  OH  be  let  fait  upon  the  tangent,  to  the  curve  at  the  point  m,  the  locus  of 
lUe  forti  M  of  this  perpendicular  is  a  curve  C,  which  is  called  the  pedal  ttf  the 
given  nine.  Ii  would  be  easy  to  obtain,  by  a  direct  calculatioo,  the  co(trdiQat«H 
of  the  point  jV,  and  to  show  that  the  trana- 
turuiation  ttiuK  di^flnEd  \n  a  contact  transfor- 
mation, but  it  is  simpler  tn  proceed  as  follows. 
Let  ui  consider  a  circle  7  of  radius  R,  de- 
scribed  about  the  point  Oaacenterjandlel  IB] 
beapointon  Olf  such  that  Onu  x  OM  =  li*. 
The  point  mj  is  the  pole  of  the  tangent  mt 
with  respect  to  the  circle ;  and  hence  the 
tnuufonnation  which  carries  e  into  C  is  the 
result  of  a  transformation  of  reciprocal  po- 
IsTS,  followed  hy  an  inversion.  When  the 
pointm  describes  the  curve  c,  the  point  tni, 
the  pole  of  mt,  describes  a  curve  ci  tangent  Fto.  6 

to  (he  polar  of  the  point  m  with  resjiect  tu 

the  circle  y,  that  is,  tangent  to  tiie  straight  line  ttiiti,  a  perpendicular  let  fall 
from  mi  upon  Om.  The  tangent  MTlo  the  curve  C  and  the  tangent  niiti  to  the 
curve  C]  make  eiiual  anglts  with  the  radius  vector  OmfM.  Hence,  if  we  draw 
the  normal  MA.  the  angles  .4ArO  and  ,<10Af  are  equal,  since  they  are  the  comple- 
ments of  equal  angles,  and  the  point  A  is  tbe  middle  point  of  the  line  Om.  It 
(oUovra  that  the  normal  h>  the  pedal  is  found  by  joining  the  point  if  to  the  center 
of  the  line  Otn. 

8T.  Projective  transfDrmatlons.  Every  function  y  which  satisfies  the  equation 
y"  =  0  is  a  linear  funi^liim  nf  x,  and  conversely.  But,  It  we  snbject  z  ftnd  k  to 
the  projective  transformation 

■Ttiat  Is,  two  succesalve  appllcationa  of  the  transtoriDntion  lead  as  back  to  the 
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_     gX  +  dF-hc  _  a'X  -f  6'  F  -f  c" 

a  straight  line  goes  over  into  a  straight  line.  Hence  the  equation  2^'  =  0  should 
become  cP  Y/dX^  =  0.  In  order  to  verify  this  we  will  first  remark  that  the 
general  projective  transformation  may  be  resolved  into  a  sequence  of  particular 
transformations  of  simple  form.  If  the  two  coefficients  a'^  and  I/'  are  not  both 
zero,  yfjd  will  set  Xi  =  a'^X  +  b''  Y  -^c^'\  and  since  we  cannot  have  at  the  same 
time  oft"  -  6a"  =  0  and  a'6"  -  6' a''  =  0,  we  wUl  also  set  Yx  =  afX  ^VY-\-&, 
on  the  supposition  that  a*  If'  —  b'a"  is  not  zero.  The  preceding  formuls  may 
then  be  written,  replacing  X  and  Y  by  thek  values  in  terms  of  Xx  and  Fi,  in 
the  form 

y=_-,        x= =  a4-p-zr  +  ^^- 

JL.X  Jix  ^^\        -Ai 

It  follows  that  the  general  projective  transformation  can  be  reduced  to  a 
succession  of  integral  transformations  of  the  form 

x-aX-{-bY^-c,         y  =  a'X  +  l/Y  +  c', 

combined  with  the  particular  transformation 

1  F 

X  ^      X 

Performing  this  latter  transformation,  we  find 


and 


dy^.YF--F^-j^^_ 
^       dx  X2         A'«  ' 

y"  =  ^  =  -  JrF"(-  X^)  =  jr»  Y'\ 
dx 


Likewise,  performing  an  integral  projective  transformation,  we  have 

^       dx        a  +  6F'  ' 

dy^  ^  (ab'-boTiY" 
dx  "     (tt  +  6F0» 

In  each  case  the  equation  y''  =  0  goes  over  into  Y"  =  0. 

We  shall  now  consider  functions  of  several  independent  variables,  and,  for 
definiteness,  we  shall  give  the  argument  for  a  function  of  two  variables. 

38.  Problem  in.  Let  to  =/(aJ,  y)  be  a  function  of  the  two  independ- 
ent variables  x  and  y^  and  let  u  and  u  be  two  new  variables  connected 
fvith  the  old  ones  by  the  relations 

x  =  <l>(u,  v)y         y  =  ^{u,  v). 

It  is  required  to  express  the  partial  derivatives  of  cu  tvith  respect  to  the 
variables  x  and  y  in  terms  of  u,  v,  and  the  partial  derivatives  of  cu  with 
respect  to  u  and  v. 
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Let  o)=  F(«,v)  be  the  fuuction  which  results  from /(a;,  y)  by  the 
substitution.  Then  the  rule  for  the  differentiation  of  compoBite 
functions  gives 

8<p         Sai  diji 


du      dx  i 


_  So,  e^       g«£^ 


whence  we  may  find  (taifdx  and  dafdy;  for,  if  the  determinant 
D{<i>.  •j/}/D{ii,  r)  vanished,  the  change  of  variables  performed 
'uuld  have  no  meaning.     Hence  we  obtain  the  equations 


(26) 


-=  c 


+  D- 


where  A,  B,  f,  D  are  determinate  functions  of  «  and  v\  and  these 
formulse  solve  the  problem  for  derivatives  of  the  hrst  order.  They 
show  that  the  derlputli-e  of  a  function  with  respect  to  x  is  the  sum  of 
th*  two  prodncta  formed  bymidliplijing  the  two  derivatives  vnth  respect 
to  u  and  i'  hij  A  and  B,  respectii-ely.  The  derivative  with  respect  to 
y  is  obtained  in  like  maimer,  using  C  and  D  instead  of  A  and  B, 
respectively.  In  order  to  calculate  the  second  derivatives  we  need 
only  apply  to  the  first  derivatives  the  rule  expressed  by  the  preced- 
ing formulae ;  doing  so,  we  fiqd 


+  «£ 


K^l^-l:). 


dude       du  du       du  dvj 
dv"         dv    du        de  dv) 


and  we  could  find  ^lu^dxdy,  B^u/dy"  and  the  following  derivatives 
in  like  manner.  In  all  differentiations  which  are  to  be  carried  out 
we  need  ouly  replace  the  operations  d/8x  and  d/dy  by  the  operations 

9  d 
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respectively.  Hence  everything  depends  upon  the  calculation  of  the 
coefficients  A,  B,  C^  D. 

Example  I.   Let  us  consider  the  equation 

(26)  a^  +  26-^  +  c?^  =  0, 

where  the  coefficients  a,  6,  c  are  constants ;  and  let  us  try  to  reduce  this  equa- 
tion to  as  simple  a  lorin  as  possible.  We  observe  first  that  if  a  =  c  =  0,  it  would 
be  superfluous  to  try  to  simplify  the  equation.  We  may  then  suppose  that  c, 
for  example,  does  not  vanish.  Let  us  take  two  new  independent  variables  u 
and  V,  defined  by  the  equations 

tt  =  X  4-  ay,       v  =  x  +  /9y, 

where  a  and  /9  are  constants.    Then  we  have 

dta       dof       dw 
ax  ~  au        dv 

—  =  a —  H-/9  — , 
dy  du         dv 

and  hence,  in  this  case,  ^  =  £  =  1,  C  =  a,  D  =  p.  The  general  formulsB  then 
give 

a*«  __  a^w    ^  a*w     a^w 

^'^^        dudv      a^' 

a^w        a*w  .  .    .  ^.  a*«   .  «a*« 


ax  ay       au^  auau       au« 

a*w      ^a^w  .  ft  «  a'w  .  ^a*« 

— -=a2— -+2a^ +i8'— r» 

aya        au2        ^auau    ^  ao« 

and  the  given  equation  becomes 

(a  +  26a  +  ca«)-^  +  2[a  +  6(cr  +  ft  +  cafl— ^  +  (a  +  26^  +  ci3')T:^  =  0. 

du*  dudv  at* 

It  remains  to  distinguish  several  cases. 

Firat  case.   Let  6^  —  ac>  0.    Taking  for  a  and  /3  the  two  roots  of  the  equation 
a  +  2&r  +  cr^  =  0,  the  given  equation  takes  the  simple  form 


dudv 


=  0. 


Since  this  may  be  written 


dv\du/ 


we  see  that  du/du  must  be  a  function  of  the  single  variable,  u,  say/(u).    Let 

F(u)  denote  a  function  of  u  such  that  F'{u)  =f{u).    Then,  since  the  derivative 

of  a;  —  F{u)  with  respect  to  u  is  zero,  this  difference  must  be  independent  of  u, 

and,  accordingly,  <a  =  F{u)  +  *  (c).     The  converse  is  apparent.     Returning  to 

the  variables  x  and  y,  it  follows  that  all  the  functions  (a  which  satisfy  the  equation 

(26)  are  of  the  form 

«  =  F(x  +  ay)  +  *(x  +  /3y), 
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•    where  F  and  4»  are  arbitrary  functions.     For  example,  the  general  integral  of 
the  equation 

—  =  a*  —  » 

which  occurs  in  the  theory  of  the  stretched  string,  is 

«  =/(»  +  ay)  +  4»(x  -  ay). 

Second  case.  Let  6^  —  oc  =  0.  Taking  a  equal  to  the  double  root  of  the  equa- 
tion a  +  2&r  +  cr^  =  0,  and  /3  some  other  number,  the  coefficient  of  d^ta/tudv 
becomes  zero,  for  it  is  equal  to  a  +  &nr  +  /9(&  +  car).  H«nce  the  given  equation 
reduces  to  c^<a/cV'  =  0.  It  is  evident  that  w  must  be  a  linear  function  of  v, 
w  =  v/{u)  +  4>  (u),  where  /(u)  and  4>  (u)  are  arbitrary  functions.  Returning  to 
the  variables  x  and  y,  the  expression  for  w  becomes 

«  =  (x  +  ^y)f(x  +  ay)  +  0(«  +  ay), 

which  may  be  written 

«  =  [x  +  «y  +  O  -  ar)y] /(x  +  ay)  +  0(x  +  ay), 
or,  finally, 

w  =  yF(x  +  ay)  +  *(x  +  ay). 

Third  case.  If  &>  —  oc  <  0,  the  preceding  transformation  cannot  be  applied 
without  the  introduction  of  imaginary  variables.  The  quantities  a  and  ^  may 
theh  be  determined  by  the  equations 

a  +  2  6  a  +  c  a«  =  a  +  2  6  ^  4- c  i88, 

a  +  b(a  +  /3)  +  ca/3  =  0, 

which  give 

26  ^      26«-ac 

a  +  /3= 1  nr/3=  r 

c  c* 

The  equation  of  the  second  degree, 

^      26        262-ac      . 
c  c2 

whose  roots  are  a  and  ^,  has,  in  fact,  real  roots.     The  given  equation  then 
becomes 

Aw  =  ^-^  +  ^-^  =  0. 

This  equation  Aw  =  0,  which  is  known  as  Laplace^ a  Equation^  is  of  fundamental 
Importance  in  many  branches  of  niatliematics  and  mathematical  physics. 

Example  II,  Let  us  see  what  form  the  preceding  equation  assumes  when  we 
set  X  =  />  CO60,  y  =  ^  sin  4>,     For  the  first  derivatives  we  find 

—  =       COS0  H sm  0, 

dp       ex  dy 

dv  ?w      '    ^   ,  ^^ 

—  = p8m0-f       p  cos  0, 

d(f>  ex  dy 
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or,  solving  for  dw/dx  and  8w/ay, 

C(a  dfa       8in0  dia 

—  =  COB0 » 

dx  cp  p     d<p 

du         .       duf      COS0  dta 
=  am  0 h 


dy  dp         p     d<t> 


Hence 


d^ia  hi  But      B\n<b  d(o\      8in0  d  /  du      sia^  dio\ 

=  CO80  — (CO80 —  I —  (COfl0 -—  I 

ax*  dp\  dp  p      d<f»/  P     d<f>\  dp  p      d4>f 

.    d^o;     Bin\<p^ta     2  8in0cos0  d^w       2sin0co80aw  ,  sin^^dw 
=  cos*  4* h "t" 1 » 

and  the  expression  for  H^m/dy^  is  analogous  to  this.     Adding  the  two,  we  find 

39.  Another  method.  The  preceding  method  is  the  most  practical 
when  the  function  whose  partial  derivatives  are  sought  is  unknown. 
But  in  certain  cases  it  is  more  advantageous  to  use  the  following 
method. 

Let  z  =/(aJ,  y)  be  a  function  of  the  two  independent  variables  x 
and  y.  If  ar,  y,  and  z  are  supposed  expressed  in  terins  of  two  aux- 
iliary variables  u  and  r,  the  total  differentials  dx,  dy,  dz  satisfy  the 
relation 

which  is  equivalent  to  the  two  distinct  equations 

dz  _  ^/^   ,   ^^^ 
du      dx  du       dy  du 

dz  _  ^^x       dfdy 
du       dx  dv       dy  dv 

whence  df/dx  and  df/dy  may  be  found  as  functions  of  w,  v,  dz/dtiy 
dz/dv,  as  in  the  preceding  method.  But  to  find  the  succeeding 
derivatives  we  will  continue  to  apply  the  same  rule.  Thus,  to  find 
d^f/dx^  and  d'^f/dxdy,  we  start  with  the  identity 

which  is  equivalent  to  the  two  equations 

^dxl  ^  difdx  _^  ay  dj,^ 

du  cx'^  CH       cxdy  du 
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K^). 


sySic 


dx  by  dt> 


where  it  is  supposed  that  df/dx  has  been  repliu^ed  by  its  value  cal- 
culated above.  Likewise,  we  should  find  the  values  of  8*//8x  dy  and 
^'//^y  by  starting  with  the  identity 


<l) 


cxdij 


^.dy- 


The  work  may  be  checked  by  the  fact  that  the  two  values  of 
b*f/dx  dy  found  must  agree.  Derivatives  of  higher  order  may  be 
calculated  in  1 


Applieation  to  surfaces.  The  preceding  method  is  used  in  the  study 
of  surfaces.  Suppose  that  the  coordinates  of  a  point  of  a  surface  S 
are  given  as  functions  of  two  variable  parameters  u  ajid  r  by  means 
of  the  formula; 


(2T) 


•  -/(«,  »), 


*(»,  «), 


=  ♦(»,.')• 


The  equation  of  the  surface  may  be  found  by  eliminating  the  vari- 
ables u  and  V  between  the  three  equations  (27);  but  we  may  also 
study  the  properties  of  the  surface  S  directly  from  these  equations 
themselves,  without  carrying  out  the  elimination,  which  might  be 
practically  impossible.    It  should  be  noticed  that  the  three  Jacobians 

"(f.  *) 
fl(..,  •■) 

cannot  all  vanish  identically,  for  then  the  elimination  of  «  and  v 
would  lead  to  two  distinct  relations  between  x,  y.  e.  and  the  point 
whose  coordinates  are  {x,  y,  z)  would  map  out  a  curve,  and  not  a  sur- 
face. Let  us  suppose,  fur  definiteness,  that  the  first  of  these  does  not 
vanish:  D(/,  4.) /D(ii,  i-)  ^  0,  Then  the  first  two  of  equations  (27) 
may  be  solved  for  u  and  v,  and  the  substitution  of  these  values  in  the 
thfrd  would  give  the  equation  of  the  surface  in  the  form  s  =  F(x.  y). 
In  order  to  study  this  surface  in  the  neighborhood  of  a  point  we  need 
to  know  the  partial  derivatives  p.  q.  r,s,t,  ■■■  of  this  function  F(x,  y) 
in  terms  of  the  parameters  »  and  i:  The  first  derivatives  }>  and  q 
are  given  by  the  equation 

dx  =  )i  dx  +  q  dy, 
which  is  equivalent  to  the  two  equations 
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(28) 


du         du         du 

dd,      df .    a^ 


^dv  dv         dv 

from  which  p  and  q  may  be  found.  The  equation  of  the  tangent 
plane  is  found  by  substituting  these  values  of  p  and  q  in  the  equation 

Z^z=^p{X^x)^q(J-y), 

and  doing  so  we  find  the  equation 

(29)  (;f_^)^^  +  (K-y)^^  +  (2-.)^^=0. 

The  equations  (28)  have  a  geometrical  meaning  which  is  easily 
remembered.  They  express  the  fact  that  the  tangent  plan«  to  the 
surface  contains  the  tangents  to  those  two  curves  on  the  surface  which 
are  obtained  by  keeping  v  constant  while  u  varies,  and  vice  versa.* 

Having  found  p  and  q,  p  =fi(u,  v),  q  =fi(u,  v),  we  may  proceed 
to  find  r,  8y  t  by  means  of  the  equations 

dp  =  rdx  -\-  s  dy, 

dq  ==  sdx  -\- 1 dy, 

each  of  which  is  equivalent  to  two  equations;  and  so. forth. 

40.  Problem  IV.  To  every  relation  between  x,  y,  z  there  corresponds 
by  means  of  the  equations 

(30)  X  =^f(u,  v,  I/;),         y  =  <^  («,  V,  w),         z  =  ilf(Uy  r,  w)^ 

a  new  relation  between  w,  v,  vk  It  is  reqxiired  to  express  the  partial 
derivatives  of  z  with  respect  to  the  variables  x  and  y  in  terms  of  u,  v,  m>, 
and  the  partial  derivatives  of  w  with  respect  to  the  variables  u  and  v. 

This  problem  can  be  made  to  depend  upon  the  preceding.  For, 
if  we  suppose  that  w  has  been  replaced  in  the  formulae  (30)  by  a 
function  of  u  and  v,  we  have  x,  y,  z  expressed  as  functions  of  the 

•  The  equation  of  the  tangent  plane  may  also  be  found  directly.  Every  curve  on 
the  surface  is  defined  by  a  relation  between  u  and  v,  say  t;  =  n  (ti) ;  and  the  equations 
of  the  tangent  to  this  curve  are 

X-y r-y  Z-z 


du       dv  du        dv  du       dv 

The  elimiuatiuu  of  ir(iO  leads  to  the  equation  (29)  of  the  tangent  plane. 

t 
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two  parameters  u  and  ";  and  we  need  only  follow  the  preceding 
method,  consideriog  /,  .^,  ^  as  composite  functions  of  h  and  '*,  and 
tc  as  an  auxiliary  function  of  n  and  i>.  In  oider  to  calculate  the 
first  deriTatives  p  and  y.  for  instauoe,  we  have  the  two  equations 


l*  +  l*l==.fl^+l^ 


dtB  i 


du/       '\eu       dw  duj 
dw  dv I         \dv       dw  dv / 


The  succeeding  derivatives  may  be  calculated  in  a  similar  manner. 

In  geometrical  language  the  above  problem  may  be  stated  as  fol- 
lows :  To  every  point  7«  of  space,  whose  coordinates  are  (r,  t/,  z), 
there  corresponds,  by  a  given  construction,  another  point  M,  whose 
coordinates  ore  A',  1',  Z.  Wlien  the  point  m  maps  out  a  surface  .V, 
the  point  M  maps  out  another  surface  £,  whose  properties  it  is  pro- 
posed to  deduce  from  those  of  the  given  surface  .S. 

The  formula;  which  define  the  transformation  are  of  the  form 


X=f(x,y,z), 


-^{x,y,z). 


Z  =  ^{x,y,z). 


^  =  F{x,,j),         Z  =  ^{X,  Y) 

be  the  equations  of  the  two  snrfa^^es  S  and  S,  respectively.  The 
problem  is  to  express  the  partial  derivatives  P,  Q,  R,  S,  T,  -of  the 
function  *{.Y,  1")  in  terms  of  x,  >j,  z  and  the  partial  derivatives 
p,  q,  r,  t,t,  ■•■  of  the  function  F(x,  y).  But  this  is  precisely  the 
above  problem,  exnept  for  the  notation. 

The  first  derivatives  P  and  Q  depend  only  on  x,  y,  K,p,  q:  and 
hence  the  transformation  carries  tangent  surfaces  into  tangent  sur- 
faces. But  this  is  not  the  most  general  transformation  which  enjoys 
this  property,  as  we  shall  see  in  the  following  example. 


41.  I.egeDdre's  transformation.  Let  s  = 
a  surface  S,  and  let  any  point  m  {x,  y, 
into  a  point  M,  whose  coordinates  are  A', 


■■/{x,  y)  be  the  equation  of 
;)  of  this  surface  be  carried 
Y,  Z,  by  the  transformation 


X  =  p, 


r  = 


Z  =px  +  qy- 


'Let  7,  =  ^{X,  r)  be  the  equation  of  the  surface  S  described  by  the 
point  M.  If  we  imagine  z,  p,  q  replaced  by/,  Sf/dx,  S//dy,  respec- 
tively, we  have  the  three  coordinates  of  the  point  Af  expressed  as 
funotiona  of  the  two  independent  variables  x  and  y. 
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Let  P,  Q,  R,  S,  T  denote  the  partial  derivatives  of  the  functioD 
*(.Y,  Y).     Then  the  relation 

dZ  =  PdX-{-  QdY 
becomes 

pdx  -\-  qdy  -\-  xdp  -{-  ydq  —  dz  ^  Pdp  -{-  Q  dq, 
or 

xdp  -{-  y  dq  =  Pdp  -{-  Q  dq. 

Let  us  suppose  that  />  and  q,  for  the  surface  S,  are  not  functions  of  each 
other,  in  which  case  there  exists  no  identity  of  the  form  Xdp-^-fidq  =  0, 
unless  X  =  ft  =  0.    Then,  from  the  preceding  equation,  it  follows  that 

P  =  x,         Q  =  y. 

In  order  to  find  R,  S,  T  we  may  start  with  the  analogous  relations 

•    dP=  RdX -\- SdY, 
dQ=  SdX  +  TdY, 

which,  when  X,  Y,  P,  Q  are  replaced  by  their  values,  become 

dx  =  R(rdx  -{-  s  dy)  -\-  S(sdx  -\- 1  dy) , 

dy  =  S (rdx-{-  s dy) -f  T(s dx-^tdy)\ 
whence 

Rr-\'  Ss=  1,         R3-{-  St  =  0y 

Sr-{-Ts  =  0,  Ss-\-Tt  =  l, 

and  consequently 

t                        —  s  r 

R  = -«>        .s:= -,        T  = 


rt  —  8^  rt  —  s^  rt  ^  s^ 

From  the  preceding  formulae  we  find,  conversely, 

a;.=  P,         y  =  (2,         «  =  PX  -f  QK  -  Z,         p^X,         q=Y, 

T                            -  S  ^  R 

r=— -— -zf         s  = —— -T)         t  = 


RT-S^  /er-6^  RT-S^ 

which  proves  that  the  transformation  is  involutory.  Moreover,  it 
is  a  contact  transformation,  since  A',  Y,  Z,  P,  (2  depend  only  on  x, 
!/y  ^)  Py  y-  These  properties  become  self-explanatory,  if  we  notice 
that  the  formulae  define  a  transformation  of  reciprocal  polars  with 
respect  to  the  paraboloid 

Note.  The  expressions  for  R,  S,  T  become  infinite,  if  the  relation 
rt  —  s^  =  0  holds  at  every  point  of  the  surface  S.  Tn  this  case  the 
point  M  describes  a  curve,  and  not  a  surface,  for  we  have 
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D{x,  y)        D(x,  y) 

and  likewise 

DiX,Z)_D(p,px  +  qy-z)         (         ^     0 
D(x,y)  D(x,y)  "^^'^      ^-'^- 

This  is  precisely  the  case  which  we  had  not  considered. 

42.  Amptoe'8  transformation.   Retaining  the  notation  of  the  preceding  article, 
let  UB  consider  the  transformation 

X  =  X,         y  =  g, .      Z  =  qy  —  z. 
The  relation 

dZ  =  PdX4-  QdY 
becomes 

qdy  -^  ydq  -  dz  =  Pdx  +  Qdq, 
or 

ydq— pdx  =  Pdx-^  Qdq. 
Hence 

and  conversely  we  find 

X  =  X,        y=Q,        z=QY-Z,        P  ==  -  P,        q  =  T. 

It  follows  that  this  transformation  also  is  an  involutory  contact  transformation. 

The  relation 

dP  =  RdX-^8dY 


next  becomes 
that  is, 
whence 


—  rdx—  sdy  =  Rdz  -f  8(sdx  4-  tdy)\ 
R-^  S8=  -r,  8t=  -  8, 

t  t 


Starting  with  the  relation  dQ  =  iSdX  +  TdF,  we  find,  in  like  manner, 

T=l. 

t 

As  an  application  of  these  formulae,  let  us  try  to  find  all  the  functions /(x,  y) 
which  satisfy  the  equation  rt  —  «^  =  0.  Let  8  be  the  surface  represented  by  the 
equation  z  =/(x,  y)^  2  the  transtormed  surface,  and  Z  =  <&(X,  Y)  the  equation 
of  Z.    From  the  formulse  for  iZ  it  is  clear  that  we  must  have 

^  =  ^  =  0» 

axa 

and  ^  must  be  a  linear  function  of  X : 

z  =  X0(r)  +  ^(r), 

where  4>  and  ^  are  arbitrary  functions  of  F.     It  follows  that 

p  =  0(r),      q  =  x<f>\Y)-\-nY)\ 
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and,  conversely,  the  codrdinates  (x,  y,  z)  of  a  point  of  the  surface  8  are  given 
as  functions  of  the  two  variables  X  and  Y  by  the  f ormul» 

X  =  X,      y  =  -r^'Cr)  +  riYh      z  =  Y[X<f>'{Y)  +  r{Y)]  -  X4>(Y)  -rf^{Y). 

The  equation  of  the  surface  may  be  obtained  by  eliminating  X  and  Y ;  or,  what 
amounts  to  the  same  thing,  by  eliminating  a  between  the  equations 

z  =  ay-x<f>{a)-'^ff(a)^ 
0=     y-x<f>'(a)-yl/'(a). 

The  first  of  these  equations  represents  a  moving  plane  which  depends  upon  the 
parameter  a,  while  the  second  is  found  by  differentiating  the  first  with  respect 
to  this  parameter.  The  surfaces  defined  by  the  two  equations  are  the  so-called 
developable  surfaces^  which  we  shall  study  later. 

48.  The  potential  equation  in  corvilinear  coordinates.  The  calculation  to  which 
a  change  of  variable  leads  may  be  simplified  in  very  many  cases  by  various 
devices.  We  shall  take  as  an  example  the  potential  equation  in  orthogonal 
curvilinear  coordinates.*    Let 

F  (X,  y,  z)  =  p, 

Fi(x,  y,z)  =  pu 
Faix,  y,  z)  =  p9y 

be  the  equations  of  three  families  of  surfaces  which  form  a  triply  orthogonal 
system,  such  that  any  two  surfaces  belonging  to  two  different  families  intersect 
at  right  angles.  Solving  these  equations  for  x,  y,  2  as  functions  of  the  parame- 
ters p,  pi,  p2i  we  obtain  equations  of  the  form 

)»  =  0  (/>»  PU  P2)j 
y  =  0i(pi  PU  Pa)i 
z  =  <h{pj  Pi»  Pa); 

and  we  may  take  p,  pi ,  ps  as  a  system  of  orthogonal  curvilinear  co5rdinates. 

Since  the  three  given  surfaces  are  orthogonal,  the  tangents  to  their  curves  of 
intersection  must  form  a  trirectangular  trihedron.     It  follows  that  the  equations 

(82)  S  —  —  =  0,         S^~  —  =0,         S!-  —  =  0, 

dp  dpi  ^  dpi  cp2  ^  dp  dp2 

must  be  satisfied  where  the  symbol  jj  indicates  that  we  are  to  replace  0  by  0i, 
then  by  0s,  and  add.  These  conditions  for  orthogonalism  may  be  written  in  the 
following  form,  which  is  equivalent  to  the  above : 

dp  dpi       dp  dpi       dp  dpi  _^ 
.ggv  I  dx  dx       dy  cy       dz   dz         ' 

^  £^  +  . . .  =  0,         ^?  ^  +  . . .  =  0 
dx  dx  dx    dx 


•  Lam<?,  Traits  des  coordonn^es  curvUignea.    See  also  Bertrand,  TraiU  de  Calcul 
diff€rentiel,  Vol.  I,  p.  181. 
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Let  08  then  see  what  form  the  potential  equation 

a^    an:    a«F^ 

aaBrnnew  in  the  yariables  p,  pi,  ps  •    First  of  all,  we  find 

dV_dVdpdVdpidVdp2 
dx       dp  dz      dpi  dz       dp2  dx 
and  then 

a»F_    d^v /dpy    ^  d^v  dp  dpi    dv  ggp 

ax?  "       dp^  \dz/  dpdpx   dx    dx        dp    dx^ 

^  a^F/apiy  ^^  ^v  dpidp2  ^  dVd^pi 

dpi  \dx)  dpidp2  dx   dx       dpi  dx^ 

.?^(dp2\ 

apf  \dxj 


2  zJlL  zJ2  4-  _ 

dpidp2  dx   dx       dpi 

%2  -^-^   ^  ap2  ^dVd^pi 
dp  dpi   dx    dx       dp%   dx^ 


Adding  the  three  analogous  equations^  the  terms  containing  derivatives  of  the 
second  order  like  d'^V/dp  dpi  fall  out,  by  reason  of  the  relations  (33),  and  we  have 

....     I  a»»  ^  ey,  ^  a*«        '^'^^  ap»  ^  '""'*'  apf  +  '''^'  ap| 

^  I  eiV  fiV  e)V 

H-  AaW  —  H-  Aa(pi)  ^  +  Aa(pa)  ^, 
V  dp  dpi  dp% 

where  Ai  and  A2  denote  Lamias  differential  parameters : 

^•^'     \dx/      \dy/      \dzr  ^^     ty^     dz^ 

The  differential  parameters  of  the  first  order  Ai(p),  Ai(pi),  Ai(ps)  are  easily 
calculated.    From  the  equations  (31)  we  have 

d4>   dp      d4>   dpi      dff>   dp^  _  - 

dp  ax     api   ax     apa   ax 
a  01  ap     a^i  api     a  01  a  pa  _  ^ 

dp   dx       dpi    dx        dp2    dx 
a  0a  dp      a  0a  api      a  0a  a  Pa  _  Q, 
ap    dx       api    dx       dp2    dx 

whence,  multiplying  by  —1  — ^»  -^»  respectively,  and  adding,  we  find 

dp      dp       dp 

d<t> 

dp dp 

'^  ^  ld^Y~(d^^Y~Jd^' 

\Tp)  ^  V"^;  ^  V  W 

Then,  calculating  ap/ay  and  dp/dz  in  like  manner,  it  is  easy  to  see  that 


/epy    /a^y    /apy  ^ i 

\<al      Xdy/      \a«  /      /s<pY.  (c  «i\  »     /a  «,\ 


J' 
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Let  lus  now  set 

"-s^y.  ".-s^i)'.  ".-si^y. 

where  the  symbol  ^  indicates,  as  before,  that  we  are  to  replace  <f>  by  0i,  then 
by  4>i,  and  add.  Then  the  preceding  equation  and  the  two  analogous  equations 
may  be  written 

AiW  =  g^'        Ai(pi)  =  — ,        Ai  (/),)  =  —. 

Lam^  obtained  the  expressions  for  Ag{p)^  As  (pi),  ^{p%)  as  functions  of  p,  pi, 
PS  by  a  rather  long  calculation,  which  we  may  condense  in  the  following  form. 
In  the  identity  (34) 

^»^  =  :ff^^H;^^Hs^"^^'<^)V^^'<^^)a^"^^'(^>a7;' 

let  us  set  successiyely  F  =  x,  F  =  y,  V  =  z.    This  gives  the  three  equations 

1^   +±?1±   ^1.^   +As(p)^   4.As(pi)^   4.Aa(ps)—   =0, 
H  dffl        Hi  dpi        fls  5p|  dp  dpi  dp% 

l?!^i  +  ±?^i  +  ±^+As(p)^  +  As(pi)^+As(ps)^=0, 
H  dp^       Hi   dp\        Hi   dA  dp   ^  ^^''  dpi  ^    '^'  aps         ' 

l^!0,^^^       2.^«+As(p)^  +  As(pi)^  +  As(ps)^  =  0, 

fl^  ap«     fTi  apf      ffs  d4       *^'  ap       '^'^^'  api  ^  *^'  ap,      ' 

which  we  need  only  solve  for  As(p),  As  (pi),  As(ps).  For  instance,  multiplying 
by  d<f>/dp,  a0i/ap,  a0s/ap,  respectively,  and  adding,  we  find 

^  <">  ^  +  fl  A^  1^  V  "^  Hi  *^  i;r  1^  +  IT.  «^  elT  9^  =  *• 

Moreover,  we  have 

oa0  a^»  _  1  ag 
*^  ap  ap2 ""  2  ap  ' 

and  differentiating  the  first  of  equations  (32)  with  respect  to  pi,  we  find 

'^  dp  dpi  "       ^  api  dpdpi  ~      2    dp' 
In  like  manner  we  have 


oa^^  _  _  1  aHa 
^  dp   dp\  "      2    dp 


and  consequently 


.  .V     _JL?^.      1     aJTi        1     a^s  ^      la  r     /_ff_\"| 

^'  2m  dp       2HHi    dp        2HH2    dp  2Hdp\^^^\HxHj } 
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Setting 


^^W      ^'  =  1S'      ^•=ft| 


this  formula  becomes 


and  in  like  manner  we  find 


^<^>=*'|^'^/^)' 


Hence  the  formula  (34)  finally  becomes 

Ldpf      Sp\  "hiht/  dp  J 

Ajrf|  +  A/,ogA)?Z"| 

L  5pf       dpi\       hh2/dpij 


(86) 


a«F    a«F    a^v 
ax»      ay3      a^a 

4- 


or,  in  condensed  form, 

Lap  V^i^  dp  I      dpi  \hhi  dpi  I      dp%  \hhi  apa  /  J 

Let  us  apply  this  formula  to  polar  codrdinates.    The  formulsB  of  transforma- 
tion are 

x  =  psin^co60,        y  =  psin^8in0,        z  =  pcos^, 

where  $  and  0  replace  pi  and  p3,  and  the  coefficients  h,  hi,  hi  have  the  following 
▼alues: 

A  =  1,        Ai  =  -  ♦        hi  = 


p  painB 

Hence  the  general  formula  becomes 

P»sin^ L^P  \  ^P  /      ^^  V         ^^  /      ^0  \8Jn^  ^0  /  J 

or,  expanding, 

AaF  =  —  +  -  —  +      ^      a^F     2aF     cotgaF^ 

dp^       p^  d€f^       p2sin2^  a^^       p  ap         /^     dS  ' 
which  is  susceptible  of  direct  verification. 

EXERCISES 

1.  Setting  tt  =  x^  +  y«  +  «>,  «  =  «  4-  y  +  «»  to  =  a;y  +  y2  4-  2X,  the  functional 
determinant  D  (u,  0,  to)  /D  (x,  y,  2;)  vanishes  identically.  Find  the  relation  which 
exists  between  u,  0,  to. 

Generalize  the  problem. 


84  If  FUNCTIONAL  RELATIONS  [II,  Exb. 

2.  Let 

Xl  Xm 

Ul  =    — ; t  ..-,  t«„  = 


Derive  the  equation 

D(Ui,  Ut,-  ',Un)  _  1 


3.  Using  the  notation 


show  that 


Xl  =  cos  01, 

Xs  =  sin0iCO60s, 

Xs  =  sin  01  sin  0s  cos0g, 

•     •     1 

Xn  =  sin  01  sin  03  •  •  •  sin  0^  _  i  cos 0^, 


D{xuXi,    --ixj  ^^_  I)»gin«0i8in"-i0s8in"-«0,..8ina0,_imn0,. 

-0(01,  0s,  •  •  •»  0li) 

4.  Prove  directly  .that  the  function  z  =  F(x,  y)  defined  by  the  two  equations 

z  =  ax-\-  yf(a)  +  0  (a), 

0=    X  +  y/'(a)  4- 0'(a). 

where  a  is  an  auxiliary  variable,  satisfies  the  equation  rt  —  «>  =  0,  where  /(a) 
and  0  (a)  are  arbitrary  functions. 

5.  Show  in  like  manner  that  any  implicit  function  z  =  F(x,  y)  defined  by 
an  equation  of  the  form 

y  =X0(2)-f  ^(«), 

where  0  (z)  and  ^  (z)  are  arbitrary  functions,  satisfies  the  equation 

rg«  -  2pq8  -f  fp^  =  0. 

6.  Prove  that  the  function  z  =  F(x,  y)  defined  by  the  two  equations 

Z4>'(a)  =  [y  -  0 (a)]  2,  (x  4-  a)  <p'(a)  =  y-<f> (nr), 

where  a  is  an  auxiliary  variable  and  0  (a)  an  arbitrary  function,  satisfies  the 
equation  pq  =  z. 

7.  Prove  that  the  function  z  =  F(Xy  y)  defined  by  the  two  equations 

[z  -  0  (a)]  2  =  z2  (y2  _  ^2),  [^  _  ^  (rt:)]  0'(fl:)  =  ax« 

satisfies  in  like  manner  the  equation  pq  =  xy. 

8*.  Lagrange's  formula.  Let  y  be  an  implicit  function  of  the  two  variables 
X  and  a,  defined  by  the  relation  y  =  a  -f  x0(y);  and  let  u  =/(y)  be  any  func- 
tion of  y  whatever.     Show  that,  in  general. 


ax»  ~aa»-»L'^  ^^«J 

[Laplacb.] 
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Note,  The  proof  is  based  upon  the  two  formulsB 

where  u  is  any  function  of  y  whatever,  and  F(u)  is  an  arbitrary  function  of  v. 
It  is  shown  that  if  the  formula  holds  for  any  value  of  n,  it  must  hold  for  the 
value  n-\-\. 

Setting  2  =  0,  y  reduces  to  a  and  u  to /(a);  and  the  nth  derivative  of  u  with 
respect  to  x  becomes 


/a«M\ 


).=  a^.  [*(«>"/'(«>]• 


9.  If  X  =f(u^  ^)i  y  =  <f>  (u,  v)  are  two  functions  which  satisfy  the  equations 
show  that  the  following  equation  is  satisfied  identically : 


)[©*^0"] 


10.  If  the  function  V{z,  y,  z)  satisfies  the  equation 


show  that  the  function 


exa       dy'^       dz^         ' 


r     \    1^        r«        rV 


satisfies  the  same  equation,  where  A;  is  a  constant  and  r^  =  x^  +  ^  +  2*. 

[Lord  Kelvin.] 

11.  If  F(x,  y,  z)  and  Fi(x,  y,  z)  are  two  solutions  of  the  equation  A3F  =  0, 
show  that  the  function 

U  =  F(x,  y,  2)  +  (x«  4-  y*  4-  22)  Fi(x,  y,  2) 
satisfies  the  equation 

12.  What  form  does  the  equation 

(X  -  x»)y"+  (1  -  3x2) y'-  xy  =  q 


assume  when  we  make  the  transformation  x  =  Vl  —  ta? 
13.  What  form  does  the  equation 

MBume  when  we  make  the  transformation  x  =  uv,  y  =  l/v? 

14*.  Let  0  (Xi,  Xs,  •  •  • ,  Xh  ;  t<i,  tts,  •  •  • ,  u„)  be  a  function  of  the  2n  independent 
variables  Xi,  xs,  •  •  •,  x,,,  i/i,  u^,  •  •  •,  ttn^  homogeneous  and  of  the  second  degree 
with  respect  to  the  variables  Ui,  U2,  •  •  •,  tin-     If  we  set 
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and  then  take  Pi  *  l>s » •  •  • » Pn  as  independent  variables  in  the  place  of  Ui,  Us,  •  •  • ,  u», 
the  function  ^  goes  over  into  a  function  of  the  form 

^(«i,  Xa,  •••,  Xi»;  Pi,  Pa,  •••,P»). 

Derive  the  f ormulse : 

dpk  dXk         dXk 

15.  Let  N  be  the  point  of  intersection  of  a  fixed  plane  P  with  the  normal  MN 
erected  at  any  point  if  of  a  given  surface  8.  Lay  off  on  the  perpendicular  to  the 
plane  P  at  the  point  N  a  length  Nm  =  NM,  Find  the  tangent  plane  to  the 
surface  described  by  the  point  m,  as  if  describes  the  surface  8. 

The  preceding  transformation  is  a  contact  transformation.  Study  the  inverse 
transformation. 

16.  Starting  from  each  point  of  a  given  surface  <S,  lay  off  on  the  normal  to 
the  surface  a  constant  length  I.  Find  the  tangent  plane  to  the  surface  £  (the 
parallel  surface)  which  is  the  locus  of  the  end  points. 

Solve  the  analogous  problem  for  a  plane  curve. 

17*.  Given  a  surface  8  and  a  fixed  point  O ;  join  the  point  O  to  any  point  if  of 
the  surface  S,  and  pass  a  plane  OMN  through  OM  and  the  normal  ifiV  to  the 
surface  8  at  the  point  M.  In  this  plane  Oif^  draw  through  the  point  O  a  per- 
pendicular to  the  line  OAf,  and  lay  off  on  it  a  length  OP  =  OM.  Tlie  point  P 
describes  a  surface  2,  which  is  called  the  apsidal  surface  to  the  given  surface  ^. 
Find  the  tangent  plane  to  this  surface. 

The  transformation  is  a  contact  transformation,  and  the  relation  between  the 
surfaces  8  and  2  is  a  reciprocal  one.  When  the  given  surface  8  is  an  ellipsoid 
and  the  point  O  is  its  center,  the  surface  Z  is  FresnePs  wave  surface. 

18*.  Halphen's  differential  invariants.    Show  that  the  differential  equation 

VdxV  da*  dz'^  dx8  (te*  \dx^/ 

remains  unchanged  when  the  variables  x,  y  undergo  any  projective  traiisfo.  • 
mation  (§  37). 

19.  If  in  the  expression  Pdx-^  Qdy  -\-  Rdz,  where  P,  Q,  R  are  any  functions 
of  z,  y,  z,  we  set 

X  =/(u,  V,  w),        y  =  0(M,  V,  w),        z  =  }f/{u,  V,  w), 

where  u,  v,  to  are  new  variables,  it  goes  over  into  an  expression  of  the  form 

Pidu  +  Qidv-\-  RidWy 

where  Pi,  Qi,  Ri  are  functions  of  u,  v,  to.     Show  that  the  following  equation  is 
satisfied  identically: 

D(u,  V,  w) 
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where 

20*.  Bilinear  coYariants.   Let  O^/ be  a  linear  difCerential  form : 

O,/  =  Xidx\  4-  X^dXi  +  •  •  •  +  Xf^dXny 

where  Xi,  X2,  •  •  •,  Xn  are  functions  of  the  n  variables  Xi,  Xs,  •  •  •,  x^*     Let  us 
consider  the  expression 

n       n 

where 

dXi     dXi' 


a»*  = 


dXk        dXi 


and  where  there  are  two  systems  of  differentials,  d  and  S.    If  we  make  any 
transformation 

X,  =  <t>t{yu  y2>  •  •  • ,  y«),       (i  =  1,  2, .  • .,  n), 

the  expression  8<i  goes  over  into  an  expression  of  the  same  form 

e;/=  Yidyi  +  ...4-  Yndvn, 
where  Fi,  y2,  •  •  • «  Tn  are  functions  of  ^1,  ys,    •  • ,  |/n-     Let  us  also  set 

dYi     dYt 


ctik  = 


and 


di/k       dyi 


t       4: 


Show  that  H  =  H\  identically,  provided  that  we  replace  dx,  and  bxk^  respec- 
tively, by  the  expressions 

by\  dyz  dyn 

The  expression  H  is  called  a  bilinear  covariant  of  Od- 

21*.  Beltrami's  differential  parameters.   If  in  a  given  expression  of  the  form 

^dx«  +  2Fdxdy4-  Gdy^, 

where  E,  F,  G  are  functions  of  the  variables  z  and  y,  we  make  a  transformation 
X  =/(u,  r),  y  =  0(t«,  «),  we  obtain  an  expression  of  the  same  form: 

Eidu^  -^2Fidudv-\-  (?id«», 
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where  EuF\y  0\  are  functions  of  u  and  v.  Let  0(x^  y)  be  any  fonction  of  the 
variables  x  and  y,  and  ^i  (u,  v)  the  transformed  function.  Then  we  have,  iden- 
tically, 

\dx/ dx  by  \dy/ \du  ] dv.    dv \dv  / 

Eo-F^  ^1  Gi  -  f;  * 


dx  dy 


^EO-  F*   ^  \    ^EG  -  F*    /         ^EG  -  F*   ^ 


dy  dx   j 

.    y/EG-F*    I 


1         a  I     au         gr  I  1         ^  [     ar         au 

22.  Schwaxxian.   Setting  j^  =  (ox  +  &)  /  (ex  +  &),  where  x  is  a  function  of  t  and 
a,  6,  c,  d  are  arbitrary  constants,  show  that  the  relation  '' 


1?" 


is  identically  satisfied,  where  x\  x",  x"',  y',  y",  y"'  denote  the  derivatives  with 
respect  to  the  variable  U 

23*.  Let  u  and  v  be  any  two  functions  of  the  two  independent  variables  x  and  y, 
and  let  us  set 

where  a,  6,  c,  •  •  • ,  c^'  are  constants.     Prove  the  formulae: 

^^2_^J0du      d^UdV      d^VdU 

ax^  dx      dx^  dx  _  ~d^  dx       ~^  ft^ 

(u,r)  ~  {JJ,V) 

^dv      d^du         /dv   d^u  _  du   d^v  \ 
dx^  dy      dx'^  dy         \dx  dxdy      dx  dxdy) 


(M,  ») 

^^_^^,2  (—  —  -  —  ^^\ 
_  dx^    dy       dx^    cy         \dx  dxdy      dx  dxdy) 

and  the  analogous  formulae  obtained  by  interchanging  x  and  y,  where 

,      .      dudv      dudv          .rr  ttv      dU  dV      dV  dU 
(u,  v)  =  — ,        ([/,  F)  =  — 

dx  dy      dy  dx  dx    dy       dx    dy 

[GrouRSAT  and  Pain  lev  t,  Comptes  rendus,  1887.] 


CHAPTER  III 


TAYLOR'S  SERIES      ELEMEITTART  APPLICATIONS 
MAXIMA  AND  HINIUA 


1.   TAYLOR'S  SERIES  WITH  A  REMAINDER 
TAYLOR'S  SERIES 

44.  Taylor's  series  with  a  remainder.  In  elementary  texts  on  the 
Caluulus  it  is  shuwii  that,  if  f(x)  is  an  integral  polynomial  of 
degree  »,  the  following  formula  holds  fur  all  values  of  a.  and  h: 


(1)  /{a  +  A)  =/(«)  +  J-  /■(«)  +  172  ■^"'">  -^  ■ 


1.2- 


-/'"(«)■ 


This  development  stops  of  itself,  since  all  the  derivatives  past  the 
{n  +  l)th  vanish.  If  we  try  to  apply  this  formula  to  a  fmictioii 
f(x)  which  is  not  a  polynomial,  the  aec-oud  member  contains  an 
infinite  number  of  terms.  In  order  to  tiiid  the  proper  value  to 
assign  to  this  development,  we  will  first  try  to  find  an  expression 
for  the  difference 


/{«  +  *)  -/(-)  -  1  /■('')  -  i72  /"<«)  - 


1,2 


-/'■'(»). 


with  the  hypotheses  that  the  function  /{x),  together  with  its  first  n 
derivatives /'(j'^j /"(*),  ■■■,f'"'(x),  la  continuous  when  x  lies  in  the 
interval  («,  u  +  A),  and  that  f"'(^)  itself  possesses  a  derivative 
/'•'"(a:)  in  the  same  interval.  The  numbers  a  and  «  +  A  being 
given,  let  us  set 


(2) 


/(«  +  4)=/(«)^ 


where  p  is  any  positive  integer,  and  where  P  is  a  number  which  is 
diffiiied  by  this  S'luation  itself.  Let  us  then  consider  the  auxiliary 
functiou 
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*(«)  =/(«  +  *)  -/(*) ^ /'(*)  -        1.2       ■^('')  -  •  •• 

It  is  clear  from  equation  (2),  which  defines  the  number  P,  that 

«^(a)  =  0,         <^(a  +  A)  =  0; 

and  it  results  from  the  hypotheses  regarding  f{x)  that  the  func- 
tion ^(p)  possesses  a  derivative  throughout  the  interval  (a,  a  +  A). 
Hence,  by  Rolle's  theorem,  the  equation  ^'(x)  =  0  must  have  a  root 
a  -\-  Bh  which  lies  in  that  interval,  where  ^  is  a  positive  number 
which  lies  between  zero  and  unity.  The  value  of  ^'(^),  after  some 
easy  reductions,  turns  out  to  be 

The  first  factor  (a  -f  ^  —  x)**  ~  *  cannot  vanish  for  any  value  of  x 
other  than  a  +  A.     Hence  we  must  have 

P  =  h^-y^"^ (1  -  ^)»-p  +  »/(»+i)(a  -h  Bh\     where     0 < ^<  1 ; 

whence,  substituting  this  value  for  P  in  equation  (2),  we  find 

(3)  /(a +  *)=/(«)  +^/'(a)+j^/"(a)  +  •  •  •  +  YT^J""^''^^^'^' 


where 


1.  ,  L  '  '  '  71  .1) 


We  shall  call  this  formula  Taylor's  series  with  a  remainder^  and 
the  last  term  or  R^  the  remainder.  This  remainder  depends  upon  the 
positive  integer  j),  which  we  have  left  undetermined.  In  practice, 
about  the  only  values  which  are  ever  given  to  p  are  jo  =  w  + 1  and 
JO  =  1.  Setting  jo  =  n  +  1,  we  find  the  following  expression  for  the 
remainder,  which  is  due  to  Lagrange  : 

setting  j9  =  1,  we  find 


m,S44]         TAYLORS  SERIES  WITH  A  REMAINDER 


91 


an  espression  for  the  remainder  which  is  due  to  Cauchy.  It  is 
clear,  moreover,  that  the  number  6  will  not  be  the  same,  in  general, 
in  these  two  special  fortnulae.  If  we  assume  further  that  f"*'\x) 
is  continuous  when  x  =  a,  the  remainder  may  be  written  in  the  form 


K' 


t[/<-^"(«)  +  ^]. 


'1.2...(«  +  1)'- 

where  e  approaches  zero  with  h. 

Let  us  consider,  for  deHniteness,  Lagrange's  form.  If,  in  the  gen- 
eral formula  (3),  m  be  taken  equal  to  2,  3,  4,  ■  •  • ,  successively,  we 
get  a  succession  of  distinct  formulte  which  give  closer  and  closer 
approximations  for /(a  +  A)  for  small  values  of  h.  Thus  for  »  =  1 
we  find 

/(a  +  h)  =/(«)  +  |/'(«)  +  i^/"(«  +  W), 

which  shows  that  the  difference 

/(«  +  *)-/(")-'/'{«) 

is  an  infinitesimal  of  at  least  the  second  order  with  respect  to  h, 
provided  that  /"  is  finite  near  x  =  a.     Likewise,  the  difference 

/(•  +  4)  -/<«)  -  '/■(«)  -  ri/"(«) 

is  an  infinitesimal  of  the  third  order ;  and,  in  general,  the  expression 

/(.  +  /.)  -/(.)  -  j/'(«) ^r-\a) 

is  an  infinitesimal  of  order  n  +  1.  But,  in  order  to  have  an  exact 
idea  of  the  approximation  obtained  by  neglecting  R,  we  need  to 
know  an  upper  limit  of  tliia  remainder.  Let  us  denote  by  M*  an 
apper  limit  of  the  abBolute  value  of /*"  +  "(j;)  in  the  neighborhood 
ot  X  =  a,  say  in  the  interval  («  —  ij,  a  +  jj).    Then  we  evidently  have 


l^.|: 


iAi:: 


1. 2-. •(«  +  !) 


M, 


provided  that  |A|  <  i;. 

•That  is,  M>\/<'  +  "M\  wbon  |i-a|<)).  The  expreBsion  ■■(he  uppor  limit," 
dafinnllllleS,  must  be  carefully  diBtinguiahed  (rom  the  eiprBSaion  "  uii  upper  llmil," 
wblcb  is  used  here  to  denote  a  Dunibet  greater  tbaa  or  equal  tn  tlie  nbmlnle  value  ol 
the  fODCtioQ  at  an;  polot  in  a  certsla  interval.  In  this  paragraph  auci  In  the  next 
/(■  '  i)(z)  is  SDppoeed  to  have  an  upper  limit  uear  x  =  a,  — Tbans, 
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45.  Application  to  corves.  This  result  may  be  interpreted  geomet- 
rically. Suppose  that  we  wished  to  study  a  curve  C,  whose  equa- 
tion is  y  =f(x),  in  the  neighborhood  of  a  point  Ay  whose  abscissa 
is  a.  Let  us  consider  at  the  same  time  an  auxiliary  curve  C,  whose 
equation  is 

A  line  x  =i  a -^  h,  parallel  to  the  axis  of  y,  meets  these  two  curves 
in  two  points  M  and  A/',  which  are  near  A.  The  difference  of  their 
ordinates,  by  the  general  formula,  is  equal  to 

This  difference  is  an  infinitesimal  of  order  not  less  than  n  +  1 ;  and 
consequently,  restricting  ourselves  to  a  small  interval  (a  —  ly,  a  -f  rf), 
the  curve  C  sensibly  coincides  with  the  curve  C  By  taking  larger 
and  larger  values  of  n  we  may  obtain  in  this  way  curves  which 
differ  less  and  less  from  the  given'  curve  C ;  and  this  gives  us  a 
more  and  more  exact  idea  of  the  appearance  of  the  curve  near  the 
point  A, 

Let  us  first  set  n  =  1.  Then  the  curve  C  is  the  tangent  to  the 
curve  C  at  the  point  A  : 

Y=f(a)-^(x-a)f(a)', 

and  the  difference  between  the  ordinates  of  the  points  M  and  M' 
of  the  curve  and  its  tangent,  respectively,  which  have  the  same 
abscissa  a  +  A,  is 

!f-Y=^f"(a  +  eh). 

Let  us  suppose  that  /"(a)  =^  0,  which  is  the  case  in  general.  The 
preceding  formula  may  be  written  in  the  form 

where  c  approaches  zero  with  h.  Since  f'Xa)  =^  0,  a  positive  num- 
ber rf  can  be  found  such  that  | €|  <  |/''(^)  I >  when  h  lies  between  —  ly 
and  -H  ly.  For  such  values  of  h  the  quantity  /"(a)  4-  c  will  have 
the  same  sign  as  /"(«),  and  hence  y  —  Y  will  also  have  the  same 
sign  Bs  f"(a).     If /"(a)  is  positive,  the  ordinate  y  of  the  curve  is 
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greater  than  the  ordinate  1^  of  the  tangent,  whatever  the  sign  of  A; 

and  the  curve  <.'  lies  wholly  above  the  tangent,  near  the  point  A. 
On  the  other  hand,  if  /"(«)  is  negative,  y  is  less  than  >',  and  the 
curve  lies  entirely  below  the  tangent,  near  the  point  of  tangency. 
If  /"(")  =  0,  let  /'"'{(i)  be  the  first  succeeding  derivative  which 
does  not  vanish  for  x  =  a.  Then  we  have,  as  before,  if  /"''(x)  is 
continuous  when  x  =  a, 


'1.2 


;[/'"(") +  «Ji 


and  it  can  be  shown,  as  above,  that  in  a  sufKciently  small  interval 
(tt  —  ij,  a  +  J))  the  difference  y  —  Y  has  the  same  sign  as  the  product 
k'f-'Xa).  When  p  is  even,  this  difference  does  not  change  sign 
with  h,  and  the  curve  lies  entirely  on  the  same  side  of  the  tangent, 
near  the  point  of  tangency.  But  if  p  be  odd,  the  difference  y  —  Y 
changes  sign  with  /t,  and  the  curve  C  crosses  its  tangent  at  the 
point  of  tangency.  In  the  latter  case  the  point  A  is  called  a  point 
of  inflection ;  it  occurs,  for  example,  if  f"'{a)  'P  0, 

Let  us  now  take  n  =  2.    The  curre  C  is  in  this  case  a  parabola : 


-/(«)  +  ('-«)/■(«)  + 


rw. 


whose  axis  is  parallel  to  the  aiis  of  y ;  and  the  difference  of  the 

ordinates  is 

If /'"(a)  does  not  vanish,  y  —  Y  has  the  same  sign  as  h'/"'(a)  for 
sufficiently  small  values  of  h,  and  tlie  curve  C  crosses  the  parabola 
Cat  the  point  A.  This  parabola  is  called  the  osculatory  parabola 
to  the  curve  C ;  for,  of  the  parabolas  of  the  family 

Y=mx-  +  nx+p, 

this  one  comes  nearest  to  coincidence  with  the  curve  c  near  the 
point  A  (see  §  213). 

46.  General  method  of  development.  The  formula  (3)  affords  a 
method  for  the  development  of  the  infinitesimal  f(fl-  +  h)—f{a) 
according  to  ascending  powers  of  h.  But,  still  more  generally,  let 
X  be  a  principal  infinitesimal,  which,  to  avoid  any  ambiguity,  we 


will  suppose  positir 
form 
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;  and   let  y  be  another  infiDitesimal  of  the 


l,a;".  +  . 


h3-V(.l^  +  <), 


I 


where  n,,  nt, '  - ,  n^  are  asueoding  positiTe  numbers,  not  necessarily 
integers,  A^,  At,  ■■■,  A^,  are  constants  difiFerent  from  zero,  and  t  is 
another  infinitesimal.  The  numbers  n„  A,,  n,,  Aj,  -■■  may  be  cal- 
culated successively  by  the  following  process.  First  of  all,  it  is 
clear  that  tti  is  equal  to  the  order  of  the  infiniteaimal  1/  with 
respect  to  x,  and  that  A,ia  equal  to  the  limit  of  the  ratio  y/a;"i  when 
X  approaches  zero.     Next  we  have 

y  -  ^la^.  =  «,  =  .4,3!'.  +    --  +  (A^  +  i)^, 

which  shows  that  n,  is  equal  to  the  order  of  the  infinitesimal  u,, 
and  /Ij  to  the  limit  of  the  ratio  »i/x"i,  A  continuation  of  this 
process  gives  the  succeeding  terms.  It  is  then  clear  that  an  infini- 
tesimal y  does  not  admit  of  two  essentially  different  developments  of 
the  form  (4).  If  the  developments  have  the  same  number  of  terms, 
they  coincide ;  while  if  one  of  them  has  j>  terms  and  the  other 
p  +  q  terms,  the  terms  of  the  first  occur  also  in  the  second.  This 
method  applies,  inparticular,  to  the  development  of /{a  ■+■  A)  —f{a) 
according  to  powers  of  h ;  and  it  is  not  necessary  to  have  obtained 
the  general  expression  for  the  successive  derivatives  of  the  func- 
tion /(x)  in  advance.  On  the  contrary,  this  method  furnishes 
us  a  practical  means  of  calculating  the  values  of  the  derivatives 

/'(•)./"«.■■■■ 

Examples.   Let  us  consider  the  equation 

(6)  F(x,  y)  =  Ja^  -h  By  -(-  a:y  * (x,  y)  -*-  n-*'  -H  -  • .  -)-  zy  -t-  .     =  0, 

where  *(3',  y)  is  an  integral  polynomial  in  x  and  y,  and  where  the 
terms  not  written  down  consist  of  two  polynomials  P(x)  and  Q{y), 
which  are  divisible,  respectively,  by  x"^ '  and  y'.  The  coefficients  A 
and  B  are  each  supposed  to  be  different  from  zero.  As  x  approaches 
zero  there  is  one  and  only  one  root  of  the  equation  (6)  which  ap- 
proaches zero  (§  20).  In  order  to  apply  Taylor's  series  with  a 
remainder  to  this  root,  we  should  have  to  know  the  successive  deriv- 
atives, which  could  be  calculated  by  means  of  the  general  rules. 
But  we  may  proceed  more  directly  by  employing  the  preceding 
method.     For  this  purpose  we  first  observe  that  the  principal  part 


J 
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of  the  inliniteaimal  root  is  equal  to  —  {A  J B)x*.     For  if  io  tlie  e<iua- 
tion  (S)  we  make  the  BubBtitution 


aod  then  divide  by  x' 
(6) 


e  obtain  an  equation  of  the  Bame  form : 


which  has  only  one  term  in  ^„  namely  By,.  As  x  approaches  zero 
the  equation  (6)  posBesses  an  infinitesimal  root  in  y„  and  conse- 
quently the  infinitesituaJ  root  of  the  equation  (5)  has  the  principal 
part  —(A/B)jr',  as  stated  above.  Likewise,  the  principal  part  of 
!/i  is  —  (.li/Bja^;  and  we  may  set 


where  i/^  is  another  infinitesimal  whose  principal  part  may  be  found 
by  making  the  substitution 


^--) 


in  the  equation  (6). 

Continuing  in  this  way,  we  may  obtain  for  this  root  i/  an  expree- 
sion  of  the  form 

which  we  may  carry  out  as  far  as  we  wish.  All  the  numbers  n, 
n,.  n,,  ■■-,  Bj,  are  indeed  positive  integers,  as  they  should  be,  since 
we  ai'e  working  under  conditions  where  the  general  formula  (3)  is 
applicable.  In  fact  the  development  iinia  obtained  is  precisely  the 
same  as  that  which  we  should  find  by  applying  Taylor's  series  with 
A  remainder,  where  0  =  0  and  h  =  r. 

Let  us  consider  a  second  example  where  the  exponents  are  not 
necessarily  positive  integers.     Let  us  set 

.•I  3-*  +  B3-*-+-  fyi'-l 


n 
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where  a,  fi,  y,  ■•  and  )8i,  yi,  •  •  •  are  two  ascending  series  of  positive 
numbers,  and  the  coefficient  A  is  not  zero.  It  is  clear  that  the  prin- 
cipal part  of  1/  is  Ax'^,  and  that  we  have 

Bx^  -\-  Cx^  H A  x^CBiX^  4-  Ctaj^*  H ) 

y  —  Ax*^  = ^^ ^> 

which  is  an  expression  of  the  same  form  as  the  original,  and  whose 
principal  part  is  simply  the  term  of  least  degree  in  the  numerator. 
It  is  evident  that  we  might  go  on  to  find  by  the  same  process  as 
many  terms  of  the  development  as  we  wished. 

Let  /  (x)  be  a  function  which  possesses  n  +  1  successive  derivaUves.    Then 
replacing  a  by  x  in  the  formula  (3),  we  find 

f(x  +  h)  =/(x)  -f  JrW  -f  7^r(x)  +  .    •  -f  r-T— 1-^^"'<*)  +  •] ' 

i  i .  ^  1 .  z  •  •  •  fl 

where  c  approaches  zero  with  h.  Let  us  suppose,  on  the  other  hand,  that  we 
had  obtained  by  any  process  whatever  another  expression  of  the  same  form  for 
f(x  +  h) : 

f(x  +  h)  =f(x)  +  h<f>i{z)  -f  ^V2(x)  +  . . .  +  A» [0»(x)  +  eT. 

These  two  developments  must  coincide  term  by  term,  and  hence  the  coefficients 
01}  02  f  •  •  y  0n  ^^^  e(iual,  save  for  certain  numerical  factors,  to  the  successive 
derivatives  of  f(x)  : 

01  (X)  =  r(x) ,     08  (X)  =  W '     •  •  •  t     0.  (X)  =  -^   ^  ' 


1.2  ^^  '       1.2...n 

This  remark  is  sometimes  useful  in  the  calculation  of  the  derivatives  of  certain 
functions.  Suppose,  for  instance,  that  we  wished  to  calculate  the  nth  derivative 
of  a  f imction  of  a  function : 

y=/(u),        where        u  =  0(x).  « 

Neglecting  the  terms  of  order  higher  than  n  with  respect  to  A,  wc  have 

fc  =  0(x  -f  A)  -  0(x)  =  ^  0'(x)  -f  :— -  0"(x)  +  . .  •  +  —^ —  0f">(x); 

1  1.2  1. 2  •  •  •  ti 

and  likewise  neglecting  terms  of  order  higher  than  n  with  respect  to  k, 

/(u  + 1)  -/(«)  =  J  r{u)  +  -^  /"(u)  + . . .  +    ^    /(»)  (u) . 

1  I .  z  1 .  z  •  •  •  n 

If  in  the  right-hand  side  k  be  replaced  by  the  expression 

1  1.2  1 . 2-  •  -n 

and  the  resulting  expression  arranged  according  to  ascending  powers  of  A,  it  is 
evident  that  the  terms  omitted  will  not  affect  the  terms  in  A,  A^,  •  •  • ,  h\    The 
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coefficient  of  A",  fnr  insUince,  will  bo  equal  to  llio  nth  derivative  of  /[^(z)] 
dlrided  b;  1.2' -n;  and  lieace  we  may  write 


'b 


where  Ai  denoles  the  ooefficient  of  k'  in  the  development  of 

For  greater  detail  concerning  this  method,  the  reader  is  referred  lo  Hermite's 
Coura  d' Anaiiise  (p.  611). 

47,  Indeterminate  fonns,"  Let  /(a-)  anil  if  {j")  be  two  functions 
which  vanish  for  the  same  value  of  thu  variable  x  —  a.  Let  us  try- 
to  find  the  limit  approached  by  the  ratio 

/("■  +  A) 

aa  A  approaches  zero.  This  is  merely  a  sjtecial  case  of  the  problem 
of  finding  the  limit  apptoaohnl  by  the  ratio  of  two  iufiuitesimals 
The  limit  in  question  may  be  determined  immediately  if  the  prin- 
cipal part  of  each  of  the  infinitesittials  is  known,  which  is  the  case 
whenever  the  formula  (3)  is  applicable  to  each  of  the  functions 
/(x)  aud  ^(jr)  in  the  neighborhood  of  the  point  a.  Let  us  suppose 
that  the  first  derivative  of  /(.r)  which  does  not  vanish  for  i  =  a  is 
that  of  order  p,  /""{«)  ;  and  that  likewise  the  first  derivative  of 
^(j-)  which  does  not  vanish  for  a;  =  a  is  that  of  order  y,  -^'"(a). 
Applying  the  formula  (3)  to  each  of  the  functions  /(x)  and  ^(a*) 
and  dividing,  we  find 

,,1.2---?  f->(a)  +  . 


«(a  +  A)  1.2    -p    ^'-'(a)  +  t- 

where  t  and  i'  are  two  infinitesimals.  It  is  clear  from  this  result 
that  the  given  ratio  increases  indefinitely  when  A  approaches  zero,  if 
7  is  greater  than  p ;  and  that  it  approaches  zero  if  q  is  less  than  p. 
If  q=  p,  however,  the  given  ratio  approaches  f'(a)/<f''''^{a)  as  its 
limit,  and  tliis  limit  is  different  from  zero. 


IndeterminatA  forms  of  Ihia 
tacgeat  to  a  curve.    Let 


Bometimes  encountered  in  finding  the 
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be  the  equation 

tanpDt  to  Ibis 


curve  C  in  terms  of  a  parameter  (.     The  equations  of  the 
It  a,  point  M,  which  correapondB  to  a  value  tg  of  the  param- 


P'Co) 


rih) 


Theae  equations  reduce  to  identities  if  the  three  derivatives /'(I),  ^'{t),  ^'(I)  all 
vanish  for  1  =  to.  In  order  lo  avoid  this  difflculiy,  let  us  review  the  reaBoning 
by  which  we  found  the  equations  of  the  tangent.  Let  Af'  be  a  poiut  of  the 
curve  C  near  lo  Jf,  and  let  io  +  *  be  the  corieapouding  value  of  the  parameter. 
Then  the  equations  of  the  secant  MM'  are 

X-/((o)  ^  r-»(t.)  ^  Z-'l-M 
fiUt  +  h)  -/((o)  *  ((o  +  A)  -  *  (to)  if  (to  +  A)  -  V-  {to) ' 
For  the  sake  of  generalitj  let  us  suppose  that  all  the  derivatives  of  order  less 
thanp(p>1)  of  the  fiuictions /(l).  4>{l),  ^(l)  vanish  for  (  =  Coi  but  that  at  least 
one  of  the  derivatives  of  order  p,  say  fp^  {U,).  is  not  zero.  Dlvidiug  each  of  the 
denominators  in  the  preceding  equations  by  hp  and  applying  the  general  foi^ 
inula  (3),  we  may  then  write  these  equations  in  the  form 


f<p>{h)  +  '       <!•"■' it<,)  +  n- 

where  c 

equation 

«',  ."  are  three  infinitesimals.     If  w 
IS  become  iu  the  limit 

now  let  A  approach 

/""(W  *<''M'o)         ^'p>(io)  ' 

in  which  form  all  indetermination  has  disappeared. 

The  points  of  a  curve  C  where  this  happens  are,  in  general,  singular  points 
where  the  curve  has  some  peculiarity  of  form.  Thus  the  pkue  curve  whoae 
equations  are 

I  =  (!,  y  =  1" 

passes  through  the  origin,  and  dx/dl  =  dy  /  dt  =  d  tiX  that  point.     The  tangent 
is  the  ails  of  z,  and  the  origin  is  a  cusp  of  the  first  kind. 

48.  Taylor's  series.  If  the  sequence  of  derivatives  of  the  function 
f{x)  is  unlimited  in  the  interval  (n,  a  +  A),  the  number  n  in  the 
formula  (3)  may  be  taken  as  large  as  we  please.  If  Hie  remainder 
Jt,  approar.he*  zero  when  n  ijicrerues  indeftnitely,  we  are  led  to  write 
dovm  the  following  formula : 


which  expresses  that  the  series 


-/■■'(")+■■ 


i' 


1.2.. 


-/»'(»)  + 


i 
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is  convergent,  and  that  its  "  sum  "  *  is  the  quantity  f{a  +  A).  This 
formula  (7)  is  Taylor's  aeries,  properly  speaking.  But  it  is  not  justi- 
fiable unless  we  can  show  that  the  remainder  fi,  approaches  zero  when 
n  is  infinite,  whereas  the  general  formula  (3)  assumes  only  the  exist- 
ence of  the  first  n  -f  1  derivatives.  Keplacing  a  by  x,  the  equation 
(7)  may  be  written  in  the  form 

Or,  again,  replacing  hhy  x  and  setting  a  =  0,  we  find  the  foimula 

(8)    /W -/(«)  + j/W+-  +  i7^ /"■'(»)+  ■■• 

This  latter  form  is  often  called  Maclaurin's  series;  but  it  should 
be  noticed  that  all  these  different  forms  are  essentially  equivalent. 
The  equation  (8)  gives  the  development  of  a  function  of  x  accord- 
ing to  powers  of  x ;  the  formula  (7)  gives  the  development  of  a  func- 
tion of  A  according  to  powers  of  A:  a  simple  change  of  notation  is 
all  that  is  uecessary  in  order  to  pass  from  one  to  the  other  of  these 
forms. 

It  is  only  in  rather  specialized  cases  that  we  are  able  to  show 
that  the  remainder  i?,  approaches  zero  when  n  increases  indefinitely. 
If,  for  instance,  the  absolute  value  of  any  derivative  whatever  is  lesa 
than  a  fixed  number  M  when  x  lies  between  a  and  re  -|-  A,  it  follows, 
from  Lagrange's  form  for  the  remainder,  that 


^''■'<"u2:ni; 


■1) 


an  inequality  whose  right-hand  member  is  the  general  term  of  a 
convergent  series. t  Such  is  the  case,  for  instance,  for  the  functions 
**,  sin  X,  cos  I,  All  the  derivatives  of  e'  are  themselves  equal  to 
e*.  and  liave,  therefore,  the  same  maximum  in  the  interval  con- 
sidered. Ill  the  case  of  sin^  and  cxisx  the  absolute  values  never 
exceed  unity.  Hence  the  formula  (7)  is  applicable  to  these  three 
functions  for  all  values  of  a  and  A.  Let  us  restrict  ourselves  to 
the  form  (8)  and  apply  it  first  to  the  function  f(x)  =  if.  We  find 
/(0)  =  1.        /'(0)  =  1.        ...,        /<->(0)  =  l,        .■•; 


*  That  U  lo  Bay.  the  limit  ot  the  anm  of  Ihe  flnt  n  Mrma  i 
For  a  deliDitlaD  of  the  meaniDg  of  tbe  technical  phnue  "  Ihe  . 
{  15T.  — Trakb, 

t  The  oribT  of  choice  is  u,  ft.  M.  ii.  nnt  a.  ft,  n,  M.  Thifl  la 
Tergence  ot  tlio  series  In  question.  — Thjins. 


n  I>ecnmen  infinite. 


easentinl  to  tbe  con- 
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and  consequently  we  have  the  formula 

X        x^  x^ 

(9)  ^=i  +  _  +  _  +  . ..  +  __  +  ..., 

which  applies  to  all  values,  positive  or  negative,  of  x.  If  a  is  any 
positive  number,  we  have  a'  =  e'  *•*  °,  and  the  preceding  formula 
becomes 

/iA\     «      1    .  ^^Qg^  .   (a?  log  ay  ,         ,   (x  log  a)* 

Let  us  now  take  f(x)  =  sin  x.  The  successive  derivatives  form  a 
recurrent  sequence  of  four  terms  cos  x,  —  sin  x,  —  cos  x,  sin  x ;  and 
their  values  for  x  =  0  form  another  recurrent  sequence  1,  0,  —  1,  0. 
Hence  for  any  positive  or  negative  value  of  x  we  have 

(11)     8in  «  =  I  -  j-^-^  +  j-g-g-^-g  -   •  • 


■*'^~  "^^"1.2. 3.  (2714-1)"^ 


and,  similarly. 


X^      .  05*  !    >      .v_  x"" 


(12)  cosx  =  l-3-^  +  j-^-3-^--  +  (-l)'^^3,^^.t-.. 

Let  us  return  to  the  general  case.  The  discussion  of  the  remain- 
der R„  is  seldom  so  easy  as  in  the  preceding  examples;  but  the 
problem  is  somewhat  simplified  by  the  remark  that  if  the  remain- 
der approaches  zero  the  series 

necessarily  converges.  In  general  it  is  better,  before  examining 
R^y  to  see  whether  this  series  converges.  If  for  the  given  values  of 
a  and  h  the  series  diverges,  it  is  useless  to  carry  the  discussion 
further ;  we  can  say  at  once  that  R^  does  not  approach  zero  when  n 
increases  indefinitely. 

49.  Development  of  log(l  -|-  x).  The  function  log(l  -f  x),  together 
with  all  its  derivatives,  is  continuous  provided  that  x  is  greater 
than  —  1.     The  successive  derivatives  are  as  follows : 
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/"'»  = 


(l  +  x)> 

1.2 
(!  +  »')■' 


/    TO     I     ';  (l+i)-      ' 

«.»i,f,1  _  (_  11.   '■^•"  . 


Let  Tia  see  for  nhat  values  of  x  Maclaurin's  formula  (8)  may  be 
applied  to  this  fu  ictiou.  Wi'itiug  first  the  series  with  a  remaiader, 
we  have,  under  ajiy  circumstances, 

l0B(H-«,)  =  j-|'  +  |+  --K-lr-'^  +  A,,. 

The  remainder  it,  does  not  approach  zero  unless  the  seiies 

converges,  which  it  does  only  for  the  values  of  x  between  —  1  and 
+  1,  including  the  upper  limit  +  1.  When  x  liea  in  this  interval 
the  remainder  may  be  written  in  the  Cauchy  form  as  follows : 


_^^'(i-g)-(-iri.2-- 

1.2-n      (1  +  exy* 


^"'(1- 


fl,  =  (-l)-ar- 


\1+6t/  l  +  Ox 


Let  us  consider  first  the  case  where  \x\  <  1,  The  first  factor  x 
approaches  zero  with  x,  and  the  second  factor  (1  —  #)/(!  +  to)  is 
less  than  unity,  whether  x  be  positive  or  negative,  for  the  numer- 
ator is  always  less  than  the  denominator.  The  last  factor  remains 
finite,  for  it  is  always  less  than  1/(1  —  |a-|).  Hence  the  remainder 
A,  actually  approaches  zero  when  n  increases  indefinitely.  This 
form  of  the  remainder  gives  us  no  information  as  to  what  happens 
when  X  =  1 ;  but  if  we  write  the  remainder  in  Lagrange's  form. 


«.  =  (-  1)" 


1 


it  is  evident  that  fl,  approaches  i 
An  examination  of  the  remaindi 


n+l(l  +  fl)"-^' 

when  n  increases  indefinitely. 


-  1  would  be  useless, 
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since  the  series  diverges  for  that  value  of  x.  We  have  then,  when 
X  lies  between  —  1  and  +  h  ^^  formula 

(13)  log(l+x)  =  ^-|  +  |*-..   -l-(-l)-'f +  •••. 

This  formula  still  holds  when  x  =  1,  which  gives  the  curious 
relation 

(14)  log2  =  l-i  +  i-J  +  ...  +  (-l)-'i  +  .... 

The  formula  (13),  not  holding  except  when  x  is  less  than  or  equal 
to  unity,  cannot  be  used  for  the  calculation  of  logarithms  of  whole 
numbers.     Let  us  replace  xhy  —  x.    The  new  formula  obtained, 

/iQ^N         ^      n         ^          x      x^      x*  a- 

(13')         log(l-a.)=-j---- --..., 

still  holds  for  values  of  x  between  —  1  and  -f- 1 ;  and,  subtracting 
the  corresponding  sides,  we  find  the  formula 

(15)log(i-+-^)  =  2(?-H^Vf  +  ...  +  2^  +  ...). 

When  X  varies  from  0  to  1  the  rational  fraction  (1  -f- «)/(!  —  x) 
steadily  increases  from  1  to  -|-  oo,  and  hence  we  may  now  easily  cal- 
culate the  logarithms  of  all  integers.  A  still  more  rapidly  con- 
verging series  may  be  obtained,  however,  by  forming  the  difference 
of  the  logarithms  of  two  consecutive  integers.  For  this  purpose 
let  us  set 

1-hx      N-hl  1 

)    or    X  = 


1-x  N  2N-\-l 

Then  the  preceding  formula  becomes 

log(^+l)-logi.=  2[2^  +  3^2iTl?  +  6(2l^ 

an  equation  whose  right-hand  member  is  a  series  which  converges 
very  rapidly,  especially  for  large  values  of  N, 

Note.  Let  us  apply  the  general  formula  (3)  to  the  function  log  (1  -f-  x),  setting 
a  =  0,  A  =  x,  n  =  l,  and  taking  Lagrange's  form  for  the  remainder.  We  find  in 
this  way 

log(l -f«)  =  x 
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If  we  now  replace  x  by  the  reciprocal  of  an  integer  n,  this  may  be  written 

\       n/~n     2i^' 

where  9.  is  a  positive  number  leas  than  unity.     Some  interesting  consequences 
may  be  deduced  from  this  equation. 

1)  The  harmonic  series  being  divergent,  the  sum 

increases  indefinitely  with  n.    But  the  difference 

S,  -  logn 
approaches  a  finite  limit.    For,  let  us  write  this  difference  in  the  form 

(.-^f).(!-,.|).....(i-,.,'-±J).... 

\n  n    /  n 

Now  1  /p  —  log  (1  +  1  /p)  is  the  general  term  of  a  convergent  series,  for  by  the 
equation  above 


^ 


which  shows  that  this  term  is  smaller  than  the  general  term  of  the  convergent 
series  2(1  /p^).     When  n  increases  indefinitely  the  expression 


n  \        n/ 


approaches  zero.  Hence  the  difference  under  consideration  approaches  a  finite 
limit,  which  is  called  Euler^s  constant.  Its  exact  value,  to  twenty  places  of 
decimaU,  is  C  =  0.57721666400153286000. 

2)  Consider  the  expression 

2  = -4- -  +  ---  +  ^— » 

n  -f  1      n  -f  2  n  -\-  p 

where  n  and  p  are  two  positive  integers  which  are  to  increase  indefinitely.  Then 
we  may  write 

2  =  fl  +  1  +  . . .  +  -L-)  -  A  +  1  4- . . .  +  1)  , 
V        2  Ji-fp/      \        2  n/ 

'B  W  +  P 

1  +  -  +  ••+ -         =  logn  +  pn, 
2  n 
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where  pn+p  and  pn  approach  the  same  value  C  when  n  and  p  increase  indefi- 
nitely.   Hence  we  have  also 


2  =  log  / 1  +  ^  j  +  p» +p  -  p» . 


Now  the  difference  pn+p  —  Pn  approaches  zero.     Hence  the  sum  Z  approaches 
no  limit  unless  the  ratio  p/n  approaches  a  limit.     If  this  ratio  does  approach  a 
limit  a,  the  sum  2  approaches  the  limit  log  (1  +  a). 
Setting  p  =  n,  f or  instance,  we  see  that  the  sum 

I  I       .         .    1 

+ r +  ---+:r- 


n+1      n+2  2n 

approaches  the  limit  log  2. 

50.  Development  of  (1  4-  x)".  The  function  (1  -f  «)"•  is  defined  and 
continuous,  and  its  deriyatives  all  exist  and  are  continuous  func- 
tions of  X,  when  1  -f-  a;  is  positive,  for  any  value  of  m ;  for  the 
derivatives  are  of  the  same  form  as  the  given  function: 

/"(ic)=m(m-l)(H-a;)— «, 

> 

/c»)(x)  =  m(m  —  1)  . . .  (m  —  n  4- 1) (1  4-  «)"•"*, 
/<*+ *>(«)  =  m  (w  —  1)  •  •  •  (m  —  n)  (1  4-  «)  "— »-^ 

Applying  the  general  formula  (3),  we  find 

« 

(1  4-  «)"•  =  1  4-  Y  ^  "^ V~2 —  *   "^ 

and,  in  order  that  the  remainder  R^  should  approach  zero,  it  is  first 
of  all  necessary  that  the  series  whose  general  term  is 

m(7yi  —  1)  "  •  (m  —  n  4- 1) 

1.2-.n  ^ 

should  converge.     But  the  ratio  of  any  term  to  the  preceding  is 

m  —  71  4- 1 

«, 

n 

which  approaches  —  a;  as  n  increases  indefinitely.  Hence,  exclud- 
ing the  case  where  m  is  a  positive  integer,  whjqh  leads  to  the  ele- 
mentary binomial  theorem,  the  series  in  question  cannot  converge 
unless  I  a;  IS  1.     Let  us  restrict  ourselves  to  the  case  in  which  Ixl  <  1. 
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To  show  that  the  reinaindei 
Oaachy  form  : 


approaiihes  zero,  let  l 


m(m 

_l),. 

■('»-»)  ,..,/!- 

The  first  factor 

1.2- 

^       (,14 
™-l)...(m-„) 

1.2.- 

Bpproaches  zero  since  it  is  the  general  term  ot  a  convergent 
■eries.  The  second  factor  (1  —  fl)/(I  +  $x)  ia  less  than  unity;  aod, 
finally,  the  last  factor  (1  +  to)"-'  is  less  than  a  fixed  limit.  For, 
-  1  >  0,  we  have  (1  +  fa)--'  <  2"—' ;  while  if  w  -  1<  0, 
I  (1  + fte)"~'<(l  — 1*1)""'.  Hence  for  every  value  of  x  between 
- 1  and  + 1  we  have  the  development 


I 
I 


(IG) 


(l+x)--l  +  - 


1       ')  -^     ^ 


1.2 

-l)-'-0 


We  shall  postpone  the  discussion  of  the  case  where  a-  =  ±  J. 
In  the  same  way  we  might  establish  the  folluwin);;  t'ormulije : 


2  3       2.4  5 

1.3.5..(2»-1)     x"- 


arotana; 


2.4.6. 


2«  +  l- 


+  1 


+  ■■■ 


which  we  shall  prove  later  by  a  simpler  proceas,  and  which  hold 
for  all  values  of  x  between  —  1  and  4- 1. 

Aside  from  these  examples  and  a  few  others,  the  discussion  of 
the  remainder  presents  great  difficulty  on  account  of  the  increas- 
ing complication  of  the  successive  derivatives.  It  woald  therefore 
leem  from  tliia  first  examination  as  if  the  application  of  Taylor's 
series  for  the  development  of  a  function  in  an  infinite  series  were  of 
limited  usefulness.  Such  an  impression  would,  however,  be  utterly 
false  ;  for  these  ■developments,  quite  to  the  contrary,  play  a  funda- 
mental rote  in  modern  Mathematical  Analysis.  In  order  to  appre- 
€iftte  their  importance  it  is  necessary  to  take  another  point  of 
view  and  to  study  the  properties  of  power   series  for  their  own 
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sake,  irrespective  cf  their  origin.  We  shall  do  this  in  several  of 
the  following  chapters. 

Just  now  we  will  merely  remark  that  the  series 

/(O) + j/'(0)  +  o/"(0) + •  •  • + rr^/^-xo) + •  •  • 

may  very  well  be  convergent  without  representing  the  function 
f(x)  from  which  it  was  derived.  The  following  example  is  due  to 
Cauchy.  Let  f(x)  =  e  -»/^.  Then  f\x)  =  (2/a:8)  e"*/^ ;  and,  in 
general,  the  nth  derivative  is  of  the  form 

where  P  is  a  polynomial.  All  these  derivatives  vanish  for  a  =  0, 
for  the  quotient  of  e "'*''**  by  any  positive  power  of  x  approaches 
zero  with  x*     Indeed,  setting  a:  =  l/«,  we  may  write 


1 

,^ 

_\_ 

«"" 

e 

J* 

x'" 

c^' 

and  it  is  well  known  that  e**/«"*  increases  indefinitely  with  «,  no 
matter  how  large  vi  may  be.  Again,  let  <f>  (x)  be  a  function  to  which 
the  formula  (8)  applies : 


n 


Setting  F{x)  =  4>{x)  -f  e"*^'',  we  find 

F(0)  =  <^  (0),       F'(0)  =  4>\%       . . . ,       F<«)(0)  =  <A(«)(0),       . . . , 

and  hence  the  development  of  F{x)  by  Maclaurin's  series  would 
coincide  with  the  preceding.  The  sum  of  the  series  thus  obtained 
represents  an  entirely  different  function  from  that  from  which  the 
series  was  obtained. 

In  general,  if  two  distinct  functions  f{x)  and  4>  («),  together  with 
all  their  derivatives,  are  equal  for  a:  =  0,  it  is  evident  that  the 

*It  is  tacitly  assumed  that  /(O)  —  0,  which  is  the  only  assignment  which  would 
render/ (7)  continuous  at  x  =  0.  But  it  should  be  noticed  that  no  farther  assignment 
is  necessary  for/'(a;),  etc.,  at  a;  =  0.    For 

/'(o)  =  .%-'-^?-^'-^  =  o. 

which  defines /'(aj)  at  a;  =  0  and  makes /'(jr)  continuous  at  a;  =  0,  etc.  — Trans. 
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Uaclaurin  series  developmeats  foT  the  two  functions  cannot  both 
be  valid,  for  the  coefficients  of  the  two  developments  coincide. 

51.  Extension  to  functions  of  several  variables.  Let  us  consider,  for 
dehniteness,  a  function  m  =f{x,  y,  g)  of  the  tliree  iudepeudent  vari- 
ables X,  y,  z,  and  let  ua  try  to  develop/(3^  -J-  A,  y  +  fr,  s  +  ^j  accord- 
ing to  powers  of  h,  k,  I,  grouping  together  the  terms  of  the  same 
degree.  Cauehy  reduced  this  problem  to  the  preceding  by  the  fol- 
lowing device.  Let  us  give  x,  y,  z,  h,  k,  I  dehnite  values  and  let 
ua  set 

*(()  =f{x  +  kt,y  +  kt,  2  +  U), 

where  (  is  an  auxiliary  variable.     The  function  <(t{i)  depends  on  t 
alone ;  if  we  apply  to  it  Taylor's  series  with  a  remainder,  we  find 


(17) 


*(0  =  *(0)+,-*'(0) 


I.2.. 


1.2-(n  +  l) 


f-*'>(ft), 


where  ^(0),  ^'(0),  -■■,  ^'"'(0)  are  the  values  of  the  function  ^(() 
and  its  derivatives,  for  (  =  0;  and  where  ^'"*"(fl/)  is  the  value  of 
the  derivative  of  order  n  -|-  1  for  the  value  flf,  where  $  lies  between 
MTO  and  one.  But  we  may  consider  i^(/)  as  a  composite  function  of 
(,  ^{()  =f(u,  V,  w),  the  auxiliary  functions 

u  =  x  +  ht,         v  =  y  +  kt,         w  =  z  +  U 

being  linear  functions  of  /.  According  to  a  previous  remark,  the 
expression  for  the  differential  of  order  m,  d^^,  is  the  same  as  if  », 
V,  ID  were  the  independent  variables.  Hence  we  have  the  symbolic 
eqnatitm 


^*-f'^-+^ 


JJ. 


■'"■)'" ='*"(|{* 


jf 


I'  +  i^i 


which  may  be  written,  after  dividing  by  t/t",  in  the  form 


♦'"(') - 


.11 


•)"' 


For  ( =  0,  u,  V,  w  reduce,  respectively,  to  x, 
«qnatioa  in  the  same  symbolism  becomes 


,  z,  and  the  above 


*"'(0)  = 


i^-l.^^-L^ 


•f. 
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Similarly, 

where  x,  yy  z  are  to  be  replaced,  after  the  expression  is  developed,  by 

X  4-  dht,        y  4-  Bkty        z  -f-  Bltj 
respectively.     If  we  now  set  ^  =  1  in  (17),  it  becomes 

+  ::— IT \'irh  +  'i^k  +  '-^l]    +A.. 


(18). 


1        (^Jk  +  ^Jk  +  ^Jl) 
1.2 "-n  \dx        dy        dz  J 

The  remainder  R^  may  be  written  in  the  form 

^"""1.2   ..(n-hl)\ax^"^ay^"*"a;r7        ' 

where  x,  y,  z  are  to  be  replaced  by  a;  -|-  $h,  y  -{-  $k,  z  -{-  $1  after  the 
expression  is  expanded.* 

This  formula  (18)  is  exactly  analogous  to  the  general  formula 
(3).  If  for  a  given  set  of  values  of  x,  y,  z,  h,  k,  I  the  remainder  R^ 
approaches  zero  when  n  increases  indefinitely,  we  have  a  develop- 
ment of  f(x  -\-  h,  y  -\-  k,  z  -\- 1)  in  2L  series  each  of  whose  terms  is  a 
homogeneous  polynomial  in  h,  k,  L  But  it  is  very  difficult,  in  gen- 
eral, to  see  from  the  expression  for  R^  whether  or  not  this  remainder 
approaches  zero. 

52.  From  the  formula  (18)  it  is  easy  to  draw  certain  conclusions 
analogous  to  those  obtained  from  the  general  formula  (3)  in  the 
case  of  a  single  independent  variable.  For  instance,  let  z  =f(x,  ?/) 
be  the  equation  of  a  surface  .S.  If  the  function  /(oj,  y),  together 
with  all  its  partial  derivatives  up  to  a  certain  order  n,  is  continuous 
in  the  neighborhood  of  a  point  (xq,  yo),  the  formula  (18)  gives 

f(xo-hh,  yo-^k)^f(xo,  yo)+  (a^  +  k^J 

1 . 2  \dxo 

Restricting  ourselves,  in  the  second  member,  to  the  first  two  terms, 
then  to  the  first  three,  etc.,  we  obtain  the  equation  of  a  plane,  then 

*  It  is  assumed  here  that  all  the  derivatives  used  exist  and  arecoutinuous.  — Trans. 


+  ^-^(£*  +  a^*)'+-  +  ^- 
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that  of  a  paraboloid,  etc.,  which  differ  very  little  from  the  given  sur- 
face near  the  point  {x^,  t/g).  The  plane  in  question  is  precisely  the 
tangent  plane ;  and  tlie  paraboloid  is  that  one  of  the  family 

z  =  A:^  +  2Bx>f  +  Ci/'  +  2  Dx  +  2  El/  +  F 

which  most  nearly  coincides  with  the  given  surface  S. 

The  formula  (18)  is  also  used  to  determine  the  limiting  value  of 
a  function  which  is  given  in  indeterminate  form.  Let  f(x,  y)  and 
^{x,  y)  be  two  fuactiona  which  both  vanish  for  x  =  a,  y  =  b,  but 
which,  together  with  their  partial  derivatives  up  to  a  certain  order, 
are  continuous  near  the  point  (a,  b).  Let  us  try  to  find  the  limit 
approached  by  the  ratio 

when  X  and  y  approach  a  and  b,  respectively.  Supposing,  first,  that 
the  four  first  derivatives  df/da,  df/db,  H^/da,  o^/db  do  not  all 
vanish  simultaneously,  we  may  write 


fja  +  &,  ft  +  A)  ^ 
^a+h,b  +  k) 


KI-) 


(1!^ 


+  M 


where  c,  <',  (|,  c[  approach  zero  with  h  and  k.  When  the  point 
(,E,  y)  approaches  (a,  b),  h  and  k  approach  zero ;  and  we  will  sup- 
pose that  the  ratio  k/h  approaches  a  certain  limit  a,  i.e.  that  the 
point  (a:,  y)  describes  a  curve  which  has  a  tangent  at  the  point  (a,  b). 
Dividing  each  of  the  terms  of  the  preceding  ratio  by  A,  it  appears 
that  the  fra,c\Joa /{z,  y)/itt(x,  y)  approaches  the  limit 


JJ. 


This  limit  depends,  in  general,  upon  tt,  i.e.  upon  the  manner  in 

which  X  and  y  approach  their  limits  a  and  b,  respectively.  In  order 
that  this  limit  should  be  independent  of  a  it  is  necessary  that  the 
relation 

da  db       db  da 
should  hold ;  and  such  is  not  the  case  in  general. 
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If  the  four  first  derivatives  df/da,  df/db,  d^fda,  b<^/db  vanish 
simultaneously,  we  should  take  the  terms  of  the  second  ordei  in  the 
■  formula  (18)  and  write 


*(a  +  h,b  +  k) 


:si-'h-i^-')- 


n^+M  *-+2  =;:- 


«+r^+.v  '■ 


where  t,  t',  i",  €|,  (,',  t"  are  infinitesimals.     Then,  if  a  be  given  the 
same  meaning  as  above,  the  limit  of  the  left-hand  aide  is  seen  to  be 


f*4 

da''* 


dadb 


which  depends,  in  general,  upon  a. 
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53.  Singular  points.  Let  (lo.  yo)  be  the  coordinates  of  a  point  M^ 
of  a  curve  C  whose  equation  is  F{x,  y)  =  0.  If  the  two  first  par- 
tial derivatives  dF/dx,  dF/dy  do  not  vanish  simuitaneously  at  this 
point,  we  have  seen  (§  22)  that  a  single  branch  of  the  curve  C  passes 
through  the  point,  and  that  the  equation  of  the  tangent  at  that 
point  is 


(A--a.„)^ 


dF  , 


HY-y.)-, 


.dF 


where  the  symbol  d'^^F/Sx^dyi  denotes  the  value  of  the  derivative 
Sp+if/SxpSi/-  for  x  —  Xa,  y  ==  y„.  If  dF/Sxa^nd  oF/py„  both  van- 
ish, the  point  (x^,  yo)  is,  in  general,  a  shigular  point.*  Let  us  suppose 
that  the  three  second  derivatives  do  not  all  vanish  simultaneously 
for  J!  =  Xo,  y  =  i/o,  and  that  these  derivatives,  together  with  the  third 
derivatives,  are  continuous  near  that  point.  Then  the  equation  of 
the  curve  may  be  written  in  the  form. 


For an  J 
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— LI"?",. 


vheie  ai  and  y  are  to  be  replaced  in  the  third  derivatives  by 
,^  +  S{x~Xt,)  and  3/0+ fl(.'/ — //o),  reBpectively.  We  may  assume 
that  the  derivative  d^F/d;^  does  not  vanisli ;  for,  at  any  rate,  we 
could  always  bring  this  about  by  a  change  of  axes.  Then,  setting 
y  ~  1/1,  =  t(x  —  xo)  and  dividing   by  (x  —  XaY,  the  equation  (19) 


(20) 


a"F  , 


,_»!£-. 


where  P(x  —  Xa,t)  is  a  function   which   remains  finite   when   a: 
tpproadhes  Zo>     Now  let  (1  and  t^  be  the  two  roots  of  the  equa^on 

34  0x^  dy^         St/a 

If  these  roots  are  real  and  unequal,  i.e.  if 

the  equation  (20)  may  be  written  in  the  form 


r('-'i)(' -".)  +  (■' 


,)/■  = 


a;  =  i(,  the  above  quadratic  has  two  distinct  roots  (  =  (,,(  =  (,, 

As  z  approaches  Xa  that  equation  has  two  roots  which  approach  'i 

/,,  respectively.     The  proof  of  this  is  merely  a  repetition  of 

the  argument  for  the  existence  uf  implicit  functions.     Let  us  set 

t^  4-  ^1  for  example,  and  write  down  the  equation  connecting  x 

I   snd  u: 

«((,  -  «,  +  w)  +  (x  -  x^)  Q(x,  u)  =  0, 

where  Q  (z,  u)  remains  finite,  while  x  approaches  x^  and  u  approaches 
sero.  Let  as  suppose,  for  definiteness,  that  (,  —  t,  >  0  [  and  let  M 
denote  an  upper  limit  of  the  absolute  value  of  Q(x,  u),  and  m  a 
lower  limit  of  (i  —  (j  +  u,  when  x  lies  between  x^  —  h  and  x^  +  A, 
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and  u  between  —  h  and  +  h,  where  A  is  a  positive  number  less  than 
ti  —  ^2.  Now  let  c  be  a  positive  number  less  than  h^  and  17  another 
positive  number  which  satisfies  the  two  inequalities 

m 

If  x  be  given  such  a  value  that  {x  —  Xol  ii  less  than  17,  the  left-hand 
side  of  the  above  equation  will  have  different  signs  if  —  c  and  then 
+  c  be  substituted  for  u.  Hence  that  equation  has  a  root  which 
approaches  zero  as  x  approaches  Xq,  and  the  equation  (19)  has  a 
root  of  the  form 

y  =  yo  +  (aJ  -  a;o)  (^  +  a), 

where  a  approaches  zero  with  x  —  Xq,  It  follows  that  there  is  one 
branch  of  the  curve  C  which  is  tangent  to  the  straight  line 

y-yo  =  ti{x-Xo) 
at  the  point  {xq,  j/q). 

In  like  manner  it  is  easy  to  see  that  another  branch  of  the 
curve  passes  through  this  same  point  tangent  to  the  straight  line 
y  —  yo  =  t2{x  ^  Xq).  The  point  Mq  is  called  a  double  point;  and 
the  equation  of  the  system  of  tangents  at  this  point  may  be  found 
by  setting  the  terms  of  the  second  degree  in  (x  —  as©),  (y  —  y©)  ^ 
(19)  equal  to  zero. 

If 

<0, 


/  d^F  y 


the  point  (Xq,  j/q)  is  called  an  isolated  double  point.  Inside  a  suffi- 
ciently small  circle  about  the  point  Mq  as  center  the  first  member 
F{Xy  y)  of  the  equation  (19)  does  not  vanish  except  at  the  point  AT© 
itself.     For,  let  us  take 

a  =  iCo  -f  p  cos  <^,         y  =  yo  4-  p  sin  <^ 

as  the  coordinates  of  a  point  near  Mq,     Then  we  find 

where  L  remains  finite  when  p  approaches  zero.  Let  ^  be  an  upper 
limit  of  the  absolute  value  of  L  when  p  is  less  than  a  certain  posi- 
tive number  r.    For  all  values  of  <^  between  0  and  27r  the  expression 

d^F       ^  c^F  d^F 

1^ ''"^  *  +  2  3^^  cos  .^  sin  ^  + -g^  sin' ^ 
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has  the  same  sign,  since  its  roots  are  imaginary.  Let  m  tie  a  lower 
limit  of  its  absolute  value.  Then  it  is  clear  that  the  coetKcient 
of  p°  cannot  vanish  for  any  point  inside  a  circle  of  radius  p  <  m  j II. 
Hence  the  equation  F(x,  ff)  =  0  has  no  root  other  than  />  =  0,  i.e. 
«  =  *oi  y  =  yo,  inside  this  circle. 
In  case  we  have 

the  two  tangents  at  the  double  point  coincide,  and  there  are,  in  gen- 
eral, two  branches  of  the  given  curve  tangent  to  the  same  line,  thus 
forming  a  cusp.  The  exhaustive  study  of  this  case  is  somewhat 
intricate  and  will  be  left  until  later.  Just  now  we  will  merely 
remark  that  the  variety  of  cases  which  may  arise  is  much  greater 
than  in  the  two  cases  which  we  have  just  discussed,  as  will  be  seen 
from  the  following  examples. 

The  curve  y'  =  x'  has  a  cusp  of  the  frst  kind  at  the  origin,  both 
branches  of  the  curve  being  tangent  to  the  axis  of  x  and  lying  on 
different  sides  of  this  tangent,  to  the  right  of  the  y  axis.  The 
curve  y'  —  2x'y  +x'  —  x^  =  0  has  a  ciisj)  of  the  tecond  kind,  both 
branches  of  the  curve  being  tangent  to  the  axis  of  x  and  lying  on 
the  same  side  of  this  tangent ;  for  the  equation  may  be  written 


and  the  two  values  of  y  have  the  same  sign  when  x  is  very  small, 
bnt  Bxe  not  real  unless  x  is  positive.     The  curve 


has  two  branches  tangent  to  the  x  axis  at  the  origin,  which  do  not 
possess  any  other  peculiarity' ;  for,  solving  for  y,  the  equation  becomea 


and  neither  of  the  two  branches  corresponding  to  the  two  signs 
before  the  radical  has  any  singularity  whatever  at  the  origin. 

It  may  also  happen  that  a  curve  is  composed  of  two  coincident 
branches.  Such  is  the  case  for  the  curve  represented  by  the 
equation 

F{x,,j)  =  y^-2x^!/  +  x*  =  0. 

When  the  point  (x,  y)  passes  across  the  curve  the  first  member  F('. 
vanishes  without  changing  sign. 


n'.v)    ^ 
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Finally,  the  point  (xq,  y^  may  be  an  isolated  double  point.  Such 
is  the  case  for  the  curve  y*  -|-  a*  -f  y*  =  0,  on  which  the  origin  is  an 
isolated  double  point. 

54.  In  like  manner  a  point  Mq  of  a  surface  5,  whose  equation  is 
F(xy  y,  z)  =  0,  is,  in  general,  a  singular  point  of  that  surface  if  the 
three  first  partial  derivatives  vanish  for  the  coordinates  a^,  yo,  Zq  of 
that  point : 

The  equation  of  the  tangent  plane  found  above  (§  22)  then  reduces 
to  an  identity ;  and  if  the  six  second  partial  derivatives  do  not  all 
vanish  at  the  same  point,  the  locus  of  the  tangents  to  all  curves  on 
the  surface  S  through  the  point  Mq  is,  in  general,  a  cone  of  the 
second  order.     For,  let 

be  the  equations  of  a  curve  C  on  the  surface  S,  Then  the  three 
functions  f(t),  <f>(t),  ilf(t)  satisfy  the  equation  F(xy  y,  z)  =  0,  and 
the  first  and  second  differentials  satisfy  the  two  relations 


( 


dF  dF  dF 

dF  dF  dF      y^^     dF    «         dF  dF 


For  the  point  x^Xq,  y  =  yo,  z  =  Zq  the  first  of  these  equations 
reduces  to  an  identity,  and  the  second  becomes 

d^F  d^F  d^F 

^4  dyi     ^         dzl 

d^F  d*F  d^F 

+  2  a      ■     dxdy'\-2  ^—r-  dy  dz -{- 2  w—r-dxdz  =  0. 
ox^dy^  dy^dzo   ""  dx^dz^ 

The  equation  of  the  locus  of  the  tangents  is  given  by  eliminating 
dxj  dy,  dz  between  the  latter  equation  and  the  equation  of  a  tangent 
line 

X  —  Xq  _  Y  —  y^  _  Z  —  Zq 
dx  dy  dz 

which  leads  to  the  equation  of  a  cone  T  of  the  second  degree : 
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(21) 


Ti^-".)' 


'A 


'■'"»•>'+ M"*^-^)' 


(i'-y.)(.5-».)  +  2j; 


-(I-ii)(z-,,)_0. 


On  the  other  hand,  applying  Taylor's  Beries  with  a  remainder 
and  carrying  the  development  to  terms  of  the  third  order,  the  equa- 
tion of  the  surface  becomes 


1    rSF  ^F  3P  I"' 


,  1        Ry  ,  Ni^J', 


I 


where  a;,  y,  a  in  the  terms  of  the  third  order  are  to  be  replaced  by 
Xt  +  $(x  -  x„),  yo  +  0(!/  -  Ua),  eo  +  tf(2-2o),  respectively.  The 
equation  of  the  cone  T  may  be  obtained  by  setting  the  terms  of 
the  second  degree  inx  —  Xa,y  —  ya,z  —  k^  in  the  equation  (22)  equal 
to  zero. 

Let  us  then,  first,  suppose  that  the  equation  (21)  represents  a  real 
non-degenerate  cone.  Let  the  surface  A'  and  the  cone  Tbe  cut  by  a 
plane  P  which  passes  through  two  distinct  generators  (/  and  G'  of 
the  cone.  In  order  to  find  the  equation  of  the  section  of  the  sur- 
face S  by  this  plane,  let  us  imagine  a  transformation  of  coordinates 
carried  out  which  changes  the  plane  P  into  a  plane  parallel  to  the 
xy  plane.  It  is  then  sufficient  to  substitute  z  =  ^^  in  the  equation  (22). 
It  is  evident  that  for  this  curve  the  point  Af^  is  a  double  point  with 
real  tangents  ;  from  what  we  have  just  seen,  this  section  is  compoaeil 
of  two  branches  tangent,  respectively,  to  the  two  generators  6',  fi'. 
The  surface  A"  near  the  point  Mg  therefore  resembles  the  two  nappes 
of  a  cone  of  the  second  degree  near  its  vertex.  Hence  the  point  al„ 
is  called  a  eoninal point. 

When  the  equation  (21)  represents  an  imaginary  non-d^eneralt' 
cone,  the  point  Mg  is  an  iaolnted  singular  point  of  the  surface  S. 
Inside  a  sufficiently  small  sphere  about  such  a  point  there  exists  no 
set  of  solutions  of  the  equation  F(x,  y,  «)  =  0  other  than  x  =  xg, 
y  e:  y^,  x  =  Zg.     For,  let  JIf  be  a  point  in  space  near  Sft,  p  the 
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/3,  y  tlie  direction  cosines  of  the  line  M^M- 


t-fi). 


distance  MM^,  and  t, 
Then  if  we  substitute 

X  =  Xa  +  pa,  y  ^  y^-i-f 

the  function  F(x,  y,  s)  becomes 

where  /.  remains  finita  when  p  approaches  zero.  Since  the  equation 
(21)  represents  an  imaginary  cone,  the  expression 

cannot  vanish  when  the  point  (a,  p,  y)  describes  the  sphere 

a*  +  ^  +  /  =  1. 

Let  t»  be  a  lower  limit  of  the  absolute  value  of  this  polynomial, 
and  let  J/  be  an  upper  limit  of  the  absolute  value  of  /.  near  the 
point  .Wo-     If  a  sphere  of  radius  ni/ H  be  drawn  about  A/g  as  center, 

it  is  evident  that  the  coefficient  of  p'  in  the  expression  for  F{x,  y,  a) 
cannot  vanish  inside  this  sphere.     Hence  the  equation 

F{x,  >/,=)  =  0 
has  no  root  except  p  =  0. 

When  the  equation  (21)  represents  two  distinct  real  planes,  two 
nappes  of  the  given  surface  pass  through  the  point  .Wo,  each  of 
which  is  tangent  to  one  of  the  planes.  Certain  surfaces  have  a 
line  of  double  points,  at  each  of  which  the  tangent  cone  degenerates 
into  two  planes.  This  line  is  a  double  curve  ou  the  surface  along 
which  two  distinct  nappes  cross  each  other.  For  example,  the  circle 
whose  equations  are  a  =  0,  a;*  +  y*  =  1  is  a  double  line  on  the  surface 
whose  equation  is 

='  +  22'(i'  +  i/')-(^=  +  y^-l)"  =  0. 

When  the  equation  (21)  represents  a  system  of  two  conjugate 
imaginary  planes  or  a  double  real  plane,  a  special  investigation  is 
necessary  in  each  particular  case  to  determine  the  form  of  the  sur- 
face near  the  point  M^-  The  above  discussion  will  be  renewed  in 
the  paragraphs  on  extrema. 

55.  Extrema  of  funaions  of  a  single  variable.    Let  the  function /(x) 

be  continuous  in  the  interval  (o,  b),  and  let  c  be  a  point  of  that 


P 
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interval.  The  function  /(i)  is  said  to  have  an  exlremum  (i.e.  a 
maximum  or  a  mmimum)  for  a;  =  c  if  a  positive  number  -q  can  be 
found  such  that  the  difference  f(e  +  li)  —J\i.),  which  vanishes  for 
A  =  0,  has  the  same  sign  for  all  other  values  of  h  between  —  jj 
and  +1;.  If  this  difference  is  positive,  the  function /(a:)  has  a 
smaller  value  for  x  =  <•  than  for  any  value  of  x  near  r;  it  is  said 
to  have  a  minimum  at  that  point.  On  the  contrary,  if  the  differ- 
ence/((;+ /i) —/(c)  is  negative,  the  function  is  said  to  have  a 
maximum. 

If  the  function  /(^)  possesses  a  derivative  for  x  =  e,  that  deriva- 
tive must  vanish.     For  the  two  quotients 


I 


each  of  which  approaches  the  liniit/'(c)  when  A  approaches  zero,  have 
different  signs;  hence  tht-ir  common  limit /'(fi)  munt  be  zero.  Con- 
versely, let  c  be  a  root  of  the  equation /'(x)  =  0  which  lies  between 
It  and  b,  and  let  us  suppose,  for  the  sake  of  generality,  that  the 
first  derivative  which  does  not  vanish-for  j-  =  c  is  that  of  order  «, 
and  that  this  derivative  is  continuous  when  x  =  c.  Then  Taylor's 
series  with  a  remainder,  if  we  stoji  with  n  terms,  gives 


which  may  he  written  in  the  farm 


1.2 


-/'■'(<■+«*), 


;[/"'«  +  •]. 


I 


where  c  approaches  zero  with  A.  Let  ij  be  a  positive  number  such 
that  [/""'(f)  I  '^  greater  than  i  when  x  lies  between  c  —  1;  and  c  -|-  ij. 
For  such  values  ot  a-,  /"'(c)  +  <  ^^^^  '^^^  same  sign  as  /■"'(").  ojid 
consequently /(c -f  A) —/('■}  has  the  same  sign  as  /("/""'(o).  If 
B  is  odd,  it  is  clear  that  this  difference  changes  sign  with  A,  and 
there  ia  neither  a  maximum  nor  a  minimum  at  a;  =  e.  If  n  is  even, 
/(e  +  A)  —/(c)  has  the  same  sign  as /•"(«),  whether  A  be  positive 
or  n^ative ;  hence  the  function  is  a  maximum  if /'"'(c)  is  negative, 
and  a  minimum  if  /"'(e)  is  positive.  It  follows  that  the  necessary 
and  sufficient  condition  that  the  function /(:e)  should  have  a  maximum 
or  a  minimum  for  x  =  c  is  that  the  first  derivative  which  does  not 
TltiiBh  for  x  =  o  should  be  of  ei'en  order. 
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Geometrically,  the  preceding  conditions  mean  that  the  tangent  to 
the  curve  y  ^=f{x)  at  the  point  A  whose  abscissa  is  e  must  be  par- 
allel to  the  axis  of  x,  and  moreover  that  the  point  A  must  not  be 
a  point  of  inflection, 

Noim.  When  the  hypotheses  whicJi  we  have  made  ai'e  not  satisfied 
the  function  f{x)  may  have  a  maximum  or  a  minimum,  although 
the  derivative /'(x)  does  not  vanish.  If,  for  instance,  the  derivative 
is  infinite  for  x  =  c,  the  function  will  have  a  maximum  or  a  mini- 
mum if  the  derivative  changes  sign.  Thus  the  function  y  =^  x'  is  at 
a  minimum  for  z  =  0,  and  the  corresponding  curve  has  a  cusp  at  the 
origin,  the  tangent  being  the  y  axis. 

When,  as  in  the  statement  of  the  problem,  the  variable  x  ia 
restricted  to  values  which  lie  between  two  limits  n  and  h,  it  may 
happen  that  the  function  has  its  absolute  maxima  and  minima  pre- 
cisely at  these  limiting  points,  altiiougb  the  derivative /'(x)  does 
not  vanish  there.  Suppose,  for  instance,  that  we  wished  to  find 
the  shortest  distance  from  a  point  P  whose  coordinates  are  (a,  0) 
to  a  circle  C  whose  equation  is  x^  -\- 1/  —  R'^  =  0.  Choosing  for  our 
independent  variable  the  abscissa  of  a  point  .1/  of  the  circle  C,  we 


d»  =  PM*  =  (x  -  o)=  -f-  y"  =  x'  +  y"  -  2  oj-  +  a% 

or,  making  use  of  the  equation  of  the  circle, 

d«  =  R«  -f-  o»  -  2  ax. 

The  general  rule  would  lead  us  to  try  to  find  the  roots  of  the  derived 
equation  2  a  =  0,  whicli  is  absurd.  But  the  paradox  is  explained  if 
we  observe  that  by  the  very  nature  of  the  problem  the  variable  x 
must  lie  between  —  R  and  -f  U.  If  u  is  positive,  iP  has  a  minimum 
for  a:  =  fl  and  a  maximum  for  x  =  —  R. 


56.  Extrema  of  functions  of  two  variAbles.  Let  f[x,  y)  be  a  con- 
tinuous function  of  -x  and  y  when  the  point  M,  whose  co5rdinates 
are  x  and  y,  lies  inside  a  region  tl  bounded  by  a  contour  C.  The 
function  /(x,  y)  is  said  to  have  an  extreniutn  at  the  point  -Wu(^in  yo) 
of  the  region  Q  if  a  positive  number  i;  can  be  found  such  that  the 
difference 

A=/(x„  +  A,y„-(-A)~/(x„,  y„), 

which  vanishes  for  A  =  ft  =  0,  keeps  the  same  sign  for  all  other  sets 
of  values  of  the  increments  h  and  k  which  are  each  less  than  i;  in 
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absolute  value.  CoDsidering  y  for  the  moment  as  conetaDt  and 
equal  tu  «/„.  z  becomes  a  function  of  the  single  variable  x ;  and,  by 
the  above,  tbe  difference 

cannot  keep  the  same  sign  for  small  values  of  h  unless  the  deriva- 
tive df/cx  vanishes  at  the  point  M^.  Likewise,  the  derivative  if/dy 
must  vanish  at  M^  \  and  it  is  apparent  that  the  only  possible  seta  of 
ralaes  of  x  and  y  which  can  render  the  function  ^'(■'^t  y)  an  extre- 
mum  are  to  be  found  among  ttie  solutions  of  the  two  simultaneous 
equations 

8y 


^  =  0, 


Let  x  =  Xg,  y  =  yo  be  a  set  of  solutions  of  these  two  equations. 
We  shall  suppose  that  the  second  partial  derivatives  of  f{x,  y)  do 
not  all  vanish  simultaneously  at  the  point  W„  whose  cofirdinates 
*•*  (^01  yo)i  ^"d  that  they,  together  with  the  third  derivatives,  are 
all  continuous  near  3/„.     Then  we  have,  from  Taylor's  expansion, 


=/(' 


(23) 


+  4,  y,  +  t)  - 
('/i'f{+24* 


A'.,  a.) 


^m^ 


»A) 


We  can  foresee  tliat  the  expressioti 


M 


2AA 


+  i' 


ay 


will,  in  general,  dominate  the  whole  discussion. 

In  order  that  there  be  an  extremum  at  Mo  it  is  necessary  and 
sufficient  that  the  difference  A  should  Iiave  the  same  sign  when  the 
point  (jco  +  A,  I/O  +  fe)  lies  anywhere  inside  a  sufficiently  small  square 
drawn  about  the  point  Ma  aa  center,  except  at  the  center,  where 
A  =  0,  Hence  A  must  also  have  the  same  sign  when  the  point 
(xt  +  A,  j/o  +  A)  lies  anywhere  inside  a  sufficiently  small  circle  whose 
center  is  Ma;  for  such  a  square  may  always  be  replaced  by  its 
inscribed  circle,  and  conversely.  Then  let  C  be  a  circle  of  radius 
r  drawn  about  the  point  Mo  ^  center.  All  the  points  inside  this 
circle  are  given  by 
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where  ^  is  to  vary  from  0  to  2  tt,  and  p  from  —  r  to  -f  ^.  We  might, 
indeed,  restrict  p  to  positive  values,  but  it  is  better  in  what  follows 
not  to  introduce  this  restriction.  Making  this  substitution,  the 
expression  for  A  becomes 

A  =  ^  M  cos*  <^  -f  2  5  sin  <^  cos  <^  -f  C  sin«6)  +  ^  i^, 
where 

and  where  Z  is  a  function  whose  extended  expressidn  it  would  be 
useless  to  write  out,  but  which  remains  finite  near  the  point  {xqj  i/q). 
It  now  becomes  necessary  to  distinguish  several  cases  according  to 
the  sign  ofB^-A  C. 

First  case.   Let  B^  —  AC  >0.     Then  the  equation 

A  cos^tfi  -f  2  5  sin  <^  cos  <fi  -\-  C  sin*<^  =  0 

has  two  real  roots  in  tan  <^,  and  the  first  member  is  the  difference 
of  two  squai'es.     Hence  we  may  write 

2  8 

A  =  ^  [a  (a  cos  <^  -f  *  sin  <^)«  -  /?(a'cos  <f>  -f  ^'sin  <^)«]  4-  ^  /., 
Z  o 

where 

a  >  0,         P>Oy         ab'-  ba'  ^  0. 

If  <^  be  given  a  value  which  satisfies  the  equation 

a  cos  <^  -f  ^  sin  <^  =  0, 

A  will  be  negative  for  sufficiently  small  values  of  p ;  while,  if  <^  be 
such  that  a'cos<^  -f-  6'sin<^  =  0,  A  will  be  positive  for  infinitesimal 
values  of  p.  Hence  no  number  r  can  be  found  such  that  the  differ- 
ence A  has  the  same  sign  for  any  value  of  <^  when  p  is  less  than  r. 
It  follows  that  the  function  /(x,  y)  has  neither  a  maximum  nor  a 
minimum  for  x  =  Xq,  y  =  yo. 

Second  case.    Let  J5'  —  ^  C  <  0.     The  expression 

A  cos'*^*^  4-  2  B  cos<^  sin<^  -f  C  8in*<^ 

cannot  vanish  for  any  value  of  <^.  Let  m  be  a  lower  limit  of  its 
absolute  value,  and,  moreover,  let  //  be  an  upper  limit  of  the  abso- 
lute value  of  the  function  L  in  a  cii'cle  of  radius  U  about  (xq,  ^o)  &8 
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center.  Finally,  let  r  denote  a  positive  number  leas  than  R  and  less 
than  3  m/  H.  Then  inside  a  ».^il■cle  of  ratlins  r  the  difference  A  will 
have  the  same  sign  as  the  (joeth(;ient  of  p^,  i.e.  the  same  sign  as  A 
or  C,  Hence  the  function  f(x,  y)  baa  either  a  maxiimiui  or  a  mini- 
mum for  X  =  Xa,  y  ~  l/a. 

To  recapitulate,  if  at  the  point  (xg,  y^)  we  have 


there  is  neither  a  maximum  nor  a  minimum.     But  if 


there  is  either  a  masimuin  or  a  minimum,  depending  on  the  sign  of 
the  two  derivatives  c'f/drl,  (^//Sf/J.  Thern  is  a  maximum  if  these 
derivatives  are  negative,  a  minimum  if  they  are  positive. 

57.  The  ambiguous  case.  The  caae  where  B*  ^  AC  =  0  is  not  cov- 
ered by  the  preceding  discussion.  The  geometrical  interpretation 
shows  why  there  should  be  ditliculty  in  this  case.  Let  A'  be  the 
gnrface  represented  by  the  equation  x=f(x,y).  If  the  function 
f{x,  y)  has  a  maximum  or  a  minimum  at  the  point  {x„,  y„),  near 
which  the  function  and  its  derivatives  are  continuous,  we  must  have 


Sx, 


=  0, 


which  shows  that  the  tangent  plane  to  the  surface  S  at  the  point 
Wo,  whose  coordinates  are  (Xg,  y^,  So)i  must  be  parallel  to  the  ry 
plane.  In  order  that  tliere  should  be  a  maximum  or  a  minimum  it 
is  also  necessary  that  the  surface  .S',  near  the  point  Mt,,  should  lie 
entirely  on  one  side  of  the  tangent  plane  ;  hence  we  are  led  to  study 
the  behavior  of  a  surface  with  respect  to  its  tangent  plane  near  the 
point  of  tangency. 

Let  us  suppose  that  the  point  of  tangency  ha.s  been  moved  to  the 
origin  and  that  the  tangent  plane  is  the  xy  plane.  Then  the  equa- 
tion of  the  surface  is  of  tiie  form 

(24)     z  =  ax*+  2bxy  -(-  <-y>  -|-  ax*  +  3px'y  +  3yxy''  +  &y', 

where  a,  b,  n  are  constants,  and  where  a,  0,  y,  S  are  functions  of  x 
and  y  which  remain  finite  when  x  and  y  approach  zero.  This  equa- 
tion is  essentially  the  same  as  equation  (19),  where  x„  and  yo  have 
been  replaced  by  zeros,  and  A  and  t  by  x  and  y,  respectively. 


H 


[m.  5  6- 

In  order  to  see  whether  or  not  the  surface  S  lies  entirely  on 
one  side  of  the  3^1/  plane  near  the  origin,  it  is  sufficient  to  study  the 
section  of  the  surface  Ijy  th&t  plane.  This  section  is  given  by  the 
equation 

(25)  ax^  +  2bxy  +  ey^  +  ax'  +  ■■  ■  =  0; 

hence  it  has  a  double  point  at  the  origin  of  coordinates.  li  b*  —  ae 
is  negative,  the  origin  is  an  isolate  double  point  (§  53),  and  the 
eiination  (26)  has  no  solution  except  9;  =  //  =  0,  when  tlie  point 
(i,  y)  lies  inside  a  circle  C  of  sufficiently  sihaU  radius  r  drawn 
about  the  origiji  as  center.  The  left-hand  side  of  the  equation  (25) 
keeps  the  same  sign  as  long  as  the  point  (x,  y)  remains  inside  this 
circle,  and  all  the  points  of  the  surface  S  which  project  into  the 
interior  of  the  circle  C  are  on  the  same  side  of  the  xy  plane  except 
the  origin  itself.  In  this  case  there  is  an  extremuni,  and  the  por- 
tion of  the  surface  S  near  the  origin  resembles  a  portion  of  a  sphere 
or  an  ellipsoid. 

If  b^  —  ao  0,  the  intersection  of  the  surface  S  by  its  tangent 
plane  has  two  distinct  branches  C\,  C,  which  pass  through  the 
origin,  and  the  tangents  to  these  two  Lrauiihcs  are  given  by  the 
equation 

ox«  +  2fi:Ey+cy»  =  0. 

Let  the  point  (x,  y)  be  allowed  to  move  about  in  the  neighborhood 
of  the  origin.  As  it  crosses  either  of  the  two  branches  Ci,  C'„  the 
left-hand  side  of  the  ei^uation  (25)  vanishes  and  changes  sign. 
Hence,  assigning  to  each  region  of  the  plane  in  the  neighborhood 
of  the  origin  the  sign  of  the  left-hand  side  of  the  equation  (25),  we 
find  a  configuration  similar  to  Fig.  7.  Among  the  points  of  the 
surface  which  project  into  points  inside  a  circle  about  the  origin  in 
the  xy  plane  there  are  always  some  which 
lie  below  and  some  which  lie  above  the 
xy  plane,  no  matter  how  small  the  circle 
be  taken.  The  general  aspect  of  the  sur- 
face at  this  point  with  respect  to  its  tan- 
gent plane  resembles  that  of  an  unparted 
hyperboloid  or  an  hyperbolic  paraboloid. 
Tlie  function  f(x,  y)  has  neither  a  maxi- 
^■"■'^  mum  nor  a  minimum  at  the  origin. 

The  case  where  h*  —  ac  =  0  is  the  case  in  which  the  curve  of 
intersection  of  the  surface  by  its  tangent  plane  has  a  cusp  at  the 
origin.    We  will  postpone  the  detailed  discussion  of  this  case.    If  the 


J 
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intersection  is  composed  of  two  diatinpt  branches  through  the  origin, 
there  can  be  no  extremum,  for  the  surface  again  cuts  the  tangent 
plane.  If  the  origin  is  an  isolated  double  point,  the  function  f{x,  y) 
has  an  extremuui  for  j;  =  y  =  0.  It  may  also  happen  that  the  inter- 
section of  the  sui-face  with  its  tangent  plane  is  composed  of  two 
coincident  branches.  For  example,  the  surface  s  =  y'  —  2  x'y  -|-  x* 
is  tangent  to  the  plane  z  =  0  all  along  the  parabola  y  =  x'.  The 
function  y*  —  2  x^y  +  x*  is  zero  at  every  point  on  this  parabola,  l>ut  ia 
positive  for  all  points  near  the  origin  whieh  are  not  on  the  parabola. 

18.  In  order  to  Bee  which  of  these  coses  hoUlR  in  a  given  example  it  is  neces- 
■aiy  to  take  into  account  the  derirativos  of  the  third  and  fourth  ordet^  and  Bonie- 
times  derivatives  of  still  higher  order.  The  foUnwing  discussioa,  which  isuBually 
sufficient  hi  practice,  is  applicable  only  in  the  Jiiost  general  coseB.  When 
6*  —  ac  =  0  the  eiiuntlon  of  tlie  siirfftce  may  bf  written  in  the  following  fonu 
by  unng  Taylor's  development  to  terms  of  the  fourth  order; 


(28) 


=  /ix,y)  =  A{;r., 


.  24  \    Si  dy  /  „ 


Let  us  Bnppoae,  for  deRnileneAs,  that  A  in  pii»ilive.  In  order  that  the  surface  S 
should  lie  entirely  lui  one  side  of  the  xy  piano  near  the  origin,  it  Ib  necessary  that 
all  the  curves  of  intersection  of  the  surface  by  planes  through  the  t  axis  should 
e  side  of  the  xy  plime  near  the  origin.  But  it  the  surface  be  cut 
by  t2ie  secant  plane 


If  K  =  0  toT  the  latter  eiibatitntion,  we  would  carry  the  developuent  out  to 
temiB  of  the  foortli  order,  and  ne  would  obtain  an  expression  of  the  form 

where  Ki  is  a  conBtant  which  may  be  readily  calcnlated  from  the  derivativea  of 
the  fourth  order.  We  shall  suppose  that  Ki  is  not  zero.  For  Infinitesimal  val- 
ues of  p.  z  has  the  samu  sign  an  &'[ ;  if  Ki  is  negative,  the  section  in  question  lies 
beneath  the  xy  plane  near  the  origin,  and  again  there  is  neither  a  maximum  nor 
a  minimum.  Such  is  the  case,  for  example,  for  the  surface  z  =  v'  —  z*,  whose 
intersection  with  the  ty  plane  coxisists  of  the  two  parabolas  y  —  ±x^.  Hence, 
unless  £  =  0  and  A'l  >0  at  the  aame  time,  it  is  evidently  useless  to  carry  the 
investigaliuD  farther,  for  we  may  conclude  at  once  that  the  surface  crosses  iia 
tangent  plane  near  the  origin. 

But  \f  K  =  fS  and  Ki>0  at  the  same  time,  all  the  sections  made  by  planes 
through  the  z  axis  lie  above  the  xy  plane  near  the  origin.  But  that  does  not 
shiiw  conclusively  ihat  the  surface  does  not  cross  its  langenl  plane,  as  is  seen 
by  considering  the  particular  surface 

2  =  („  -  1=)  (J  -  2 1^, 
which  cuts  its  tangent  plane  in  two  parabolas,  one  of  which  lies  inside  the  other. 
In  order  that  the  surf  ace  should  not  cross  its  tangent  plane  it  is  alsu  necessary 
that  the  section  of  the  surfaca  made  by  any  cylinder  whatever  which  pasBCS 
through  the  2  axis  should  lie  whully  above  the  xy  plane.  Let  y  =  *  (/)  be  the 
equation  of  the  trace  of  this  cylinder  upon  the  xy  plane,  where  ^  {x)  vanishes  for 
2  =  0.  The  function  F(/)  =/[x,  «(i)]  must  he  at  a  minimum  furx  =  0,  what- 
ever t>e  the  function  ^(x).  In  order  to  simplify  the  cakulatiuji  we  will  suppose 
Ihat  the  axes  have  been  so  chosen  that  the  equation  of  the  surface  is  of  the  form 
z  =  Ayi  +  i^(z,v)+---, 


where  A  la  positlv 

.     With  this  system  of 

axes  we  have 
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from  which,  for : 


/  =  0,  we  obtain 
F'{0)  =  0,         F"(0)  = 


If  «'(0)  does  not  vmniRb,  the  function  F{x)  has  a  mlnimuQi,  as  is  alao  sppuent 
from  tlie  previous  discussion.     But  If  0'[O)  =  0,  we  find  Ike  formule 


rifc'"'»>  +  =i5[»"«I'- 


Hence,  in  order  that  F[x)  be  i 

kod  tliat  Ihe  tallowing  quadratic  form 


I,  it  is  neceBsary  that  d'f/cXg  vanish 


d4      ^^, 


*"(0)  +  3  ^  [*"(0)]«, 


be  positive  for  all  values  of  p"{0). 

ii  Is  eony  to  Btiow  that  tliese  conditions  are  not  BStlsHed  for  the  above  function 
t  =  y  —  Sx'v  +  2z<,  but  that  they  are  satisfied  for  the  function  z  =  y^  +  x*. 
It  Ib  evident,  in  fact,  that  the  latter  surface  lias  entirely  above  the  xy  plane. 

We  shall  not  attempt  tii  carry  the  discussion  farther,  for  it  requires  extremely 
nice  reasoning  to  render  it  absolutely  rigorous.  The  reader  who  wishes  to  exam- 
ine the  subject  in  greater  detail  is  referred  to  an  important  memoir  by  Ludwig 
ScbeSei^  in  Vol.  XXXV  of  the  Matiiematiiche  AnaaUti. 

39.  Functions  of  three  variables.  Let  u  =f{x,  y,  z)  be  a  continuous 
function  of  tlie  three  variables  x,  ij,  z.  Then,  as  before,  this  func- 
tion ia  said  to  have  ati  extreiniiin  (masimum  or  minimum)  for  a  set 
of  values  Xq,  //„,  Sq  if  a  positive  number  ij  can  be  fonnd  so  small 
that  the  difference 

^  =/(3-«  +  h  >Jo  +  k,z,  +  r)  -/{x„  y„,  x„). 
which  vanishes  for  A  =  i  =  i  =  0,  has  the  same  sign  for  all  other 
sets  of  values  of  h,  k,  I,  each  of  which  is  less  in  absolute  valtie 
than  7.  If  only  one  of  the  variables  3:,  ;/,  z  is  given  an  increment, 
while  the  other  two  arc  regarded  as  constants,  we  lind,  as  above, 
that  u  cannot  be  at  an  extremum  unless  the  equations 

t;x^ 

are  all  satisfied,  provided,  of  course,  that  these  derivatives  are  con- 
tinuous near  the  point  {,x„,  >j,„  z„).  Let  us  now  suppose  that  x„,  t/„,  z^ 
are  a  set  of  solutions  of  these  equations,  and  let  M„  be  the  point 
whose  coordinates  are  a-,,,  »/,,,  s,,.  There  will  be  an  extremum  if  a 
sphere  can  be  drawn  about  M^  so  small  that  f{x,  y,  x)  —  f(x„  Uas  "^ 


=  0. 
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has  the  same  sign  for  all  points  {x,  y,  z)  except  M^  inside  the  sphere. 
Let  the  foftrdiiiates  of  a  neighboring  point  be  represented  by  the 
equations 

x  =  x„  +  pa,         p  =  'Jii  +  pfi>         «  =  «!>  +  py, 

where  a,  0,  y  satisfy  the  relation  a*  +  (S"  +  y*  =  1 ;  and  let  us  replace 
X  —  Xo,  1/  —  ffo,  ^  —  =11  ill  Taylor's  expansion  of  f(x,  y,  e)  by  p,t,  pp, 
py,  respectively.     This  gives  tlie  following  expression  for  A  : 

where  <^(a,  ft  y)  denotes  a  quadratic  form  in  a,  j8,  y  whose  coeffi- 
cients are  the  second  derivatives  of  f(x,  y,  s),  and  where  i,  is  a 
function  which  remains  finit«  near  the  point  M„.  The  quadratic 
form  may  be  exjiressed  as  the  sum  of  the  squares  of  three  distinct 
linear  functions  of  a,  /i,  y,  say  /',  /",  P",  multiplied  by  certain  con- 
stant factors  a,  a',  a",  except  in  the  particular  case  when  the  dis- 
criminant of  the  form  is  zero.     Hence  we  may  write,  in  general, 

*{Lt,  /3,  y)  =  aP'  +  a-P"  +  a" P"\ 

where  a,  a',  a"  are  all  different  from  zero.  If  the  coefficients  a,  a',  a" 
have  the  same  sign,  the  absolute  value  of  the  quadratic  forni'^  will 
remain  greater  than  a  certain  lower  limit  when  the  poiut  a,  ji.  y 
describes  the  sphere 

a'  +  P'  +  y'^l, 

and  accordingly  A  has  the  same  sign  as  a,  a',  a"  when  p  is  less  than 
a  certain  number      Hence  the  function /(a:,  i/,  z)  has  an  extremum. 

If  the  three  coefficients  ",  «',  a"  do  not  all  have  the  same  sign, 
there  will  be  neither  a  maximum  nor  a  minimum.  Suppose,  for 
example,  that  a  >0,  a'<  0,  and  let  us  take  values  of  a,  ,8,  y  which 
satisfy  the  equations  /''  =  0,  /*"  =  0.  These  values  cannot  cause  P 
to  vanish,  and  A  will  be  positive  for  small  values  of  p.  But  if,  on 
the  other  hand,  values  l>e  taken  for  a,  ft  y  which  satisfy  the  equa- 
tions P  =  0,  /"'  =  0,  A  will  be  negative  for  small  values  of  p. 

The  method  ia  the  same  for  any  number  of  independent  variables  ; 
the  discussion  of  a  certain  qua<lratic  form  always  plays  the  prin- 
cipal role.  In  the  case  of  a  function  v.  =  f(x,  y,  s)  of  only  three 
independent  variables  it  may  be  noticed  that  the  discussion  is 
equivalent  to  the  discussion  of  the  nature  of  a  surface  near  a  singu- 
lar point.     For  consider  a  surface  S  whose  equation  is 
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tliis  aurftice  evidently  passes  thrnugh  the  point  ^f„  wliase  codrdi- 
nates  are  (^r^,  ^g,  2,,^  and  if  the  function  /(.r,  //,  z)  has  an  tixtremum 
thei'e,  the  prjiut  -l/„  is  a  singular  point  of  2.  Hence,  if  the  cone  of 
tangents  at  Mi,  is  imaginary,  it  is  clear  that  F(j-,  1/,  z)  wiil  keep  the 
same  sign  iflaide  a  sufficiently  small  sphere  about  M„  as  center,  and 
/{x,  >j,  z)  will  surely  have  a  niasinmm  or  a  minimum.  Bui  if  the 
(»ne  of  tangents  is  real,  or  is  composed  of  two  real  distinct  planes, 
several  nappes  of  the  surface  pass  through  M„,  and  F(j:,  y,  x) 
changes  sign  as  the  point  {x,  y,  z)  crosses  one  of  these  nappes. 


,  Distance  friHn  b  poiDt  to  ■  surface.    Let  us  try  to  Und  tlie  maximum  and  the 
11  values  of  tbe  <list:mce  friini  a  flxeil  point  (a,  b,c)\aa  surface  8  whose 
equaliofl  is  F(z,  y,  z)  =  0.     The  square  of  this  distanoo, 


is  a  function  of  two  iudepeniletil  variablCB  only,  —  z  and  y,  for  example,  if  2  be 
considered  as  a  function  of  x  and  y  defined  by  Ihe  oqualion  F=  0.  In  order 
that  u  be  at  an  eitremum  for  a  point  {z,  y,  g)  of  the  surface,  wo  must  Iwve,  for 
the  Godrdlnales  of  that  point. 


2  £x  ex 

2  dy  iy 

Vfe  find,  in  addition,  from  the  equation  F  =  0,  the  relations 
SF  .BFBt_^     0F      PFe«_|j 
ex       riz   Sx        '     ?!/       Bz   cy        ' 
vbence  the  preceding  equations  talte  tbe  form 

z-a_y-b_z~c 


dy 


dz 


This  shows  thai  tlie  normal  to  tlie  surface  S  at  the  point  (x,  y.  z)  passes  through 
Uie  point  (a,  b,  r).  Hence,  omitting  the  singular  points  of  tlit  mirface  S,  the 
polnia  sought  for  are  the  feet  of  normals  let  fall  from  the  point  (a,  b,  c)  upon  the 
Mir&ce  S.  In  order  to  see  whether  such  a  point  actually  corresponds  to  a  maxi- 
mum or  to  a  minimum,  let  us  take  the  point  as  origin  and  the  laugent  plane  as 
tbezvplane,  so  tliat  tbe  given  point  shall  lie  upon  the  axis  of  z.  Then  the  func- 
tion to  be  studied  has  the  form 

u  =  z»  +  I^  +  (i  -  c)", 
where  z  is  a  function  of  x  and  ^  which,  together  with  both  its  flrst  derivaiives, 
Tiniithes  tor  z  =  ^  =  0.     Denoting  the  second  partial  derivatives  of  (  by  r,  ■,  I, 
WB  have,  at  tlic  origin. 


=  2(1 -cr), 


)-^  =  2{l-ct). 
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and  it  only  remuns  to  study  tbe  polynomial 

&{c)  =  <^i'-{l~a'){l-ct)  =  e'{fi-rt)  +  {r+t)e-  1. 

The  roots  of  the  equation  ^{c)  =  0  aro  tUways  real  by  virtue  of  the  identily 
(r  +  ()>  +  4  (i'  -  rt)  =  4  i'  +  {r  -  I)'.  There  are  now  several  caac*  which  must 
be  distinguished  according  to  the  sign  of  S^  —  rt. 

Firit  cage.  Let  «^  -  r(  <  0.  The  two  roots  Ci  and  d  of  the  equation  4(c)  =  0 
have  the  same  sign,  and  we  may  write  A  (c)  =  (i*  -  rt)  (c  —  C|)  (c  —  c,).  Lei  ua 
now  mark  the  two  points  Ai  and  A±  of  the  x  axis  whose  cojirdlnates  are  ci  and  c,. 
These  two  points  lie  on  the  same  aide  of  the  origin  ;  and  if  we  suppose,  as  is 
always  allowable,  that  r  and  (  are  positive,  tliey  lie  on  the  positive  part  of  the 
z  axis.  If  the  given  point  A  {Q,  0,  c)  lies  oatside  the  seguient  A^A^,  A(c)  ia 
negative,  and  the  distance  OA  ia  a  maximum  or  a  minimum.  In  order  to  see 
which  of  the  two  it  Is  we  must  consider  the  sign  of  1  —  cr,  Tliia  coefficient 
does  not  vanish  except  when  c  =  1/r ;  and  this  value  of  c  lies  between  ci  and  cj, 
since  4(l/r)  =  rf'/r'.  But,  for  c  =  0,  1  -  er  ia  positive;  hence  1  -  cr  is  posi- 
tive, and  the  distance  OA  is  a  miniiuum  If  tbe  point  A  and  the  origin  lie  on 
the  same  aide  oC  tlie  segment  AiAj.  On  the  other  band,  tbe  distance  OA  is  a 
maximum  if  the  point  A  and  the  origin  lie  on  different  sides  of  that  segment. 
Wiien  the  point  A  lies  between  Ai  and  Aj  tlie  distance  is  neither  a  minimuin 
nor  a  mozimum.  The  case  where  A  lies  at  one  of  the  points  Ai,  A^  is  left  in 
doubt. 

Second  cote.  Let  s>  —  rt  >  0.  One  of  the  two  roots  ci  and  Ct  of  A(e)  =  0  ia 
positive  and  the  other  is  negative,  and  the  origin  lies  between  the  two  points 
A(  and  At-  If  the  point  A  does  not  lie  between  Ai  and  Xg,  A(c}  in  positive 
and  there  is  neiliier  a  maximum  nor  a  minimum.  If  A  lies  between  Ai  and 
As,  A(c)  ia  negative,  1  -  cr  is  positive,  and  hence  the  distance  OA  isamlnimuii'. 

Third  ease.  Let  s»  -  r(  =  0.  Then  4((')  =  (r  +  ()  (c  -  d,),  and  it  is  eaaily 
seen,  as  above,  that  tbe  distance  OA  U  a  minimum  if  the  point  A  and  the  origin 
lie  on  the  same  aide  of  Che  point  Ay.  whose  cotlrdinates  arc  (0,  0,  C|),  and  that 
there  is  neither  a  maximum  noi  a  minimum  if  the  point  .^i  lies  between  the  point 
j4  and  the  origin. 

The  points  Ai  and  A,  are  of  fundamental  importance  in  the  study  of  curva- 
ture ;  they  are  the  privxipnl  centers  of  cvniXLuTe  of  the  aurface  S  at  the  point  0. 

61.  Haxiiiia  and  minima  of  implicit  functlone.  We  often  need  to  tind 
the  tuaxima  and  laininia  of  a  function  of  several  variables  which 
are  connected  by  one  or  more  relations.  Let  ua  consider,  for 
example,  a  function  <o  =f(x,  y,  z,  u)  of  the  four  variables  x,  y,  «,  u, 
whioh  themselves  satisfy  the  two  equations 

Mx,y,z,u)=Q,         Mx,y,^.u)  =  0. 
For  definiteness,  let  us  think  of  x  and  y  as  the  independent  vari- 
ables, and  of  X  and  u  as  funotiona  of  x  and  y  defined  by  these  equa- 
tions.    Then  the  necessary  conditions  that  u  have  an  extremum  are 


J 
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Sx      8s  dx      du  dx 


and  the  partial  derivatives  dz  f 

by  tlie  tblations 


dx  dy      du  dy 


dy       dx  di/  ■    du  dy         '  dy       da  dy       ou  dy 

The  elimination  of  dz/dx,  du/dx,  dsjdy,  du/dy  leads  to  the  new 
equations  of  condition 

whirh,  together  with  the  relations  /,  =  0,  /,  =  0,  determine  the  val- 
ues of  X,  y,  s,  u,  which  may  correspond  to  extrema.  Hiit  the  equa- 
tions (27)  express  the  condition  that  we  can  find  values  of  A  and  /» 
which  satisfy  the  equations 


-0, 

du  Oz        "^  Cz 


df        df. 
By  cy 


»/, 


=  0, 


=  0; 


hence  the  two  equations  (27)  may  be  replaced  by  the  four  pquatioos 
(28),  where  A  and  ^  are  unknown  auxiliary  functions. 

The  proof  of  the  general  theorem  is  self-evident,  and  we  may 
state  the  foUowing  practical  rule : 

Giveti  a  function 

A'x. '..■■■,':) 

of  a  variables,  connected  hy  h  distinct  relations 

^,  =  0,  *,  =  0,  -  ■  ■ ,  -^t  =  0 ; 

t'n  order  to  find  the  I'olues  of  x,,  x^,  ■  ■  ■ , 
fiinetion  an  extretnum  u>e  Tnust  equate  to  n 
of  the  auxiliary  function 


,  whieh   may  render  this 
■0  the  partial  derivatives 


reyardiny  Xi,  A-, 


,  A,  I'  eonntanls. 
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6S.  Anotbet  exampla.  We  Hhall  now  take  up  another  example,  where  the  inini- 
mnm  is  not  necesBarily  given  hy  equating  the  partial  ileriraliveii  to  zero.  Given 
a  triangle  ABC:  let  ua  try  di  find  a  point  F  of  tlie  plaue  for  wliicli  the  sum 
PA  +  PB  +  PC  ot  the  tliatancea  from  P  to  the  vertices  of  the  triangle  is  a 
minimum.  Let  (ai,  bi),  (dg,  bt),  {at,  bi)  be  respectively  the  coijrdimites  of  the 
vertices.!,  B,  C  referred  to  a  system  of  rectangular  coordinatca.  Then  the  func- 
tion whose  mliiimani  Is  souglit  is 


(20) 


=  V{i-a,)»  +  (y-6i)'+V(i  -  Os)"  +  {y-  6,)"-l-V(i  -  a,)"  +  (y  -  6,)", 


where  each  of  the  three  radicals  is  to  be  taken  with  the  punitive  aign.  This  equa- 
tion (29)  represeDts  a  surface  8  which  is  evidently  eiitinly  above  the  eg  plane, 
and  tlie  wliole  question  reduces  to  that  of  finding  the  point  on  tliis  surface  which 
is  nearest  the  ty  plaue.     From  the  relation  (2U)  we  find 


■^{l  -  ait'  +  (tf  -  bi)'      V(z  -  a,)!  +  (y-  W*      V(i  -  a,)'  +  (y  ~  6,)"' 


^      V(i-ai)>-Kj/-i.,p      Viz  -  03)=  -!-{-/-  baj^      ^(2  -  usfJ  +  (y  -  6»)> 

and  It  is  evident  that  these  derivatives  are  continuous,  except  in  the  neighbor- 
hood of  the  points  A,  B,  G,  wlicie  they  become  indeiemiinalf .  Tlie  sarface  S, 
therefore,  has  three  singular  points  which  project  into  the  verlJces  of  the  given 
triangle.  The  minimum  of  i  U  given  by  a  point  on  the  Kurface  where  the  tan- 
gent piano  ia  parallel  to  tlie  ^y  ]>lane,  or  else  by  one  ot  Ihesu  singular  point*.  In 
order  to  solve  the  equaUons  cz/cx  =  0,  fz/cy  =  <},  let  us  write  them  in  the 

z  —  a,  I  —  Oj  _  a  —  n, 


V(x  -  a,)=  +  (y-  l-iy'      V(x  -  a,)*  +{y~  6,)^ 
y-b,                _^                 u-b. 

V(7- 

-  ",)■'  +  (y 
y-b. 

-6.)' 

V(i  -  a,)"  +  {i*  -  6i)»      V(i  -  Oaf  +  (j,  -  6,)^ 

V,. 

-  "3)'  +  (1/ 

-6.)» 

Then  squaring  and  adding,  we  find  the  condition 

,                  (i-OiKz-  0.)  +  ([^  -  6i)  (y 

-6.) 

— -0. 

V{i  -  oO'  +  (y-  hi"  V{£  ~  aiY'  +  {y  -  6s)> 

The  geometrical  interpretAtion  of  this  result  Is  easy :  denoting  by  n  and  ^  the 

Misiiies  ot  the  angles  which  the  direction  PA  miikea  with  the  axes  of  x  and  y, 

eapeclively,  and  by  ct'  and  ^  the  cosines  of  the  angles  which  PB  makes  with  the 

lame  axes,  we  may  write  this  last  condition  in  the  form 


f2(.T. 


^m  =  f>. 


or,  denoting  the  angle  APB  by  ui 


Hence  the  condition  in  question  expresses  that  the  segment  AB  subtends  an 
angle  of  12(P  at  the  point  P.  For  the  same  reason  each  of  the  angles  BPC  and 
CPA  must  be  120°.«     It  is  clear  that  the  point  P  miwt  lie  Inside  the  triangle 
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ABC,  and  that  there  is  no  pnint  which  poaseRses  Iho  required  property  if  any 
ajigle  of  the  triangle  A  BC  in  lijuaI  lo  or  greater  than  120°.  la  case  none  of  the 
aiiglea  is  as  great  as  120°,  the  point  P  is  uniquely  determined  by  an  easy  eon- 
■iruction,  as  the  Inteniectioii  of  tno  circles.  In  this  case  the  minimum  is  given 
by  the  point  P  or  by  one  of  tlie  vertices  of  the  triangle.  But  it  is  easy  to  bIiow 
that  the  sum  PA  +  PB  +  PC  is  less  than  the  sum  of  two  of  the  sides  of  the  tri- 
angle. For,  since  the  angles  JPit  and  APC  are  each  120°,  we  find,  from  the 
two  tnuiglea  PA  C  and  PBA ,  the  [urmulee 


=  Va«  +  5i 


■ab,         AC=  Vq"  +  c* 
But  it  is  evident  that 


AB  +  AOa-^b  +  c. 
The  point  P  therefore  actually  corresponds  to  a  minlmam. 

When  one  of  the  angles  of  the  triangle  ABC  is  ei|U(il  In  or  greater  lliiin  120° 
there  exists  no  point  at  which  each  iif  thu  biden  uf  ihe  trlanele  A  BC  subtends  an 
uigle  of  ISV,  and  hence  the  surface  8  haa  no  tangent  plane  wtiith  is  parallel  lo 
the  ay  plane.  In  this  case  the  uiiniraum  must  be  given  by  one  of  Ibo  verticwof 
d  it  is  evident,  in  fact,  tliat  thiH  Is  the  vertex  of  the  obtuse  angle. 
It  is  easy  to  verify  this  fact  geometrically. 


the  two  variables 


6>.  D'AlmlMrt'B  theorem.    lx:t  f(i, ;/)  be  a  polyi 
I  and  J/  uraoged  icito  houiogeneous  groups  of  ascending  order 

■H  *p(-c,  B)  +  *,.  +  i  (I,  V)  +  ■  ■■  +  *-(2.  V), 
where  His  a  coristant.  I(  the  equation  (6,,(j:,  y)  =i  0,  considered  as  an  equation 
In  s/x,  has  a  simple  root,  the  function  F{x,  y)  cannot  have  a  maximum  or  a  mini- 
D  for  j;  =  V  =  0.  For  it  results  from  the  diBcUBoion  above  that  there  exist  sec- 
tions of  the  surface  t  +  U  =  F{x,  y)  made  by  planes  through  the  x  axis,  some 
of  which  lie  above  the  xg  piano  and  others  below  it  near  the  origin.  From  this 
remark  a  demonstration  of  d'Alembert's  theorem  may  be  deduced.  For,  let/(2) 
be  an  integral  polynomial  of  degree  m, 

f{t)  =  Ao  +  Aiz  +  Ajz^  +  -  ■ .  +  ^^z-, 

wherE  the  coefficients  are  entirely  arbitrary.     In  order  to  separate  the  real  and 
i  imginary  parts  lul  us  write  this  in  the  form 

/{x  +  iv)  =  aa  +  S>a  +  (Qi  +  '"''i)  (i  +  'i/)  +    ■    +  (u„  -t-  ibj)  (i  +  iy)-, 
where  oo,  6o.  "i,  6[,  •  ■  ■ .  a™,  6m  are  real.    We  liave  then 

fU)  =  P+iQ, 
where  P  and  Q  have  the  following  meanings: 

P  =  Ob  +  aiz  -  hiv  -i , 

Q  =  bo  +  biX+  a,]/  ■^ ; 
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Wa  will  first  show  that  |/(i)  | , 


vihM 


t  the  same  thing,  that 


P*  +  Q",  cannot  be  at  a  minimum  for  i  =  y  =  0  except  when  do  =  60  =  "■  ^'' 
this  purpose  we  shall  iiitrbduce  polar  uotirdinutes  p  and  4>,  and  we  shall  siipijos 
for  the  sake  of  getiurality,  that  the  llrst  cDelHcient  after  Ao  which  dues  in 
Tanlsh  is  Ap.     Then  we  may  wriu?  ilie  wjuatiouB 


P  =  *. 

«  =  60  +  (6/ 

where  the  terms  not 
But  the  equation 


(3p  cos  p«  - 


Dpf,)pP  + 


;Gn  down  &rv  of  dcgri'e  iiigher  than  p  with  respect  U 


(aoOp  +  6i,6p)cosp*  +  (60a,  -  Ooftp)  *'"?*  =  0 

gives  t»np^  =  jr,  which  determines  p  straight  lines  which  nre  separated  by 
angles  each  equal  ud  2nr/p.  It  is  therefore  impossibieby  the  above  remark,  that 
P"  +  Q*  should  have  a  minimum  for  *  =  v  =  0  unless  the  qnanlilies 


botbTanish.  Bat,  since  a'  +  t^  is  not  zero,  this  would  require  that  00  =  bg  =  0; 
Uiat  is,  that  the  real  and  the  imaginary  pans  of  /(z)  should  both  vanish  at  the 
origin. 

If  1/(1)  I  has  a  minimum  for  x  =  a,  y  =  p,  the  discussion  may  be  reduced  to 
the  preceding  by  setting  t  =  a  +  i^  +  z'.  It  follows  tlial  [/{i)  |  cannot  be  at  a 
minimum  unless  F  and  Q  vanish  sepitrately  for  x  =  a,  y  =  p. 

The  absolute  value  of  /(z)  must  pass  ilirough  a  mi[iimum  for  at  least  one 
value  of  z,  for  it  increases  Indefinitely  as  the  absolute  value  oC  z  increases  indefi- 
nitely.   In  fact,  wa  have 

P'+'?  =  K-H  61) <•"■  +  ■■■. 

«  of  degree  less  than  2m  In  f.    Thin  eigualion  may  he 

VP=  +  V  =  p"  ( Vai  +  6;  +  •), 

where  «  approacheH  i!ero  a«  p  iijcreafles  indefinitely.  Hence  a  circle  may  be 
drawn  whose  radiiis  it  is  so  large  that  the  value  of  •</ F"  +  Q*  is  greater  at  every 
point  of  the  circumference  than  it  is  at  llio  oriein,  for  example.  It  follows  that 
there  ia  at  least  one  point 


By  the  above  it  tol- 
of  the  two  curve! 
root  of  the  eqiiatiur 


inside  this  circle  for  which   vP>  +  Q'  ia  at 
lows  that  the  point  x  =  a,  y  =  p\sK  point  of  ii 
P  =  0,  Q  =  0,  which  amouniK  to  saying  tliat  z  =  a 
At)  =  0. 

In  this  example,  as  in  the  preceding,  we  have  assumed  that  a  function  of  the 
tvro  variables  z  and  y  which  ia  continuous  j[i  the  interior  of  a  limited  region 
actually  assumes  a  minimum  value  inside  or  on  the  boundary  of  that  region. 
This  is  a  statement  which  wilt  be  readily  granted,  and,  moreover,  it  will  be 
rigorously  demonstrated  a  little  lalar  (ChapWr  VI). 


I 


EXERCISES 

1.  Show  that  tha  number  fl,  which  i>ccvir8  in  Lagrange's  form  of  the  r»- 
mainder,  approaoliea  the  liuiic  1/(11  +  3)  as  A  approaches  zero,  provided  that 
/<."'>(a)  >s  not  zero. 

2.  Let  F{i)  be  a  determinant  ol  order  n,  all  of  whose  elements  are  funcUona 
of  z.  SIton  that  the  derivative  F'(x)  is  the  sum  of  the  n  determinants  ohtaJned 
by  replacing,  aucceaaiveiy,  all  of  the  eieinents  of  a  single  line  by  their  deriva- 
Uvea.     Slate  the  corresponding  theorem  (or  derivatives  o£  higher  order. 

3.  Find  Ihe  maximum  and  the  minimum  values  of  the  distance  from  a  fixed 
point  U>  a  plane  or  a  skew  curve  ;  butween  two  variable  points  on  two  ourvefi  j 
between  two  variable  polnta  on  two  surfaces. 

4.  The  points  of  a  surface  S  for  which  the  sum  of  the  square*  of  the  die- 
lanoes  from  n  fixed  points  Is  an  eitremum  are  the  feet  of  the  uurmalB  let  fall 
upon  the  surface  from  the  center  of  mean  distances  of  the  given  n  fixed  points. 

6.  Of  all  the  quadrilaterals  which  can  be  formed  from  four  given  sides,  that 
which  IB  inscriptibli^  in  a  circle  haa  the  greatest  area.  Slate  the  analogous 
theorem  for  polygons  of  it  Bides. 

6>  Find  the  raaxitoum  volume  of  a  reotaugular  paralleloplped  Inscribed  In 
40  elUpeoid. 

7.  Find  the  axes  of  a  central  quadrlc  from  the  consideration  tlist  the  vertlcei 
ue  the  points  from  which  the  distance  to  the  center  is  an  extremum. 

8.  Solve  the  analogous  problem  for  the  axes  of  a  central  section  of  an  ellipsoid. 

9.  Find  the  ellipse  of  minimum  area  which  passes  through  the  three  vertices 
ef  a  given  triangle,  and  the  ellipsoid  of  minimum  volume  which  passes  through 
the  four  vertices  of  a  given  tetrahedron. 

10.  Find  the  point  from  which  the  sum  of  the  dlatancea  to  two  given  straight 
tines  and  the  distance  to  a  given  point  it 


11.  Prove  the  following  formutn  : 
k)g(i  +  2)  =  2  log  («  +  1)  -  2  log  (/  - 


6)=     log  (a  +  4)  +  log  (I +  3 
+  log(*^ 


[Jos 


I  Bertband,] 


\_!i*  -  3x      SU' -  3x/       5\^-Sx/  S 


^L**-aSie'  +  72"''8W-26i"  +  72/  +  '"J 
[ILiKu's  Serieo.] 
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DEFINITE  INTEGRALS 
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I.   SPECIAL  MKTHOUS  OV  yUADRATURE 

64.  Quadrature  of  the  parabola.    The  deterniinatioD   of   the  area 

bounded  by  a  \i\aae  curve  is  a  probkm  which  has  always  engaged 
the  genius  of  geometricians.  Among  tlie  examples  which  have 
come  down  to  us  from  the  ancients  one  of  the  most  celebrated  is 
Archimedes'  quadrature  of  the  parabola.  We  shall  proceed  to 
indicate  his  method. 

Let  ua  try  to  find  the  area  bounded  by  the  arc  A  CB  of  a  parabola 
and  the  chord  Ali.  Draw. the  diameter  CD,  joining  the  middle 
point  D  oi  AB  to  the  point  C,  where  the  tangent  is  parallel  to  -^B. 
Connect  AC  and  HC,  and  let  K  and  E'  be  the  points  where  the 
tangent  is  parallel  to  BC  and 
AC,  respectively.  We  shall 
first  compare  the  area  of  the 
triangle  BRC,  for  instance, 
with  that  of  the  triangle  ABC. 
Draw  the  tjingent  ET,  which 
cuts  CD  at  T.  Draw  the  diam- 
eter EF,  which  cuts  CB  at  F; 
and,  finally,  draw  EK  and  FH 
parallel  to  the  chord  AD.  By 
an  elementary  property  of  tlie 
parabola  TC  =  CK.  Moreover, 
CT  =  EF  =  KH,  and  hence 
EF=Cn  12  =  CD/ 4.  The 
areaa  of  the  two  triangles  BCE 
and  TJ'V*,  since  they  have  the 
same  base  BC,  are  to  each  other  as  their  altitudes,  or  as  EF  is 
to  CD.  Hence  tlie  area  of  the  triangle  BCE  is  one  fourth  the  area 
of  the  triangle  BCD,  or  one  eighth  of  the  area  .S  of  the  triajigle  ABC. 
The  area  of  the  triangle  A  CE'  is  evidently  the  same.  Carrying  out 
the  same  process  upon  each  of  the  chords  BE,  CE,  CE',  E'A,  we 
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!  obtain  four  new  triangles,  the  area  of  each  of  which  ie  S/8*,  and  so 
forth.  The  nth  operation  gives  rise  to  2'  triangles,  each  having  the 
area  .S/8".  The  area  of  the  segment  of  the  parabola  is  evidently 
the  limit  approached  by  the  sum  of  the  areas  of  all  tliese  triangles 
1  increases  indefinitely  j  that  is,  the  sum  of  the  following  descend- 
ing geometrical  progression : 


.s 


s 


and  this  sum  is  4  S/3.  It  follows  that  the  required  area  is  equal  to 
two  lliirtls  of  the  area  of  a  parallelogram  whose  aides  are  A  I!  and  CD. 
Although  this  method  possesses  admirable  ingenuity,  it  must  be 
admitted  that  its  success  depends  essentially  upon  certain  special 
properties  of  the  parabola,  and  that  it  is  lacking  in  generality.  The 
other  examples  of  quadratures  which  we  might  quote  from  ancient 
writers  would  on!y  go  to  corroborate  this  remark ;  each  new  curve 
required  some  new  device.  But  whatever  the  device,  the  area  to  be 
evaluated  was  always  split  up  into  elements  the  number  of  wliich 
iraa  made  to  increase  indefinitely,  and  it  was  necessary  to  evaluate 
tiie  limit  of  the  sum  of  these  partial  areas.  Umitting  any  further 
particular  cases,*  we  will  proceed  at  once  to  give  a  general  method 
of  subdivision,  which  will  lead  ns  naturally  to  the  Integral  Calculus. 

65.  General  method.  For  the  sake  of  definiteness,  let  us  try  to 
I  evaluate  the  area  .f  bounded  by  a  curvilinear  arc  A  MB,  an  axis  xx' 
[  vhich  does  not  cut  that  arc,  and  two  perpendiculars  AA„  and  BB„  let 
L  Wl  upon  a- J"'  from 
1  &e points,!  and  B. 
I  We  will  suppose 
I  further  that  a  par- 
I  allel  to  these  lines 

AA^,    BB„    cannot 
'  cut  the  arc  in  more 

than  one  point,  as  ' 

indicated  in  Fig.  9.  """  ' 

Let  ua  divide  the  segment  j4„B„  into  a  certain  number  of  eijual  or 

unequal  parts  by  the  points  P,,  P^,  -■■,  /'..i,  and  through  these 
1  points  let  us  draw  lines  P^Qu  P^Qi,  ■■■,  /"..jQ,.,  parallel  to  A  A., 
'  tad  meeting  the  arc  AB  in  the  points  Q„  Qi,  ■■■,  Q,_i,  respectively. 
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How  draw  tlirough  A  a  line  parallel  to  xx',  cutting  P,  Qi  at  q^ ; 
through  Qi  a  pai'allel  to  xt',  cutting  P^Q,  at  y,;  and  so  on.  Wo 
obtain  in  this  way  a  sequence  of  rectanglea  Ri,  fli,  ■  -  ■ ,  R„  ■  ■  • ,  it,, 
Each  of  these  rectangles  uiuy  lie  entirely  inside  the  contour  ABB^A^, 
but  some  of  tliem  may  lie  partially  outside  that  contour,  as  is 
indicated  in  the  figure. 

Let  a^  denote  the  area  of  the  rectangle  R„  and  ^,  the  area  bounded 
by  the  contour  Pi.,P,(ii<ii_i.  In  the  first  place,  eaeh  of  the  ratios 
Pif''u  A/'ta-  ■••!  ft/i^ii  ■■■  approaches  unity  as  the  number  of 
points  of  division  increases  indeliaitely,  if  at  the  same  time  each 
of  the  distances  A„Pi,  P,p3,  ■■■,  /".-i/',-,  ■■■  approaches  zero.  Tor 
the  ratio  j9,/a;,  for  example,  evidently  lies  between  ^i/Pi-iQi-,  and 
L,/P,^i  (^,_j,  where  l^  and  L.-  are  respectively  the  minimum  and  the 
maximum  distances  from  a  point  of  the  arc  Q,-jQi  to  the  axis  xx'. 
But  it  is  clear  that  theae  two  fractions  each  approach  unity  as  the 
distanoe  P,.,Pt  approaches  zero.    It  therefore  follows  that  the  ratio 


ri  +  g.  H 


■  +  ", 


which  lies  between  the  largest  and  the  least  of  the  ratios  o-i/^,, 
"»/A'  *■*'  ""/i^.T  *'"  ^'"O  approach  unity  as  the  number  of  the 
rectangles  is  thus  indefinitely  increased.  But  the  denominator  of 
this  ratio  is  constant  and  ia  equal  to  the  required  area  S.     Hence 

this  area  is  also  equal  to  tiie  limit  of  the  sum  nj  +  <t,  -| 1-  a„  aa 

the  number  of  rectangles  n  is  indefinitely  increased  in  the  manner 
specified  above. 

In  order  to  deduce  from  this  result  an  analytical  expression  for 
the  area,  let  the  curve  .'I  H  be  referred  to  a  system  of  rectangular 
axes,  the  x  axis  Ox  coinciding  with  xx',  and  let  //  =f{x)  be  the 
equation  of  the  curve  AB.  The  f unction /(jr)  is,  by  hypothesis,  a 
continuous  function  of  r  between  the  limits  a  and  h,  the  abscissis 
of  the  points  A  and  B.  Denoting  Jjy  3',,  ij,  ■■■,  ar„_i  the  absciss® 
of  the  points  of  division  P^,  P,,  ■  •  ■ ,  P,_,.  the  bases  of  the  above 
rectangles  are  x^  —  a,Xt  —  x^,■■■  ,Xi  —  »(_i,  ■  ■-,  fi  —  a:,_, ,  and  their 
altitudes  are,  in  like  manner,  f('i),f(x,),  ■■-,  f(xi_,),  ■-■,  f(x,_^). 
Hence  the  area  ^'  is  equal  to  the  limit  of  the  following  sum: 

(1)       (I,  -  .)/(»)+(«,  -  «,)/(!,)  +  ■  .  .  +  (i  -  !._,)/("'.-,), 

as  the  number  n  increases  indefinitely  in  such  a  way  that  each  of 
the  differences  Xi  —  a,  j,  —  x„  - .     approaches  zero. 
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66.  Examples.  If  the  baae  AB  be  divided  into  n  equal  parts,  each 
cf  length  /'  (b  —  a  —  liA),  all  the  reutaugles  have  the  same  base  A, 
Slid  tlieir  altitudes  are,  respect i rely, 

/(«)./(«  + A), /(«  + 2  A),  ...,/[„+(„-!)/,], 

It  only  remains  to  find  the  limit  of  the  sum 

*}/(")+/(«  +  /')+/(." +2/0 +  ■■-+/[" +  («-]VOt' 

where 


as  the  integer  n  increases  indeliniteiy,     This  calculation  becomes 

easy  if  we  know  how  to  find  the  sum  of  a  set  of  values  /{x)  corre- 
sponding to  a  set  of  values  of  x  which  fovni  an  arithmetic  ptO(,'res- 
sion;  such  is  the  case  if  /(x)  is  simply  an  integral  power  of  x,  or, 
^aiti,  if/(3')=  sinwij:  or/(j-)=  coavix,  etc. 

Let  us  reconsider,  for  example,  the  parabola  x'  =  2  pi/,  and  let  us  try 
to  find  the  area  enclosed  by  au  arc  UA  of  this  paralxjla,  the  axis  of  x, 
and  the  straight  line  x  =  a  which  passes  through  the  extremity  A. 
The  length  being  divided  into  n  etjual  parts  of  length  A  (wA  =  «},  we 
must  try  to  find  by  the  above  the  limit  of  the  sum 


2p 


[A«  +  4A»  +  --   +(n 


h4  +  9  +  . ..+(»-!)"]. 


11  of  the  squares  of  the 
-  l)/€;  anil  heuce  tlie 


The  quantity  inside  the  parenthesis  is  the  s 
first  (»  —  1)  integers,  that  is,  n(ji  —  1){2h 
foregoing  sum  is  equal  to 

1L>«- 

As  n  increases  indefinitely  this  sum  evidently  approaches  the  limit 
a»yf>^  =  (l/3)(<' .  it'/Sp),  or  one  thiiti  of  the  rectangle  constructed 
Upon  the  two  co&rdinates  of  the  point  A,  which  is  in  harmony  with 
the  result  found  above. 

In  other  cases,  as  in  the  following  example,  which  is  due  to 
Fermat,  it  is  better  to  choose  as  points  of  division  points  whose 
abscissse  are  in  geometric  progression. 

Let  us  try  to  find  the  area  enclosed  by  the  curve  y  =  Axi",  the 
axis  of  X,  and  the  two  straight  lines  x  =  a,x  —  b  (0  <  «  <  fi),  where 
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the  exponent  /*  is  arbitrary.  •  In  order  to  do  so  let  us  insert  between 
a  and  6,  r^  —  1  geometric  means  so  as  to  obtain  the  sequence 

a,  a(l  -f  a),  a(l  +  a)%  •..,  a(l  -f  «)""S  ^ 

where  the  number  a  satisfies  the  condition  a  (1  -f  a)"  =  b.  Tak- 
ing this  set  of  numbers  as  the  abscissae  of  the  points  of  division,  the 
corresponding  ordinates  have,  respectively,  the  following  values : 

and  the  area  of  the  j^th  rectangle  is 

Hence  the  sum  of  the  areas  of  all  the  rectangles  is 

^a''  +  'a[l  -f  (1  +  ccY^^  +  (1  +  ^y^*"  ''^+  •  •  •  +(1  +  ^ry-^'^'*"^'^-]- 

If  /i  +  1  is  not  zero,  as  we  shall  suppose  first,  tlie  sum  inside  the 
parenthesis  is  equal  to 

(1  -f  a)»(^-^^)-l, 
(1  ^cxY^'  -1    ' 

or,  replacing  a  (1  +  a)*  by  b,  the  original  sum  may  l)e  written  in  the 

form 

a 


A(b^  +  ^  -a''  +  ') 


(l  +  aY^'-l 


As  a  approaches  zero  the  quotient  [(l  +  a)'*  +  *  —  1]/<t  approaches 
as  its  limit  the  derivative  of  (1  -}-  a)**"*^^  with  respect  to  a  for  a  =  0, 
that  is,  /A  -f  1 ;  hence  the  required  area  is 

/*  +  ! 

If  /i  =  —  1,  this  calculation  no  longer  applies.  The  sum  of  the 
areas  of  the  inscribed  rectangles  is  equal  to  vAity  and  we  have  to 
find  the  limit  of  the  product  na  where  ?/  and  a  are  connected  by  the 
relation 

a(l  -h  a)"  =  b. 

From  this  it  follows  that 

1       0           a  ^      b  1 

na  =  log  -  -. — r  =  log  - 


a  log(l  +  a)  a  j^^^^  ^  ^^1 
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I  where   the   symbol   log  denotes   the   Kaperian   logarithm.     As   a 
approaches  zero,  (1  +  a)'/'  approaches  the  number  «,  ami  the  prod- 
(  approaches  log(i/u).     Hence  thu  required  area  is  equal  to 
[  -<log{6/")- 

67.  Primitive  functionB.  The  ioveution  of  the  Integral  Calculus 
L  reduced  the  problem  of  evaluating  a  plaue  ai'ea  to  the  problem  of 
f  finding  a  function  whose  derivative  is  known.  Let  y  =/(-*■)  be  the 
equation  of  a  curve  referred  to  two  rectauguhir  axes,  where  the 
function /{z)  is  continuous.  Let  us  consider  tlie  area  enclosed  by 
this  curve,  the  axis  of  x,  a  fixed  ordinate  Mal'a,  and  a  variable 
ordinate  MP,  as  a  function  of  the  abscissa  x  of  the  variable  ordiuate. 
In  order  to  include  all  pos- 
sible cases  let  us  agree  to 
denote  by  A  the  sum  of  the 
areasenclosed  by  thegiven 
curve,  the  x  aids,  and  the 
straight;  lines  Af„P„,  AfP, 
each  of  the  portions  of 
this  area  being  affected 
by  a  certain  sign:  the 
Bign  +  for  the  portions  to  '^°  '" 

the  right  of  MgP„  and  above  Ox,  the  sign  —  for  the  portions  to  the 
right  of  Mf,Pg  and  belnw  fx,  and  the  opposite  convention  for  por- 
tions to  the  left  of  Jl/„  /'„.  Thus,  if  AfP  were  in  the  position  M  7",  we 
would  take  A  equal  to  the  difTerence 

M„P„C  —  Af'P'C; 

and  likewise,  if  MP  were  at  M"P",  A  =  M"P"D  —  M„P„n. 

With  these  conventions  we  shall  now  show  that  the  derivative  of 
the  continuous  function  A ,  defined  in  this  way,  is  precisely  f(x).  As 
in  the  figure,  let  us  take  two  neighboring  ordinates  AtP,  NQ,  whose 
ilbBcissa^  are  a:  and  x  +  Air.  The  increment  of  the  area  A.4  evidently 
liea  between  the  areas  of  the  two  rectangles  which  have  the  same 
liaae  PQ,  and  wbnae  altitudes  are,  respectively,  the  greatest  and  the 
li-ist  ordinates  of  the  arc  W.V.  Denoting  the  maximum  ordinate  by 
'/  and  the  minimum  by  A,  we  may  therefore  write 

Aix  <  AA  <  //Ax, 

or,  dividing  by  Ax,  h  <  AA  /Ax  <  //.  As  Ax  approaches  zero,  H  and 
A  ttpproaeh  the  same  limit  MP,  or  /(a;),  since  /(x)  is  continuous. 
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Hence  the  derivative  of  A  isf{r).     The  proof  that  the  same  result 
holds  for  any  position  of  tlie  point  Al  is  left  to  tlie  reader. 

If  Tve  already  kaovr  g,  primitive  funcliou  oi  f{x),  that  ia,  a  function 
Fix)  whose  derivative  \sf(x),  the  difference  A  —  F(x)  is  a  constant, 
since  ita  derivative  is  zero  (§  8).  In  order  to  determine  this  con- 
stant, we  need  only  notice  that  the  area  A  is  zero  for  the  absclsas 
a;  =  a  of  the  line  MP.      Hence  ^ 

A  =  F{^}-Fia). 

It  follows  from  the  above  reasoning,  first,  that  the  determination 
of  a  plajie  area  may  be  reduced  to  tlie  discovery  of  a  primitive  func- 
tion; and,  secondly  (and  this  is  of  far  greater  importance  for  us), 
that  fjjerj/  Gotitinuoiis  function  f{x)  is  Ike  derivative  of  some  other 
function.  This  fundamental  theorem  is  proved  here  by  means  of 
a  somewhat  vague  geometrical  concept,  —  that  of  the  area  under  a 
plane  curve.  This  demonstration  was  regai'ded  as  satisfactory  for  a 
long  time,  but  it  can  no  longer  be  accepted.  In  order  to  have  a  stable 
foundation  for  the  Integral  Calculus  it  is  imperative  that  this  theo- 
rem should  be  given  a  purely  analytic  demonstration  which  does  not 
I'ely  upon  any  geometrical  intuition  whatever.  In  giving  the  above 
geometrical  proof  the  motive  was  not  wholly  its  historical  interest, 
however,  for  it  furnishes  us  with  the  essential  analytic  argument  of 
tlie  new  proof.  It  is,  in  fact,  the  study  of  precisely  such  sums  as 
(1)  and  sums  of  a  slightly  more  general  character  which  will  be 
of  preponderant  importance.  Before  taking  up  this  study  we  must 
first  consider  certain  questions  regarding  the  general  properties  of 
functions  and  in  particular  of  continuous  functions.* 


II.  DKFIXTTE  IXTEf;RAI.S     .VI.LIED  GEOMETRICAL  CONCF.PTS 

68.  Upper  and  lower  limits.  An  assemblage  of  numbers  is  said  to 
have  an  upper  limit  (see  ftn.,  p.  91)  if  there  exists  a  number  N  so 
large  that  no  member  of  the  assemblage  exceeds  N.  Likewise,  an 
assemblage  ia  said  to  have  a  lower  limit  if  a  number  N'  exists  than 
which  no  member  of  the  assemblage  is  smaller.  Thus  the  assem- 
blage of  all  positive  integers  has  a  lower  limit,  but  no  upper  limit; 


•  AmnuB  the  muHt  ImportB&t  works  on  the  genunU  notion  of  tlie  definite  int«gT»l 
there  xhoiilil  Ih;  meiitloneil  the  memoir  by  Rlemann  :  OberdieMOglichJcrJI.eiiuf^n^' 
tiim  dtiriA  fine  iHgonnmttrUche  Seiht  dariialelleti  iWerhi,  2<1  eti.,  Lelptlg,  1 
p.  £Si ;  and  aIho  Freiiuh  tmnalBtion  hy  LKUgel,  p.  320) :  and  the  nitimoir  by  Di 
vhicli  we  have  airemly  rrternnl :  Siir  Irt  fonctiont  itUrunlinuei  {Annalei  dt  P£aJ» 
Naniutli  Saperieure,  iii  sertes,  Vol.  IV). 
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the  assemblage  of  all  iot^gern,  positive  and  negative,  has  aeitlier ; 
and  the  assemblage  of  all  riitionat  numbers  between  0  and  1  has 
both  a  lower  and  an  itp;>er  limit. 

Let  (E)  be  an  assemblage  which  has  an  upi>er  limit.  With 
respect  to  this  assemblage  all  numbers  may  be  divided  into  two 
classes.  We  shall  say  that  a  numVxT  a  belongs  to  the  first  class  if 
there  are  membprs  of  the  assemblage  {IC)  which  are  greater  than  n, 
and  that  it  belongs  to  the  second  class  if  there  is  no  member  of  the 
aasemblage  (&')  greater  than  a.  Since  the  assemblage  (S)  has  an 
upper  limit,  it  is  clear  that  numbers  of  each  class  exist.  If  I  be 
a  number  of  the  first  class  and  Ji  a  number  of  the  second  class,  it 
is  evident  that  A  <  B;  there  exist  niem))ers  of  the  assemblage  (/i) 
which  lie  between  A  and  B,  but  there  is  no  member  of  the  aasem- 
blage  {£)  which  is  greater  than  iJ.  The  number  C  =  (A  +  B)/2 
may  belong  to  the  first  or  to  the  second  class.  In  the  former  case 
we  should  replace  the  interval  (.1,  B)  by  the  interval  (C,  B),  in  the 
latter  case  by  the  interval  (.1.  C).  The  new  interval  {.I,,  /i,)  is  half 
the  interval  (.1,  B)  and  has  the  same  properties  :  there  exists  at  least 
one  member  of  the  assemblage  (/•:)  which  is  greater  than  A  „  but  none 
which  is  greater  than  ii,.  Operating  upon  (;!,,  Bi)  in  the  same  way 
that  we  operated  upon  (.1,  B),  and  so  on  indefinitely,  we  obtain  an 
unlimited  setjueuce  of  intervals  (J,  B"),  {.Li,  B,),  (J,,  B,),  ---,  each 
of  which  ia  half  the  preceding  and  poaseases  the  same  property 
aa  {A,  B)  with  resp<?i't  to  the  assemblage  (A').  Since  the  numbers 
A,  Ai,  A  J,  ■--,  .1,  neviT  decrease  and  are  always  less  than  B,  they 
approach  a  limit  k{i  1).  Likewise,  since  the  numbers  B,B^,  Wj,  ■■■ 
never  increase  and  are  always  gieater  than  .^,  they  approach  a  limit  >.'. 
Moreover,  since  the  difference  B,  —  A,  =(S  —  vl)/ 2*  approaches  zero 
as  n  increases  indefinitidy,  tliese  limits  must  be  equal,  i.e.  K'  =  A. 
Let  i  be  this  common  limit;  then  L  is  called  the  Mpprr  fimitot  the 
assemblage  (E).  From  tlie  manner  in  which  we  have  obtained  it, 
it  is  clear  that  L  has  the  following  two  properties  : 

1)  JVo  memher  of  the  atgembtnge  (E)  U  grf-ater  than  L. 

2)  Thrre  nlwayii  exists  a  member  of  the  auemhlayr  (E)  ir/iirh  is 
jfreater  than  L  —t,  where  t  w  any  arbitrarily  small  positive  number. 

For  let  us  suppose  that  there  were  a  member  of  the  assemblage 
greater  than  L,  say  /,  +  h  {h  >  0).  Since  if,  approaches  L  as  « 
increases  indefinitely.  B,  will  be  less  than  L  +  k  aftei-  a  certain 
value  of  n.  But  this  is  impossible  since  £,  is  of  the  second  class. 
On  the  other  hand,  let  <  be  any  positive  number.     Then,  after  a 
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certain  value  of  n,  A ,  will  be  greater  than  I.  —t;  and  ainee  there  are 

members  of  (E)  greater  than  .1,,  these  numbers  will  also  be  (greater 
than  L  —  t.  It  is  evident  that  the  two  properties  stated  above  can- 
not apply  to  any  other  number  than  L. 

The  upper  limit  may  or  may  not  belong  to  the  assemblage  (£'). 
In  the  assemblage  of  all  rational  numbers  which  do  not  exceed  2, 
for  instance,  the  numlier  2  is  precisely  the  upper  limit,  and  it  belongs 
to  the  aaaemblage.  On  the  other  hand,  the  assemblage  of  all  irra- 
tional numbers  which  do  not  exceed  2  has  the  upper  limit  2,  but 
this  upper  limit  is  not  a  member  of  the  assemblage.  It  sliould  be 
particularly  noted  that  if  the  upper  limit  L  does  not  belong  to  the 
assemblage,  thei-e  are  always  an  infinite  number  of  members  of  (E) 
which  ai'e  greater  than  L  —  t,  no  matter  how  small  c  be  taken.  For  if 
there  were  only  a  finite  nuniber,  the  upper  limit  would  be  the  largest 
of  these  and  not  /..  When  the  asseuiV>lage  consists  of  n  different 
numbers  the  upper  limit  is  simply  the  largest  of  these  n  numbers. 

It  may  be  shown  in  like  manner  that  there  exists  a  number  /.', 
in  oase  the  assemblage  ha!<  a  lower  limit,  which  has  the  following 
two  properties ; 

1)  No  memfirr  of  the  assemhkiya  is  less  than  I,'. 

2)  There  exists  a  member  <'f  the  assenibUige  which  is  lean  than 
V  +  «,  vj/tere  e  is  an  arbitrary  positive  number.* 

This  number  L'  is  called  the  lower  limit  of  the  assemblage. 

69.  Oscillation.  Let/(i:)  be  a  function  of  x  defined  in  the  closed  f 
interval  (a,  /,) ;  that  is,  tn  each  value  of  x  between  a  and  b  and  to  each 
of  the  limits  a  and  b  themselves  there  corresponds  a  uniquely  dete^ 
mined  value  of/(-r).  The  function  is  said  to  h^  finite  in  this  closed 
interval  if  all  the  values  which  it  assumes  lie  between  two  fixed 
numbers  .1  and  /(.  Then  the  assemblage  of  values  of  the  function 
has  an  upper  and  a  lower  limit.  Let  M  and  m  be  the  upper  and 
lower  limits  of  this  aasembli^e,  respectively ;  then  the  difference 

*  Whenever  all  uumbera  exa  1h'  supAmted  luto  two  claseus  A  sod  B,  auaiTding  to 
any  ohumcleriBttc  property,  in  siicb  n  way  that  any  number  of  the  class  A  [s  less  th&n 
any  number  of  tbs  ctofiH  B,  tba  upper  limit  L  of  tbe  niimbera  of  the  ulssB  jl  is  at  tbe 
namu  time  the  Iciwcr  limit  of  the  numbers  of  the  elass  B.  It  is  Floar,  (irat  of  all,  that 
any  number  tirenter  than  L  lielonm  to  theolasa  B.  Ani)  if  there  vereanambsrL'<  L 
beloDj|rlng  to  the  i'Iilhs  B,  then  every  number  heater  than  L'  would  belong  to  the  class  B. 
Hence  every  iiumliprluss  tluiii  L  lioloiim  W  the  class  A,  uvery  number  greater  than  L 
belonnis  to  the  class  B,  and  L  ItaelF  may  belong  lo  cither  of  tlie  two  cIhssdh, 

t  The  woni  "closed  "  is  useil  merely  for  emphasis.    See  5  2.  —  Trans. 
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\  =  M  —  m  is  called  the  oscillation  of  the  function /(t)  in  the 
interval  (a,  b). 

These  definitions  lead  to  several  remaika.  In  order  that  a  func- 
tion be  finite  in  a  closed  interval  ('i,  b)  it  is  not  sufficient  that  it 
should  have  a  (inite  value  for  every  value  of  x.  Thus  the  function 
detined  in  the  closed  interval  (0,  1)  as  follows : 

/(0)  =  0,        f(_x)=i/j^    for    x>0, 

has  a  finite  value  for  each  value  of  x ;  but  nevertheless  it  is  not 
finite  in  the  sense  in  which  we  have  defined  the  word,  toTf(x)  >  A 
if  we  take  x<l/A.  Again, a  function  which  is  finite  in  the  closed 
interval  (n.  b)  may  take  on  vatiiea  which  differ  as  little  as  we  please 
from  the  upper  limit  M  or  from  the  lower  limit  m,  and  still  never 
assume  these  values  themselves.  For  instance,  the  function  /(x), 
defined  in  the  closed  interval  (0,  I)  by  the  relations 


/<0) 
has  tlie  upper  IL 


=  0,        f(x)  =  1  -  a;     for     0  <  a:  <  1, 
nit  M  =  1,  but  never  reaches  that  limit. 


70.  Properties  of  cootinnoue  functions.  We  shall  now  turn  to  the 
study  of  continuous  functions  in  pai'ticnlar. 

Theokem  a.  Lpff(x)  be  a  function  xokirhiaeontinxiatia  in  the  ilosed 
interval  (n,  h)  and  c  nn  nrbitranj  positive  number.  Then  we  can 
aheays  break  up  the  intermil  (it,  U)  into  a  certain  number  of  partial 
intcronlt  in  swih  a  way  that  for  any  two  values  of  the  variable 
whatever,  x'  and  x",  which  belong  to  the  aatne  partial  interval,  we 
always  have  \f(x')-f(x")\<t. 

Suppose  that  this  were  not  true.  Then  let  e=(a  +  b)/2;  at 
least  one  of  the  intervals  (a,  e),  (e,  b)  would  have  the  same  prop- 
erty as  (a,  b) ;  that  is,  it  would  be  impossible  to  l>reak  it  up  into 
partial  intervals  which  would  satisfy  the  statement  of  the  theorem. 
Substituting  it  for  the  given  interval  (n,  b)  and  carrying  out  the 
reasoning  as  above  {i  6ii),  we  could  form  an  infinite  sequence  of 
intervals  (n.  i),  («,,  6i),  (a.,  i,),  -  ■  ■,  each  of  which  is  half  the  preced- 
ing and  has  the  same  property  as  the  original  interval  (a,  h).  For 
any  value  of  n  we  could  always  find  in  the  interval  (a„  h„')  two 
numbers  x'  and  x"  such  that  \fix')  —  f(x")\  would  be  larger  than  i. 
Now  let  X  be  the  common  limit  of  the  two  sequences  of  numbers 
a,  a„  (i„  ■  ■  and  b,  ft^,  i„  -  •  ■ .  Since  the  function  f(x)  is  continuous 
for  x  =  X,  we  can  find  a  number  ij  such  that  \f(x)  —  f(k)]<€/2 
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whenever  \x  —  \\  is  lesa  than  n.  Let  us  choose  n  so  large  that  both 
o,  and  b,  differ  from  K  by  less  than  i/.  Then  the  interval  (b„  6,) 
will  lie  wholly  within  the  interval  (A.  —  ij,  X  +  ij);  and  if  x'  and  x" 
are  any  two  values  whatever  in  the  interval  (a,,  £,),  we  must  hare 

|/(^')  -fW\<  '/2,    !/(■-") -/W I  <  «/2. 

and  hence  \f(x')  —f(x")\  <  t.  It  follows  that  the  hypothesis  made 
above  leads  to  a  contradiction ;  hence  the  theorem  is  proved. 

Corollary  I.  Let  a,  ar,,  J-,,  •  ■  • ,  3;,,_u  ^  be  a  method  of  subdivision 
of  the  interval  (n,  6)  into  p  subintervala,  which  satisties  the  con- 
ditions of  the  theorem.  In  the  interval  (a,  x{)  we  shall  have 
\f(x)  \  <  \f(a)  l  +  e;  and,  in  particular,  |/(x,)  |  <  |/{a)  |  +  «.  Like- 
wise, in  the  interval  (xt,  x,)  we  shall  have  |/(a-)|  <  |/(a;,)  [-f  <, 
and,  a  fortiori,  \f(x)  |  <  \f(n)  |  +  2  t ;  in  particular,  for  x  =  a;,, 
[/(a^s)  I  <  |/{")  I  +  2  £  ;  and  so  forth.  For  tlie  last  interval  we  shall 
have 

Hence  the  absolute  value  of  f(x)  in  the  interval  (a,  i)  always 
remains  leas  than  \f(p-')  \  +  pt-  It  follows  that  every  function  which 
u  continuous  in  a  elused  interval  {a,  h)  is  finite  in  that  interval. 

Corollary  II.  Let  us  suppose  the  interval  {n,  h)  split  up  into  p  sub- 
intervals  (a,  a:,),  (a:.,  x,),  •  ■  ■ ,  (j-„_,.  A)  such  that  ]/(«')  -f{x")  \  <  t/2 
for  any  two  values  of  x  which  belong  to  the  same  closed  subintervaL 
Let »(  be  a  positive  number  less  tlian  any  of  the  differences  j-,  —  a, 
X,  —  ;r,  ■  ■  ■ ,  A  —  i,,_i.  Then  let  us  take  any  two  numbers  whatever 
in  the  interval  (a,  b)  for  which  \x'  —  i"|  <  ij,  and  let  us  try  to  find 
an  upper  limit  for  \flx')—f{x")\.  If  the  two  numbers  x' and  x" 
fall  in  the  same  subinterval,  we  shall  have  \f{x')  —f{x")\<  t/2. 
If  they  do  not,  x'  and  x"  must  lie  in  two  consecutive  intervals, 
and  it  is  easy  to  see  that  \f(x')  —  f{x")\  <  2(t/2)  =  t.  Hence  car- 
respondiw}  to  any  positive  number  c  another  posititie  nutnber  ij  can  ia 
found  such  that 

lf{x')-f(x")\<^ 

where  x'  and  x"  are  any  two  numlera  of  the  interval  (a,  b)  for  whirk 
\x'  —  x"\  <  ij.  This  property  is  also  expressed  by  saying  that  the 
function /(x)  is  uniformly  continuous  in  the  interval  (a,  b). 

Theorem  B.  A  function  f(x)  which  is  contintious  in  a  closed 
interval  (a,  b)  tafces  on  every  value  between  f{a)  and  f(b)  at  least 
once  for  some  value  of  x  which  ties  between  a  and  b. 
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Let  us  first  consider  a  particular  case.  Suppose  that  f{a)  and 
/(ft)  have  opposite  signs,  —  that/(a)  <  Oand/(6)  >  0,  (or  instance. 
We  shall  then  show  that  there  exists  at  least  one  value  of  x  betwsen 
a  and  b  for  which  f{x)  =  0.  Now/(x)  is  negative  near  a  and  posi- 
tive near  b.  Let  us  consider  the  assemblage  of  values  of  x  between 
a  and  b  for  which  f{x)  is  positive,  and  let  K  be  the  lower  limit  of 
this  assemblage  (a  <  A  <  b).  By  the  very  definition  of  a  lower 
limit /(A.  — /i)  is  negative  or  zero  for  every  positive  value  of  A. 
Heucey'(A),  which  is  the  limit  of /{A  —  A),  is  also  negative  or  zero. 
But/'(^)  cannot  be  negative.  For  suppose  that  f(k)  =  —  m,  where 
m  is  a  positive  number,  Since  the  function /"(a:)  is  continuous  for 
/  =  X,  a  numlier  i;  can  he  found  such  that  if(r)  —f(K)  \  <  m  when- 
ever |i  —  A I  <  ij,  and  the  function  /{r)  would  be  negative  for  all 
values  of  x  between  A  and  A  +  jj.  Heni«  A  could  not  be  the  lower 
limit  of  the  values  of  x  for  which  /{j)  is  positive.     Consequently 

/W  =  0- 

Now  let  N  be  any  number  between  /(o)  and  /(ft).  Then  the 
function  4t{x)  =/(^)  —  N  is  continuous  and  has  opposite  signs  for 
x  =  a  and  x  =  b.  Hence,  by  the  particular  case  just  treated,  it 
vanishes  at  least  once  in  the  interval  (a,  ft). 

Theorkm  C.  Eueri/  function  which  ia  contimiona  in  a  closed  inteT^ 
val  {a,  ft)  iictiinllif  assumes  the  value  of  its  upper  and  of  ifa  lower 
limit  at  least  once. 

In  the  first  plai:e,  every  continuous  function,  since  we  have 
already  proved  that  it  is  finite,  has  an  upper  limit  .1/  and  a  lower 
limit  m.  Let  us  show,  for  instance,  that  f(x)  =  M  for  at  least  one 
value  of  X  in  the  interval  (a,  i). 

Taking  e  =  (a  +  b)/2,  the  upi>er  limit  of  f(x)  is  equal  to  3/  for 
at  least  one  of  the  intervals  (a,  r),  (r,  ft).  Let  us  replace  (a,  ft) 
\fy  this  new  interval,  repeat  the  process  upon  it,  and  so  forth. 
Reasoning  as  we  have  already  done  several  times,  we  ooulil  form 
an  infinite  sejjuence  of  intervals  (n,  ft),  (a,,  ft,),  («„  6,),  . . . ,  each  of 
which  is  half  the  preceding  and  in  each  of  which  the  upper  limit  of 
f{x)  is  M.  Then,  if  A  ia  the  common  limit  of  the  sequences  a,  oj , 
■■-,  a^,  ••■  andft,  fixi  ■■■}Ki  ■■■  /(^)  isegualto  M.  For  suppose  that 
/(A)  =  M  —  k,  where  A  is  positive.  We  can  find  a  positive  numtier 
ijflneh  that/(3:-)  remains  between /(A)  +  A/2  and /(A)  -  A/ 2,  and 
therefore  less  than  M  —  A/2  as  long  as  x  remains  between  A  —  j; 
and  A  4- 1;-  l*t  us  now  choose  n  so  great  that  a,  and  i,  differ  from 
their  common  limit  A  by  less  than  -q.    Then  the  interval  (o,,  ft,)  lies 
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wholly  inaide  the  interval  (A  —  ij,  X  +  ij),  and  it  follows  at  once 
that  the  upper  limit  of /(z)  in  the  interval  (a„,  fi,)  could  not  be 
equal  to  -I/. 

Combining  this  theorem  with  the  preceding,  we  see  that  anyfunc 
lion  whirh  ts  vontiniioM  in  a  closed  internal  («,  //)  assumes,  at  least 
onee,  everi/  value  betwei-n  its  upper  and  its  lower  limit.  Moreover 
theorem  A  may  be  stated  as  follows :  Given  «  fuiu-iioa  whirh  is 
continuous  in  a  closed  internal  (a,  h),  it  is  possible  to  divide  the  inter- 
val into  such  small  sulire'jiuna  that  the  oscillation  of  the  /unction  in 
atuj.mie  of  them  will  be  less  than  an  arhitraribj  assigned  positive 
number.  For  the  oscillation  of  a  contiimoua  fuuction  is  equal  to 
the  differeuee  of  the  values  o!f{x)  for  two  p;irticular  values  of  the 
variable. 


71.  The  sums  S  and  b.  Let  J\x)  be  a  finite  funirtion,  continuous 
or  dis(;oiitmu(His,  in  the  interval  {a,  li),  where  a<.b.  Let  us  sup- 
pose the  interval  (a,  b)  divided  into  a  number  of  smaller  partial 
intervals  (it,  T[),  (xi,  Xj),  ■  ■  ■ ,  (*,._[,  '*)>  where  eauh  of  the  numbers 
xi,  Xf,  ■  ■  •,  Xi,_,  is  greater  than  the  preceding.  Let  .1/  and  n*  be  the 
limits  of  /(i)  in  the  original  interval,  and  M,  and  m,  the  limits 
in  the  interval  (jt^-d  a:,)i  and  let  us^set 


A'  =  M,(Xi  —  a)  +  .Uj(Xj  —  «,)+  ■  ■ 
s  =  mi(x,-a)+m,lx,-x,)  +  - 


-^-0. 
-^.-0- 


To  every  method  of  division  of  {a,  b)  into  smaller  intervals  there 
corresponds  a  sum  iS  and  a  smaller  sum  s.  It  is  evident  that  none 
of  the  sums  A'  ai'e  less  than  ni  {b  —  a),  for  none  of  the  numlwrs  A/, 
are  less  than  m ;  hence  these  sums  S  have  a  lower  lunit  /.*  Like- 
wise, the  sums  s,  none  of  which  exceed  i\f(Ji  —  a)  have  an  upper 
limit  /'.  We  proceed  to  show  that  /'  is  at  most  equal  to  I.  For  this 
purpose  it  is  evidently  sufficient  to  show  that  s  5  S'  and  s'  £  S,  where 
S,  s  and  S',  s'  are  the  two  sets  of  sums  which  correspond  to  any 
two  given  methods  of  subdivision  of  the  interval  (a,  S), 

In  the  first  place,  let  us  suppose  each  of  the  subiutervals  (a,  x,), 
(a-,,  a-,),  ■•■  redivided  into  still  smaller  intervals  by  new  points  of 
division  and  let 


.  yi,  Vti 


.  Vk~u 


•  y*+' 


.  Vi-. 


>    ?(+!. 


-,    fi 
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be  the  new  suite  thus  obtained.  This  new  method  of  subdivision 
is  called  conseirutioe  to  the  first  Let  2  and  a  denote  the  sums  anal- 
ogous to  .S"  and  s  with  respect  to  this  new  method  of  division  of  the 
interval  (a,  b),  and  let  us  compare  .V  and  s  with  S  and  a.  Let  us 
compare,  for  example,  the  portions  of  the  two  sums  S  iind  £  which 
arise  from  the  interval  (a,  Xj).  Let  M[  and  m.\  be  the  limits  of 
f{x)  in  the  interval  (a,  t/,},  M^  and  mj  the  limits  in  the  interval 
(yitj/i))  ■■-.  !^H  and  ruf  the  limits  in  the  interval  {yt_i,  Xi).  Then 
the  portion  of  S  which  comes  from  (a,  x,)  is 

Mi{!/,  -a)  +  A/i(y,  -  y,)  +  .- .  +  M^x,  -  j*_,)  ; 

and  since  the  numbers  M'„  Mi,  ■■■,  Mi  cannot  exceed  M,,  it  is  clear 
that  the  above  sum  is  at  nio.st  equal  to  il/i(j:,  —  it).  Likewise,  the 
portion  of  S  which  arises  fnmi  the  interval  (7,,  x,)  is  at  most  equal 
to  A/,(j's  —  J-,),  and  so  on.  Adding  all  these  inequalities,  we  find 
that  S  S  ^,  and  it  is  easy  to  show  in  like  manner  that  tr  S  *■ 

Let  U8  now  consider  any  two  methods  of  subdivision  whatever, 
and  let  X,  »  and  S',  s'  be  the  corresponding  sums.  Superimposing 
the  points  of  division  of  these  two  methods  of  subdivision,  we  get  a 
third  method  of  subdivision,  which  may  be  considered  as  consecu- 
tive to  either  of  the  two  given  methods.  Let  2  and  a-  be  the  sums 
with  respect  to  this  auxiliary  division.  By  the  above  we  have  the 
relations 


and,  since  S  is  not  leaa  thanir,  it  follows  that  s'^.S  ands^.^'.  Since 
none  of  the  sums  S  are  less  than  any  of  tlie  sums  s,  the  limit  / 
cannot  be  less  than  the  limit  /'  [   that  is,  /  £  /'. 

72.  Integrable  functions.  A  function  which  is  finite  in  an  inter- 
val (a,  b)  is  said  to  be  integrable  in  that  interval  if  the  two  sums 
S  and  *  approach  the  same  limit  when  the  number  of  the  partial 
intervals  is  indefinitely  increased  iu  such  a  way  that  each  of  those 
partial  intervals  approaches  zero. 

The  neeessarif  and  sufficient  condition  that  a  function  be  integrabh 
in  an  internal  w  that  corretpondiny  to  any  positive  number  t  another 
num&er  if  exists  s\ich  that  S  —  s  is  Ifss  than  t  tohenefcr  each  of  the 
partial  intervals  is  lesg  than  tj. 

This  condition  is,  first,  necessary,  for  If  S  and's  hare  the  same 
limit  /,  we  can  find  a  number  ^  so  small  that  { S  —  /|  and  |«  —  /{  are 
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each  less  than  t[2  whenever  eanh  of  the  partial  intervals  is  less 
than  jj.    Then,  n  forfiori,  S  —  s  is  less  than  t. 

Moreover  the  condition  is  sufficient,  for  we  may  write  • 
S-3  =  S-  I  +  I~  r  +  I'  -n, 
and  since  none  of  the  numbei's  S  —  I,  I  —  I\  I'  —  a  can  be  negative, 
each  of  thein  must  be  less  than  c  if  their  sum  is  to  be  less  than  t 
But  since  /  —  /'  is  a  fixed  number  aJid  t  is  an  arbitrary  positive 
number,  it  follows  that  we  must  have  I'  — I.  iMoreover  S  —  I<i 
and  /  —  «  <  £  whenever  each  of  the  partial  intervals  is  less  than  ij, 
which  is  equivalent  to  saying  that  N  and  x  have  the  same  limit  /. 

The  function  /(»•}  is  then  said  tn  lie  inteyi-nble  in  the  interval 
(tt,  b),  and  the  limit  /  is  called  a  definite  mtegral.  It  is  I'epresented 
by  the  symbol 


-x> 


which  suggests  its  origin,  and  which  is  read  "the  definite  integral 
from  a  to  bai  f(r)dx."  By  its  very  dehnition  /  always  lies  between 
the  two  sums  A'  and  s  for  any  method  of  subdivision  whatever. 
If  any  number  between  .s'  and  s  be  taken  as  aa  approximate  value 
of  /,  the  error  never  exceeds  S  —  s. 

Every  eantinuotis  function  w  integrahle. 

The  difference  S  —  «  is  leas  than  or  equal  to  (fi  —  o  ]  a.,  where 
u  denotes  the  upper  limit  of  the  oscillat-ion  of  f(r)  in  the  partial 
intervals.  But  tj  may  be  so  chosen  that  the  oscillation  is  less  than 
a  preassigned  poaitivp  number  in  any  interval  less  than  ij  (§  70). 
If  then  T}  be  .so  chosen  that  the  oscillatioa  is  less  than  t/(b  —  a), 
the  difference  S  —  s  will  be  less  than  t 

An//  monotonieall ij  increasinrf  or  monotonically  decreasing  funetion 
in  an  interval  is  itUegrable  in  that  internal. 

A  function /(a?)  is  said  to  inereiue  vionotonir.alhj  in  a  given  interval 
(a,  b)  if  for  any  two  values  x\  x"  in  that  interval  f(x')  ?/(ar")  when- 
ever x'  >  x".  The  function  may  be  constant  in  certain  portions  of  the 
interval,  but  if  it  is  not  constant  it  must  increase  with  x.  Dividing 
the  interval  (o,  i)  into  n  subinte.rvals,  each  less  than  rj,  we  may  write 
S=f(x,)(x^-a)+/(x^)(x^-x,)  +  ---+f(b)(b-x..{), 
=/(«)(a^i  -  a)  +/('.)(^,  ~x,)  +  .-.  +/(n-,)(6  -  '-0, 


^H  ■Forthe  proof  Ui 


1.  see  5T^,  which  mny  be  roiui  In 
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for  the  upper  limit  of  f{x)  in  the  interval  (n,  j,),  for  instance, 
is  precisely /(j^i),  the  lower  limit /(«);  and  ao  on  for  the  other 
Bubinterrals.     Hence,  suhtractisg, 


=  («•.-<■)[/(».)-/(<■):+(». 


+  ■■■  +  (»-».-■)  t/W-/("'.-.)]-- 

None  of  the  differences  which  occur  in  the  right-hand  side  of  this 
equation  are  negative,  and  all  of  the  diU'ereuues  x,  —  a,  Xj  —  Xj, 
■■■  are  less  than  if,  consequently 

*■  - » <  i:/('.)  -/(<■)  +/('.)  -/('.) +■■■+/(»)-  f(.'.-.):, 


»<i[/{') -/(»)]. 


and  we  need  only  take 


i< 


/('•)  -/(") 


s  the  same  for  a  n 


in  order  to  make  S  —  s<  t.     The  rea 
toaically  decreasing  function. 

Let  U3  retui'n  to  the  general  case.  In  the  definition  of  the  inte- 
gral the  sums  S  and  s  uiay  be  replaced  by  more  general  expres- 
sions.    Given  any  method  of  BubdivisJou  of  the  interval  (a,  b) : 

"■r  ^11  ^i  ■■■.  2!(_ii  a",-!   ■■■i  ^.-H  *; 

le'  iu  fi>  ■  ■  ■  1  ii>  ••■  be  values  belonging  to  these  intervals  in  order 
{x,_^<i<x),     Thenthesum 


X/«.)(^<- 


-.)  = 


(2)      ,t^- 

I  /{t.)(x,  -  a)  -h/(fO{^  -  a:.)  +  ■  ■■  +/(0(6  -  »!._,) 
evidently  lies  between  the  sums  S  and  s,  for  we  always  have 
™iS/(fi)5  Af.-  If  the  function  is  integrable,  this  new  sum  has  the 
limit  /.  In  particular,  if  we  suppose  that  $,,  i^,  •••,  $,  coincide 
with  a,  Xj,  ■■■,  x„_|,  respectively,  the  sum  (2)  reduces  to  the  sum 
(1)  oonaidered  above  (§  65). 

There  are  several  propositions  which  result  immediately  from  the 
definition  of  the  integral.  We  have  supposed  that  a<b;  if  we  now 
interchange  these  two  limits  a  and  (;  each  of  the  factors  x,  —  a;(_, 
changes  sign ;  hence 


£><„,„  =-jf>(: 


■)de. 
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It  also  evidently  follows  from  the  definition  that 

\  f{x)dx  =  j  f{x)dx  +  /  f{x)dx, 

at  least  if  c  lies  between  a  and  b\  the  same  formula  still  holds  when 
b  lies  between  a  and  c,  for  instance,  provided  that  the  function  f(x) 
is  integrable  between  a  and  Cy  for  it  may  be  written  in  the  form 

rf{x)dx  =  f  f{x)dx  -  ff(x)dx  =  ff(x)dx  4-  ff(x)dx. 

U  a  \J  a  %J  r-  %J  a  %Jb 

If  f(x)  =  A^{x)  -\-  B^(x),  where  A  and  B  are  any  two  constants, 
we  have 

f  f{x)dx  =  AJ   <l>(x)dx  -\-B  I   ilf{x)dx, 

and  a  similar  formula  holds  for  the  sum  of  any  number  of  functions. 
The  expression  /(f,)  in  (2)  may  be  replaced  by  a  still  more  gen- 
eral expression.  The  interval  («,  h)  being  divided  into  n  sub- 
intervals  (a,  Xi),  • .  • ,  (ir,_i,  X,),  •  •  • ,  let  us  associate  with  each  of  the 
subintervals  a  quantity  {,,  which  approaches  zero  with  the  length 
x,  —  ar,._,  of  the  subinterval  in  question.  We  shall  say  that  (;,• 
approaches  zero  uniformly  if  corresponding  to  every  positive  num- 
ber €  another  positive  number  i;  can  be  found  independent  of  i  and 
such  that  '{,|  <  €  whenever  ar,  —  x,_i  is  less  than  i;.  We  shall  now 
proceed  to  show  that  the  sum 

n 

■s'=2[/(*<-0+«(*.-=^.-.) 

1=1 

approaches  the  definite  integral  j^f(x)dx  as  its  limit  provided 
that  {,  approaches  zero  uniformly.  For  suppose  that  i;  is  a  number 
so  small  that  the  two  inequalities 


1=1  •^'u 


<«,  \L\<t 


are  satisfied  whenever  each  of  the  subintervals  «,•  —  a!,_i  is  less 
than  ij.     Then  we  may  write 


S'-  C f{x)dx  = 


'-1=1  *ya  ,=  1 


IV.  j7»] 

and  it  is  clear  that  we  shall  have 
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whenever  each  of  the  siilii liter vals  is  less  than  ij.     Thua  the  theorem 


78.  Daiboox's  theorem.  Given  any  funclion  /(i)  whicli  U  finite  in  an  inter- 
niid  3  ajtproach  llieir  llmiu  I  and  7',  respectively,  vbea 
llie  niimlKr  i)f  siibiiil^^rvals  increases  Indefinitely  in  such  a  way  that  each  of 
ijieni  approochea  ievn.  Let  us  prove  iliiti  (iir  the  sum  S,  lor  inHiance.  We 
glial  1  suppose  that  a<b,  and  tliai/(a;)  is  positive  in  the  interval  (a,  6),  which  can 
be  brought  about  by  adilin;;  a  suitable  coiistaiil  to/{z),  wliicli,  in  turn,  aniounla 
to  adding  a  conitlnnt  to  eadi  nf  the  Blinu  S.  Tlinn,  Klnce  the  number  /  is  tiie 
loner  limit  of  all  the  snnjs  S,  wo  can  find  a  particular  method  of  EUbdiviBion,  say 


(I,  I,,  Xi,  ■ 


.*P-.,6, 


(or  which  the  sum  S  is  less  than  I  +  (/2,  where  i  is  a  preaasigned  positive  num. 
ber.  Let  ua  now  connlder  a  division  nf  (a,  b)  Intn  iniervulH  lean  than  ii,  and  let  un 
try  to  find  an  upper  limit  of  the  corresponding  mim  S'.  Taking  first  those  iiitet- 
vals  which  do  not  include  any  of  the  points  xi,  zt,  -  --,')>  -it  and  recalling  the 
reasoning  of  §  71,  it  is  clear  that  the  portion  nf  S'  which  cornea  from  these  inter- 
vaht  will  be  less  than  theoriginalsum£,  that  ia,  less  than  1  +  1/2,  On  the  utlier 
band,  Ihe  niimtiBr  of  intervals  whirh  include  a  point  of  the  set  X|,  xt,  '•■,  i^_, 
rannol  exceed  p  —  1,  and  lience  their  en ntri billion  to  the  sum  S'  cannot  exceed 
{p  -  1)  Jfii.  where  If  is  the  upper  limit  u(/{i().     Hence 

S-<I  +  t/2  +  {p-  l)Mv, 
and  ne  need  only  choose  q  less  than  t/7,M(p  —  1)  in  order  to  make  S'less  tlian 
I  +  (.     Hence  Ihi  lower  limit /of  all  tlie  Kunis  .S  is aiao  the  limit  oF  any  sequence 
of  S's  which  correspoiidd  to  uniti)rtiily  inliiiileaimal  anbintervala. 

It  may  be  shown  in  a  simiUr  manner  that  the  sums  s  have  the  limit  1'. 
If  the  (unction  /(x)  is  any  function  whatever,  these  two  limits  /  and  I'  are  in 
geneial  different.  In  order  that  the  function  be  iiitegrable  it  is  necessary  and 
■ulBdeDt  that  I'  =  I. 

74.  First  law  of  the  mean  for  Integrals.    From  now  on  we  shall 
,  unless  soniethiug  is  explicitly  said  to  the  contrary,  that 
Ihe  functions  under  the  integral  sign  are  continuous. 

•  The  abovd  theorem  can  lie  extended  witlimit  liiiHculty  to  doiiblQ  and  triple  inlp- 
frali;  we  shall  makH  use  iif  it  in  sevi-nil  plnrea  ({$  »0,  US,  HT,  131, 144.  etc.). 

Tlte  propusitlon  Is  eupiitlBliy  only  an  apiilit-atinn  of  ii  theorem  of  Diihamel's 
•Bosniing  to  which  the  limit  of  n  nnni  i>[  inlinllmlmalH  remains  nuebaDiced  when 
Mfh  of  the  infinitesliTialB  is  replui«il  by  aiintlier  intliiltaainiHi  which  diffprs  from  tlie 
given  Inlinilffliimal  by  an  luflnitesiinal  nf  lilBher  order.  (See  an  article  liy  W.  F. 
Otgaod.  Annalf  of  Mathemalie*.  SI  aerlefl,  Vol.  IV,  pp.  IUl-178  :  Thr  Jnlegrat  at 
U«  UmU  of  a  Svm  an-I  a  Th'uma  <tf  Utihamfr'.) 
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Let  f(x)  and  ^  (x)  be  two  functions  which  are  each  continuous 
in  the  interval  (a,  h),  one  of  which,  say  f^(x),  has  the  sanie  sign 
throughout  the  interval.  And  we -shall  suppose  further,  for  the 
sake  of  definiteness,  that  a<h  and  <^ (x)  > 0. 

Suppose  the  interval  (a,  h)  divided  into  subintervals,  and  let 
^u  ^«>  •  •>  &>  -be  values  of  x  which  belong  to  each  of  these 
smaller  intervals  in  order.  All  the  quantities  f(Jti)  lie  between  the 
limits  M  and  m  oif(x)  in  the  interval  (a,  h)  : 

m</(^,)<3/. 

Let  us  multiply  each  of  these  inequalities  by  the  factors 

respectively,  which  are  all  positive  by  hypothesis,  and  then  add 
them  together.  The  sum  2/(^,)<^(f,)(a;f  —  a;,_i)  evidently  lies 
between  the  two  sums  m2<^  (f.)  (x^  —  x,_i)  and  3/2<^(^,)  (x,.  —  ar.-.i). 
Hence,  as  the  number  of  subinterval^  increases  indefinitely,  we 
have,  in  the  limit, 

\    if>(jr)dx^  j  f(x)4>(x)dx<M  I   4>{x)dx, 

a  %J  a  %J<i 

which  may  be  written 


J/^b  r*b 

I  f(x)<l>(x)dx  =  fi  j   <l>(x)dx, 
a  %Ja 


where  /a  lies  between  m  and  3/.  Since  the  fimction  f{x)  is  con- 
tinuous, it  assumes  the  value  /a  for  some  value  ^  of  the  variable 
which  lies  between  a  and  h ;  and  hence  we  may  write  the  preceding 
equation  in  the  form 

(3)  Cf{x),^(x)dx=f{i)Ci,{x)dx, 

where  ^  lies  between  a  and  h,*  If,  in  particular,  ^(x)  =  1,  the 
integral  J^**  dx  reduces  to  (/>  —  ti)  by  the  very  definition  of  an  inte- 
gral, and  the  formula  becomes 


(4)  Cf{^)dx  =  (b-  a)f{(). 


*  The  lower  sijrn  holds  in  the  preceding  relations  only  when/(3')  —  k.   It  is  evideni 
that  the  formula  still  holds,  however,  and  that  a<^<b  in  any  case.  —  Tkans. 
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TS.  Second  law  of  the  mean  for  integiala.  There  is  a  aecoDd  (ormutb,  due  to 
Bonnet,  which  he  deduced  frnm  an  important  lemaia  of  Abel's. 

Lemma.  Let  (ut  'f  •  ■  ■ ,  ip  be  a  Met  of  inonotonically  decreasing  positive  qaaiUi- 
tis),  awluo.  Ui, '  • ' ,  Uptlie  same  niimber  of  arbitrary  poiitneoriiegcUive  quantities. 
If  A  and  B  are  reapectineli/  the  greatest  and  tfte  lecut  of  all  of  the  suini »(,  =  «„ , 
li  =  B«  +  iii,-'.f,  =  «o  +  m  +  '-  +  Up,We  mm 

S  =  «o"o  +  «i«i  +  ■■■  +  'ptfy 
via  lie  bettMOt  Ate  emdBto,  i-e.  Aiq  ^Sirito. 

For  we  have 


U,  =  »|  -  80, 


(chence  the  sum  S  is  equ&l  to 
Since  none  of  the  differences 


L  —  '3,  ■  ■  ■,  'p-i  ~  'p  are  negative,  two 
limitA  for  S  are  given  by  replacing  ao  >  "i .  - '  - ,  Sp  by  their  upper  limit  A  und  then 
by  their  lower  limit  B.     In  this  way  we  find 

S  ^  .4  (*o  -  (i  +  (1  -  fi  +  •    ■  +  fp- 1  -  (,.  +  <p)  =  jlto, 
and  it  fa  likewise  evident  th&t  S  g  Bti^. 

Now  let/(x)  aiid  *(i)  ba  two  continuous  functions  of  i,  one  of  which,  *(i), 
is  a  positive  uionotonicalty  decreasing  function  in  the  interval  a<x<b.  Then 
Uie  integral  X,V(z)  <l>VJ^)dx,  is  the  limit  of  the  sum 

/(a)  *(a)  (i,  -  a)  +  /(ii)  * (x,)  (i,  _  i.)  +  . . . . 

The  numbers  #  (a),  0  (ii),  ■  ■  -  form  a  set  of  monotonically  dpcreasing  positive 
numbers^  hence  the  above  Hum,  by  the  lemma,  lies  between  •40(a)  and  iJ^fa), 
where  A  and  B  are  respectively  the  greatest  and  the  leaat  among  the  following 
■niDl: 

/(»)<2,-a). 

/(o)(ii-a)+/(x,)(i,^j;i). 


/(«)  (/I  -  a)  +/(xO  (I,  -  eo  +  ■  ■  ■  +/(i.-0  C-  -  i-i). 
PiMing  to  the  limit,  it  is  clear  that  the  int«gral  in  question  must  lie  between 
J,^(a)  and  fi|4(a).  where  A\  and  H\  denote  the  maximum  and  the  minimum. 
respectively,  of  the  integral  f^f[i.)dz,  aa  c  varies  from  n  to  6.  Since  this  inte- 
gtal  is  evidently  a  continuous  function  of  its  upper  limit  c  {%  70),  we  may  write 
tbe  following  formula : 

(5)  fyix)4,{x)dx  =  ^iii)fjf{x)dx,  a<(<b. 

WhBQ  the  function  #(z)  is  a  monotonically  decreasing  function,  without 
being  alnayH  positive,  there  exialti  a  more  general  formula,  due  to  Weierstrasa. 
In  luch  a  case  let  qb  set  *(!)  =  «  (6)  +  ^^  (i).  Then  ^  (z)  is  a  positivi 
ictUy  decreasing  fimction.     Applying  the  formula  (G)  to  it,  we  find 

fyix).Hi)dx  =  [,t.(a)-  4.{b)]J^flx)dx. 
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From  this  it  is  easy  to  derive  the  formula 

f'f(x)<l>(x)dx  =  C\x)4,(b)dx  +  [0(a)  -  0(6)]  f%)dx, 
or 

f''f{x)<p(x)dx  =  <f>(a)f%)dx  +  0(6)  J /(x)dx. 

Similar  formulae  exist  for  the  case  when  the  function  <p{x)  is  increasing. 

76.  Return  to  primitive  functions.  We  are  now  in  a  position  to 
give  a  purely  analytic  proof  of  the  fundamental  existence  theorem 
(§  67).  Let/(ir)  be  any  continuous  function.  Then  the  definite  int^ral 


F(x)=£f(t)dt, 


where  the  limit  a  is  regarded  as  iixed,  is  a  function  of  the  upper 
limit  X.  We  proceed  to  show  that  the  derivative  of  this  function 
isf(x).     In  the  first  place,  we  have 


Xx  +  h 
f(t)dt, 


or,  applying  the  first  law  of  the  mean  (4), 

where  f  lies  between  x  and  x  -\-  h.  As  A  approaches  zero,  /(^) 
approaches  f{x) ;  hence  the  derivative  of  the  function  F(x)  is  /(a), 
which  was  to  be  proved. 

All  other  functions  which  have  this  same  derivative  are  given 
by  adding  an  arbitraiy  constant  C  to  F{pc).  There  is  one  such 
function,  and  only  one,  which  assumes  a  preassigned  value  y^  for 
a;  =  rt,  namely,  the  function 


yo-^£f(t)dt. 


When  there  is  no  reason  to  fear  ambiguity  the  same  letter  x  is 
used  to  denote  the  upper  limit  and  the  variable  of  integration,  and 
f''f(x)dx  is  written  in  place  of  JJf(t)dt.  But  it  is  evident  that 
a  definite  integral  depends  only  upon  the  limits  of  integration  and 
the  form  of  the  function  under  the  sign  of  integration.  The  letter 
which  denotes  the  variable  of  integration  is  absolutely  immaterial. 

Every  function  whose  derivative  is  f(x)  is  called  an  indefinite 
integral  of  f(x),  or  a  primitive  function  of  f(pc),  and  is  represented 
by  the  symbol 

f{x)dxy 


' 
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the  limits  not  being  indicated.     By  the  above  we  evidently  have 


f  f{x)dx   =  /  f(x)dx  -f  C. 


Conversely,  if  a  function  F(x)  whose  derivative  is  f(x)  can  be 
discovered  by  any  method  whatever,  we  may  write 


X 


f{x)dx  =  F(a;)+  C, 


In  order  to  determine  the  constant  C  we  need  only  note  that  the 
left-hand  side  vanishes  for  x  =  a.  Hence  C  =  —  F(a),  and  the 
fundamental  formula  becomes 

(6)  Ta^)^  =  F{x)  -  F(a). 

If  in  this  formula  yi(a)  be  replaced  by  F^{x)y  it  becomes 

F(x)  -  F{a)  =  I  F\x)dx, 

Qity  applying  the  first  law  of  the  mean  for  integrals, 

F{x)-F{a)  =  (x-a)F\i), 

where  {  lies  between  a  and  x.  This  constitutes  a  new  proof  of  the 
law  of  the  mean  for  derivatives ;  but  it  is  less  general  than  the  one 
given  in  section  8,  for  it  is  assumed  here  that  the  derivative  F\x)  is 
continuous. 

We  shall  consider  in  the  next  chapter  the  simpler  classes  of  func- 
tions whose  primitives  are  known.  Just  now  we  will  merely  state 
a  few  of  those  which  are  apparent  at  once  : 

/(x  —  ay  +  ^ 
A(x  -  aYdx  =  A  ^ ^  +  C,         a  -fl  ^  0; 

/A =  A  log  (a;  —  a)  -f-  C\ 
x  —  a  ^  ' 

j  cos  xdx  =  sin  x  -^  C;  j  sin  xdx  =  —  cos  x  -{-  C; 


f 


e^dx  =  —  -f-  C,         w  =?fc  0: 
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/dx  r    ^  . 

:; =  arc  tan  a;  -f-  C:  I     >  =  arc  sm  aj  -f  C: 

1  -f-  a;*  J   V 1  —  05* 

The  proof  of  the  fundamental  formula  (6)  was  based  upon  the 
assumption  that  the  function  f(x)  was  continuous  in  the  closed  inter- 
val (a,  h).  If  this  condition  be  disregarded,  results  may  be  obtained 
which  are  paradoxical.  Taking  f(x)  =  l/x\  for  instance,  the  for- 
mula (6)  gives 

x^      a       h 


J. 


The  left-hand  side  of  this  equality  has  no  meaning  in  our  present 
system  unless  a  and  b  have  the  same  sign ;  but  the  right-hand  side 
^  has  a  perfectly  determinate  value,  even  when  a  and  b  have  different 
signs.  We  shall  find  the  explanation  of  this  paradox  later  in  the 
study  of  definite  integrals  taken  between  imaginary  limits. 
Similarly,  the  formula  (6)  leads  to  the  equation 


rf{^)<^ = log  r^^i 


If /(a)  and /(ft)  have  opposite  signs, /(x)  vanishes  between  a  and  ft, 
and  neither  side  of  the  above  equality  has  any  meaning  for  us  at 
present.  We  shall  find  l^ter  the  signification  which  it  is  convenient 
to  give  them. 

Again,   the  formula   (6)   may   lead    to    ambiguity.      Thus,    if 
f(x)  =  1/(1  +  x%  we  find 


X 


^    dx 

■T—^ — ^  =  arc  tan  ft  —  arc  tan  a. 
1  -^  x^ 


Here  the  left-hand  side  is  perfectly  detenninate,  while  the  right- 
hand  side  has  an  infinite  numlier  of  determinations.  To  avoid  this 
ambiguity,  let  us  consider  the  function 

This  fimction  F{x)  is  continuous  in  the  whole  interval  and  van- 
ishes with  ar..  Let  us  denote  by  arc  tan  x,  on  the  other  hand,  an 
angle  between  —  7r/2  and  -|-  7r/2.     These  two  functions  have  the 
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same  derivative  and  they  both  vanish  for  a-  =  0.     It  follows  that 
they  are  equal,  and  we  may  write  the  equality 

I    5—- — i  =  I    3— — 5  —  f     I— — ;  =  arc  tan  i  —  arc  tan  a, 

where  the  value  to  be  assigned  the  arctangent  always  lies  between 
-Tr/2  and +7r/2. 
In  a  similar  manner  we  may  derive  the  formula 


X'; 


=  —  arc  sin  b  —  arc  sin  a 


Khere  the  radical  is  to  be  taken  positive,  where  "  and  b  each  lie 
between  —  1  and  +  1,  and  where  arc  sin  i  denotes  an  angle  which 
lies  between  — •n-/2  and  +7r/2, 

TT.  Indlua.  In  general,  when  the  pritDltive  F{x)  is  multiply  determinate,  we 
ihould  choose  one  of  the  initial  vuluett  F(i)  and  follow  the  continuous  variation 
ol  iMa  branch  as  z  varies  froni  a  Lo  b.     Lt:t  ua  coneider,  fur  insUtnce,  the  integral 


/(")  =  7. 


KiA  where  P  and  Q  bit  two  fiinelioiis  which  are  both  continuous  in  the  interval 
(a,  h)  and  which  do  not  both  vnniHh  at  the  sanne  time.  If  Q  does  not  vanish 
iH'lween  a  and  b,  f{x)  dnen  not  become  inllnite,  and  arc  tan/(z)  remains  between 
-  a/2  and  +  x/2.  But  this  is  no  longer  true,  in  general,  if  the  equation  Q=  0 
has  roots  in  this  interval.  In  order  to  see  how  the  formula  must  be  modified,  let 
nBrel«n  Iheconvention  that  arc  tan  aijtnilieann  aojle  between  —  ff/2and  +  )r/2, 
sod  let  ua  suppose.  In  the  first  jitace,  that  Q  vanishes  juRt  once  between  a  and  b 
tor  R  value  z  =  c.     We  may  write  the  integral  in  the  form 


f 


r-c*L- 


wlierecand  ("are  two  very  small  positive  numbers.     Since /(z)  does  not  become 
infinite  between  a  and  e  —  t,  nor  between  c  +  ('  and  b,  this  may  again  be  written 


1    1  +  ^ 


:ctan/(e-.)-arctan/(a) 
arc  tan/(6)  -  arc  tan/(c  +  O  +f'*'  ■ 


Seveial  coses  may  now  present  tbemselvea.  Suppose,  for  the  sake  of  definite- 
IUH.tliat/(x)  becomes  infinite  bypassing  from  +  is  Lo  —  ».  Then/(e  —  t)  will 
be  posilive  and  very  large,  and  arc  tiin/(e  —  c)  will  be  very  near  to  ir/2;  while 
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/(c  +  O  w''l  •»  negative  ami  very  large,  and  aro  tan/(c  +  O  wiil  be  very  near 
—  ir/2.  Aieo,  the  integnti  J^lV'  will  lie  veiy  amall  in  abaoilita  T&iue ;  and, 
paasing  to  tlie  iimit,  we  obiain  tlie  fnmiuia 


J.    l+Z-i") 


in/(»)-arotui/(a). 


+>ii) 

Similarly,  it  is  easy  In  show  that  it  would  be  necessary  to  mibtract  x  if  /[x) 
pfuued  from  —  ic  t{i  +  uo.  In  the  generaJ  case  we  would  divide  the  interval 
(a,  b)  into  subintervaU  in  such  a  nay  that  /(z)  would  become  infinite  juat  once 
in  each  of  them.  Treating  each  of  theee  Bubintervala  in  the  above  muuier  uid 
adding  the  results  obtained,  we  Htiould  And  the  formula 


X 


re  tan/(6)  -  arc  tan/(a)  +  (A'  -  ff")  ir 


where  K  denotes  the  number  of  times  that  /{x)  becomes  iiifinil«  by  passing  from 
+  00  to  -  (c,  and  K'  the  tiumber  of  times  that  /{x)  passes  frnm  -  oo  lo  +  m. 
The  number  K  —  K'  is  called  the  index  at  the  function  /(i)  between  a  and  6. 

When  /(i)  reduces  to  a  rational  function  Vi  /  V,  this  index  may  be  calculated 
by  elementary  processes  without  knowing  the  roots  of  V.  It  is  clear  that  we 
may  suppose  F|  prime  to  and  of  less  degree  than  V,  for  the  removal  of  a  poly- 
nomial does  not  affect  the  index.  Let  us  then  consider  the  series  of  divisions 
necetMary  to  determine  the  p^atest  common  divisor  of  Fand  Ki,  the  sign  of  the 
remainder  being  changed  each  lime.  First,  we  would  divide  V  by  Fi,  obtaining 
a  quotient  Qi  and  a  remainder  —  Kg.  Then  we  would  divide  Vi  by  Kj,  obtaining  a 
quotient  Qi  and  a  remainder  —  Kj ;  and  so  on.  Finally  we  should  obtain  a  con- 
slant  remainder  —  K.  +  i.    These  operations  give  the  following  set  of  equations: 

F,      =  FjQ, 


The  sequence  of  polynoiniala 


(7) 


Vr-l 


V„ 


has  the  essential  chatBct«riatlcB  of  a  Sturm  sequence :  1)  two  consecutive  poly- 
nomials of  tbe  sequence  cannot  vanish  simultaneously,  tor  if  they  did,  it  could 
be  shown  successively  that  this  value  of  z  would  cause  all  the  other  polynomials 
Id  vanish,  in  particular  I',.,.];  2)  when  one  of  the  intermediate  polynomials  Vi, 
Vi,  ■  -  ■ ,  F.  vanishes,  tliu  number  of  changes  of  sign  in  tbe  series  (T)  is  not  altered, 
for  if  Vr  vanishes  for  i  =  c,  F,-i  and  Fr»i  have  different  signs  for  i  =  c.  It 
follows  that  the  number  of  changes  of  sign  In  the  series  (T)  remains  the  same, 
except  when  z  passes  liirough  a  root  of  F=  0.  If  Fi/T' posses  from  +  m  to  —  », 
this  number  Increnscs  by  one,  but  it  diminishes  by  one  on  the  other  hand  if 
Vi/V  passes  from  -  ro  to  +  <r>.  Hence  the  index  is  equal  to  the  difference  of 
tbe  number  of  changes  of  si(^  in  the  series  (T)  for  x  =  b  and  x  =  a. 

78.  Area  of  a  curve.  We  can  now  give  a.  purely  analytic  definition 
of  the  area  bounded  by  a  continuous  plane  curve,  the  area  of  the 
leotangle  only  being  considered  known.     For  this  purpose  v 
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I 
I 


only  translate  into  geometrical  language  the  results  oi  g  72.  Let 
f{r)  be  a  function  which  ia  continuous  in  the  closed  interval  (a,  b), 
and  let  ub  suppose  for  definiteness  that  a  <  b  and  that  /{r)  >  0  in 
the  interval.  Let  us  consider,  as  above  (Fig.  9,  §  63),  the  pui'tion  of 
the  plane  bounded  by  the  contour  AMBB„.\,„  oompased  of  the  seg- 
ment J„/i„  of  the  X  axis,  the  straight  lines  AA^,  and  Il/i^  parallel  to 
the  y  axis,  and  having  the  abscissa!  a  and  b,  and  the  aru  of  the  curve 
A  MB  whose  etjuatiun  is  ,V  =/(»')-  Let  us  mark  off  un  .'l,i/!u  a  certain 
Dumber  of  points  of  division  P,,  Pj,  ■  ■-,  /*(_i,  P^,  ■  ■  ■ ,  whose  abscissiB 
are  x,,  x,,  ■  ■  ■,  ar^.,,  j-,,  ■  ■  ■,  and  through  these  points  let  ua  draw 
parallels  to  the  y  axis  which  meet  the  arc  AMB  in  the  points 
fti  Qti  ■■■>  Qi-tt  ^.1  ■**)  respectively.  Let  us  then  consider,  in 
particular,  the  portion  of  the  plane  hounded  by  the  contour 
Q(-i'i^.-P(-i'3.-i>  i^nd  let  us  mark  upon  the  arc  y,.,!;,  the  highest 
and  the  lowest  points,  that  is,  the  points  which  correspond  to  the 
maximum  .if,-  and  to  the  minimum  ?».  of  /(x)  in  the  interval 
(«,_,,  Xi).  (In  the  figure  the  lowest  point  coincides  with  (ij,,.) 
Let  Rj  be  the  area  of  the  rectangle  /',■_! /'^ »,«,_,  erected  upon  the 
hase  P,-iP.  with  the  altitude  M„  and  let  r^  be  the  area  of  the 
rectangle  Pi_,P,'/i(ii.,  erected  upon  the  base  /*,_|P,  with  the  alti- 
tude ffi,.     Then  we  have 


11,  =  M,{x, 


-,). 


^,(^, 


-.). 


and  the  results  found  above  (§  72)  may  now  be  stated-  as  follows  :  ■ 
whatever  be  the  points  of  division,  there  exists  a  hxed  number  / 
which  is  always  less  than  2'>.  and  greater  than  Sr.,  and  the  two 
sums  SRi  and  St-^  approach  t  as  the  number  of  subintervals  P,.,Pi 
increases  in  such  a  way  that  each  of  them  approatihes  zero.  We  shall 
call  this  common  limit  /  of  the  two  sums  S/f,  and  2r,  the  area  of 
the  portion  of  the  ploTie  Immided  by  thn  eonl'iur  .LUBfi,,.!,,.!.  Thus 
the  area  under  consideration  is  detiiied  to  be  equal  to  the  definite 
integral  X''/(-^)''«- 

This  detinitioii  agrees  with  the  ordinary  notion  of  the  area  of  a 
plane  curve.  For  one  of  the  clearest  points  of  this  rather  vague 
notion  is  that  the  area  bounded  by  the  contour  P,-_|P,Q,iify,_, /",■_, 
lies  between  the  two  aresis  R,  and  r,  of  the  two  rectangles  Pj_,  P^HiS^^^ 
and  Pi-iPiiifi,-i',  hence  the  total  area  bounded  by  the  contour 
AMBB^A„A  must  sm^ely  be  a  quantity  which  lies  between  the  two 
sums  S,Ri  aod  Sr,.  But  the  definite  integral  /  is  the  only  Jixed  quan- 
tity which  always  lies  between  these  two  sums  for  any  mode  of 
subdivision  of  Aoliat  since  it  is  the  common  limit  of  Sitj  aod  Sr^ 
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The  given  area  may  also  be  defined  in  an  infinite  number  of  other    , 
waya  as  tlif.  limit  of  a  sum  of  rectangles.     Thus  we  have  seen  that 
the  dettnite  iutegral  /  is  also  the  limit  of  the  sum 


where  $, 
element 


i  any  value  whatever 


1  the  interval  {x, 


of  this  sum  represents  the  area  of  a  rectangle  whose  base  is  /'(_iP,- 
aod  whose  altitude  is  the  ordinate  of  any  point  of  the  arc.  Q^_,  Wji^fi. 
It' should  be  noticed  also  that  the  definite  integral  /  represents 
the  area,  whatever  be  the  position  of  the  arc  A  MB  with  respect  to 
the  X  axis,  provided  that  we  adopt  the  convention  made  in  §  67. 
Every  definite  integral  therefore  represents  an  area ;  hence  the  calcu- 
lation of  such  an  integral  is  called  a  qimdi-ature. 

The  notion  of  area  thus  having  been  made  rigorous  ooce  for  all, 
there  remains  no  reason  why  it  should  not  be  used  in  certain 
arguments  which  it  renders  nearly  intuitive.  For  instance,  it  ia 
pei'feotly  clear  that  the  area  considered  al>ove  lies  between  the  areas 
of  the  two  rectangles  whicli  have  the  common  base  .^o/.'u■  and  which 
have  the  least  and  the  greatest  of  the  ordinates  of  the  arc  AMIi, 
respectively,  as  their  altitudes.  It  is  therefore  equal  to  the  area  of 
a  rectangle  whose  base  is  A^Ba  and  whose  altitude  is  the  ordinate 
of  a  properly  chosen  point  upon  the  arc  .!  .1/B,  —  which  is  a  restate- 
ment of  the  first  law  of  the  mean  for  integrals. 

79.  The  following  remark  ia  also  important.  Let/(;r)  Ije  a  func- 
tion which  \s  finite  in  the  interval  [n,  b)  and  which  is  discontinuous 
in  the  manner  described  below  for 
a  finite  number  of  values  between 
a  and  b.  Let  us  suppose  that  /(^) 
is  continuous  from  c  to  c-\-k(k'>0), 
and  that  /(c  -|-  €)  ajiproaches  a  cer- 
tain limit,  which  we  shall  denote 
by  /{c  -I-  0),  as  c  approaches  zero 
through  positive  values ;  and  like- 
wise let  us  suppose  that  f(x)  is 
continuous  between  c  — A  and  c  and  that/(i-  —  e)  approaches  a  limit 
/(c  —  0)  as  «  approaches  zero  through  positive  values.  If  the  two  • 
limits  f(c  4-  0)  and  f{r.  -  0)  are  different,  the  function  f(x)  is  dis- 
oontinuoua  for  x  =  c.     It  ia  usually  ^reed  to  take  for  /(o)  ths 
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value  [/(c  +  0}  +/(«  -  0)]/2.  If  the  function /(x)  has  a  certain 
number  of  points  of  discontinuity  of  this  kind,  it  will  he  repre- 
sented graphically  by  several  distinct  arcs  .If",  CD.  D'B.  Ijet  c 
and  d,  for  example,  be  the  abscissue  of  the  points  of  discontinuity. 
Then  we  shall  write 

J/{^)d^  =£/(')'''=  +ff(''>''^  +£a=')<^. 

io  accordance  with  the  definitions  of  §  72.  Geometrically,  this  definite 

integral  represents  the  area  bounded  by  the  contour  A  CC'DD'BB„A„A. 

If  the  upper  limit  b  now  be  replaced  by  the  variable  x,  the  definite 

integral 


"(^ 


'^'I}<' 


)dx 


is  still  a  continuous  function  of  r. 
tinuous  we  still  have  /"(j-)  — /(.r). 
z  =  c  for  example,  we  shall  have 


oini,  J-  where /(j)  is  con- 
i  yioiiit  of  discontinuity, 


n'  +  'o 


■m=f'. 


/(r)dx  =  hf(t  +  eh),        0  <  «  <  1, 


and  the  ratio  \_F(e  +  h)-  F(e)]/A  approa«.'hes /■{f  +  0)  or/{c  -  0) 
according  as  A  is  positive  or  negative.  This  is  an  example  of  a 
tonction  F(t)  whose  derivative  has  two  distinct  values  for  certain 
Yalues  of  the  variable. 

BO.  length  of  a  curvilinear  arc.  Given  a  curvilinear  arc  AB\  let  us 
take  a  certain  number  of  intermediate  points  on  this  arc,  »tti,  m,, 
■  ■-,  ™,_|,  and  let  us  construct  the  broken  line  .4iii, nij --•  m,_,B  by 
connecting  each  pair  of  consecutive  points  liy  a  straight  line. 

If  the  length  of  the  perimeter  of  this  broken  line  approaches  a 
limit  ax  the  numlier  of  sides  increases  in  such  a  way  that  each  of 
them  approaches  zero,  this  limit  is  defined  to  be  the  length  of  the  ' 


be  the  rectangular  coijnlinates  of  a  point  of  the  ate  AB  expressed 
in  terms  of  a  parameter  /,  and  let  us  suppose  that  as  (  varies  from 
a  to  b(n<b)  the  functions  /,  <t>,  and  ip  are  continuous  and  possess 
continuous  first  derivatives,  and  that  the  point  (x,  y,  z)  (lescribes 
the  arc  A  B  without  changing  the  sense  of  its  motion.     Let 


a,  ti,  ti, 


,   k-u   'll 
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be  the  values  of  t  which  correspond  to  the  vertices  of  the  broken 
line.     Then  the  side  c,  is  given  by  the  formula 


or,  applying  the  law  of  the  mean  to  x,-  —  a;j_i,  •  •  •, 

where  f,,  iy,,  {,  lie  between  ^,_i  and  ^,..     When  the  interval  (^,_,,  /,) 
is  very  small  the  radical  differs  very  little  from  the  expression 


In  order  to  estimate  the  error  we  may  write  it  in  the  form 

u'iid  -  f'(t<. .)]  \:n$,)  +  fit,  _,)]+••• 


But  we  have 
and  consequently 

/'(f.)+/'ft-.)         <i 

v/"(i,)+--+^/"'(<.-i)+-- 

Hence,  if  each  of  the  intervals  be  made  so  small  that  the  oscillation 

of  each  of  the  functions  f'{t),  <^'(0>  ^'(^)  ^^  ^^^^  ^^^'^  */^  ^^  *^y 
interval,  we  shall  have 

where 

and  the  perimeter  of  the  broken  line  is  therefore  equal  to 

The  supplementary  term  2€,(^,  — ^..j)  is  less  in  absolute  value 
than  €^{ti  —  ti_i),  that  is,  than  €(b  ^  a).  Since  c  may  be  taken  as 
small  as  we  please,  provided  that  the  intervals  be  taken  sufficiently 
small,  it  follows  that  this  term  approaches  zero ;  hence  the  length  S 
of  the  arc  AB  is  equal  to  the  definite  integral 

(8)  S=  C  V/'2-|-^'2-fiA"<^^. 

This  definition  may  be  extended  to  the  case  where  the  derivatives 
f,  4>',  ^'  are  discontinuous  in  a  finite  number  of  points  of  the  arc  AB, 
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which  occurs  when  the  curve  has  one  or  more  comers.  We  need  only 
divide  the  arc  AB  into  several  {larts  for  each  of  which/',  ^',  ^'  are 
continuous. 

It  results  from  the  formula  (8)  that  the  length  A'  of  the  arc 
between  a  fixed  point  ,1  and  a  variable  point  .1/,  which  correaponds 
to  a  value  t  of  the  parameter,  is  a  function  of  t  whose  derivative  is 

whence,  squaring  and  multiplying  by  df,  we  find  the  formula 
(9)  dS''  =  rfx'  +  rfy'  +  rfs», 

which  does  not  involve  the  independent  variable.  It  is  also  easily 
remembered  from  its  geometrical  meaning,  for  it  means  that  dS  is 
the  diagonal  of  a  rectangular  parallelepiped  whose  adjacent  edges  are 
dx,  dy,  dz. 

Note.  Applying  the  first  law  of  the  mean  for  integrals  to  the 
dcBnite  integral  which  represents  the  arc  .l/„.l/i,  whose  extremities 
correspond  to  the  values  (oi  'i  ot  the  parameter  ((,  >  („),  we  find 


I 


«  =  arc  AU/,  =  {(,  -  Q  V/'"(d)  + ,^'^(fl)  +  f =(#}, 

where  0  lies  in  the  interval  ((,„  (,).     On  the  other  hand,  denoting 
the  chord  M^M,  by  e,  we  have 

«"  =  [/('.)-/('.)]■  +  [+('.)  -  *('.)]•  +  W(<i)  -  *(«]■■ 

Applying  the  law  of  the  mean  for  derivatives  to  each  of  the  differ- 

ences/((i)  — /((o),  ■-•,  we  obtain  the  formula 


where  the  throe  numbers  $,  ij,  {  belong  to  the  interval  (*„,  t,).  By 
the  above  calculation  the  difference  of  the  two  radicah  is  less  than  c, 
jirovided  that  the  oscillation  of  each  of  the  functions/'(0,  "^'(O'  (^'(') 
is  less  than  c/3  in  the  interval  (fg,  fi).    Consequently  we  have 

or,  finally. 


~^/'^0)  +  'l>'\0)  +  <l>-\e) 


If  the  arc  iWg.Wi  is  infinitesimal,  (,— (|,  approaches  zero ;  hence*, 
and  therefore  also  1  —  r/s,  approaches  zero.  It  follows  that  the  ratio 
of  an  injtnitesimal  arc  to  its  chord  approaches  unitij  as  its  limit. 
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Example.  Let  us  find  the  length  of  an  arc  of  a  plane  curve  whose 
equation  in  polar  coordinates  is  p  =f{vi).  Taking  cu  as  independent 
variable,  the  curve  is  represented  by  the  three  equations  x=^  p  cos  o>, 
y  =  p  sin  o>,  «  =  0 ;  hence 

df^  r=  dx^  -f  dj/^  =  (cos  iodp  ^  p  sin o  rfw)^  -f-  (sin  iodp  -{-  p  cos o>  rfw)-, 

or,  simplifying, 

ds^  =  rfp«  +  p^diD\ 

Let  us  consider,  for  instance,  the  cardioid,  whose  equation  is 

p  =  ij  -f  jR  cos  cu. 
By  the  preceding  formula  we  have 

ds^  =  R^dw^  [sin^o)  -f  (1  +  cos  «)«]  =  4  /?«  cos^  ^  rf»», 
or,  letting  o  vary  from  0  to  tt  only, 

ds  =  2R  cos  —  d(o ; 


and  the  length  of  the  arc  is 


(4  «,»!)•_;. 


where  o>o  and  wi  are  the  polar  angles  which  correspond  to  the  extrem- 
ities of  the  arc.     The  total  length  of  the  curve  is  therefore  8  R. 

81.  Direction  cosines.  In  studying  the  properties  of  a  curve  we  are 
often  led  to  take  the  arc  itself  as  the  independent  variable.  Let  us 
choose  a  certain  sense  along  the  curve  as  positive,  and  denote  by  s 
the  length  of  the  arc  AM  between  a  certain  fixed  point  A  and  a  vari- 
able point  A/,  the  sign  being  taken  -f  or  —  according  as  M  lies  in 
the  positive  or  in  the  negative  direction  from  A,  At  any  point  M 
of  the  curve  let  us  take  the  direction  of  the  tangent  which  coincides 
with  the  direction  in  which  tlie  arc  is  increasing,  and  let  a,  /8,  y  be 
the  angles  which  this  direction  makes  with  the  positive  directions 
of  the  three  rectangular  axes  Ox^  Oijy  Oz,  Then  we  shall  have  the 
following  relations  : 

cos  ct  _  cos p  __  cosy  _  1  _  i  1 

dx    '^    dy    "    dz     "      ^dx^  ^  dy^  -f  dz^  ~~    da  ' 

To  find  which  sign  to  take,  suppose  that  the  positive  direction  of 
the  tangent  makes  an  acute  angle  with  the  x  axis ;  then  x  and  s 
increase  simultaneously,  and  the  sign  -f-  should  be  taken.  If  the 
angle  a  is  obtuse,  cos  a  is  negative,  x  decreases  as  .v  increases,  dx/ds 
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is  negative,  and  the  sign  +  should  be  taken  again.  Hence  in  any 
caae  the  following  formulae  hold  : 

(10)  00...^^',        »»,  =  g,        co.,  =  f, 

where  dx,  dy,  dz,  ds  are  differentials  taken  with  rettpeut  to  the  same 
independent  variable,  which  is  otherwise  arbitrary. 

82.  Variation  of  a  segment  of  a  straight  line.  Let  MM^  be  a  ."iegmeiit 
of  a  straight  line  whose  extremities  describe  two  curves  C,  '',.  On 
each  of  the  two  curves  let  us  choose  a 
point  as  origin  and  a  positive  sense  of 
motion,  and  let  ua  adopt  the  follow- 
ing notation  :  «,  tlie  arc  AM;  <„  the  are 
A 1  M^^i  —  the  two  arcs  being  taken  with 
the  same  aign  ;  /,  the  length  jU.1/,  ;  6,  the 
."uigle  between  MM^  and  the  positive  di- 
rection of  the  tangent  .1/7' ;  Qi,  the  angle 
between  .V,Af  and  the  positive  direction 
of  the  tangent  Mi  T,.     We  proceed  to  ""'  ''' 

try  to  find  a  relation  between  fl,  di  and  the  differentials  ds,  ds,,  dl. 

Let  (x,  y,  s),  (x,,  y,,  a,)  be  the  coordinates  of  the  points  M.  Mi, 
respectively,  a,  ft  y  the  direction  angles  of  MT,  and  ir,,  fi„  y,  the 
direction  angles  of  M,  7\.     Then  we  have 

'•  =  («-»0'  +  (»-j.)* +  ('-«.)'. 

from  which  we  may  derive  the  formula 

Id!  =  ix^x,)(dx  -  dx,)  +  (y-  y,)(du  -  dy,)  -H  (=r  -  z,)(dz  -  dz,). 
which,  by  means  of  the  forniulEe-(10)  and  the  analogous  fotmulie 
for  C],  may  be  written  in  the  form 


I   >/  -  Ih 


coa^-H- 


-  COS  A  -)-  - 


-  cos  Yi  I  dt,. 


But  (»  —  Xi)/l,  (y  —  !f\)/l,  (a  —  *\)/l  ai'e  the  direction  cosines  of 
MiM,  and  consequently  the  coefficient  of  da  is  —  costf.     Likewise 
the  coefficient  of  ds,  is  —  cos  6^;  hence  the  desired  relation  is 
dl  =  —  dsaoB$—ds, ooa  ft. 


We  shall  make  frequent  applications  of  this  formula;  c 
proceed  to  discuss  immediately. 


inch  K 
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i«  of  GriTM  and  ot  Chaalas.    Let  E  and  E'  be  Lwo  confocal  ellipses, 
&&(!  let  the  two  tangents  MA,  MB  to  the  interior  ellipse  K  be  drawn  from  a  point 
M,  which  lies  on  the  exterior  ellipse  B'.     Tht 
difference  MA  +  MB^  arc  ANB  remains  con- 
tUwt  01  Ote  point  M  deaeribea  the  eUipte  E". 

Let  ■  and  a'  denote  the  arcs  OA  and  OB, 
Q  the  arc  CM,  I  and  I'  the  dlaUnces  AU  93\t 
BM,  9  the  angle  between  MB  and  the  positive 
direction  of  the  tangent  MT.  Since  the  ellipses 
&re  confocal  the  angle  between  MA  and  MT  is 
equal  w  k  —  S.  Noting  that  AM  coincides 
with  Uie  positive  direction  of  the  tangent  at  A, 
and  that  BM  is  tbe  negative  direction  of  the  tangent  at  B,  we  find  from  the 
formula  (10'),  successively, 


PlO.  13 


dV  ^ 


+  daC0B9, 


da'-rfffcc 


■cAyB), 


whence,  adding, 

which  proves  the  proposition  stated  above. 

The  above  theorem  is  due  to  an  Knglisli  geometrician,  Graves.  The  following 
theorem,  discovered  by  Cbasles,  tnay  be  proved  in  a  similar  manner.  Given  an 
ellipse  and  a  confocal  hyperbola  which  meets  it  at  !f.  If  from  a  point  M  on  that 
btanch  of  the  hyperbola  which  passes  through  If  tbe  two  tangenlfl  MA  and  MB 
be  drawn  to  the  ellipse,  the  difference  of  tbe  arcs  NA  —  NB  will  be  equal  to  the 
difference  of  the  tangents  MA  —  MB.  . 


m.   CHANGE  OF  VARIABLE       INTEGRATION   BY  PARTS 


cannot  be  evaluated 
licti  we  shall  discuss 


A  large  ntunber  of  definite  integrals 
directly  yield  to  the  two  general  protiei 
in  thia  section. 

84.  Change  of  variable.    If  in  tbe  definite  integral  f''f(x)da:  the 

variable  x  he  replaced  by  a  new  independent  variable  (  by  meaus 
of  the  substitution  jr  =  <p{/),  a  new  definite  integral  is  obtained. 
Let  us  suppose  that  the  function  ■^(f)  is  continuous  and  possesses  a 
continuous  derivative  between  n  and  ft  and  that  i^(()  proceeds  from 
a  to  b  without  changing  sense  as  /  goes  from  a  to  /3. 

The  interval  (a,  /3)  having  been  broken  up  into  subintervals  by 
the  intermediate  values -ii-,  (,,  t^,  ■■■,f,_,,  |8,  let  a,  x,,  ar,.  ■-•,a^_|,  6 
be  the  corresponding  values  of  x  =  <^(/).  Then,  by  the  law  of  the 
mean,  we  shall  have 

where  $,  lies  between  (j_i  and  ',.  Let  f^  ■—  tt>{0i)  be  the  corresponding 
value  of  X  which  lies  between  x^^^  and  x,.     Then  the  sum 
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approaches  the  given  definite  int^ral  as  its  limit.     But  this  sum 
may  also  be  writteu 

and  in  this  form  we  see  that  it  approaf^hes  the  new  definite  integral 


fj 


t 


u  its  limit     This  establishes  the  equality 

(11)  £f(x)dx  =£fi4.(t)i4>x')<it. 

which  is  callral  the  formula  for  the  change  of  variable.  It  is  to 
be  observed  that  the  new  differential  under  the  sign  of  integration 
is  obtained  by  replacing  x  and  dx  in  the  differential /(a-)  rfsc  by  their 
T^ues  ^(t)  and  ^'(t)dt,  while  the  new  limits  of  integration  are  the 
values  of  t  which  correspond  to  tlie  old  limits.  By  a  suitable  choice 
of  the  function  ^(()  the  new  integral  may  turn  out  to  be  easier  to 
evaluate  than  tbe  old,  but  it  is  impossible  to  lay  down  any  definite 
rules  in  the  matter. 
Let  us  take  the  definite  integral 
dx 


1\ 


for  instance,   and    let    us    make    the   substitution  x  = 


r  Or  1    C       dt  1  /  a 

or,  returning  to  the  variable  x, 


Not  all  the  hypotheses  made  in  establishing  the  formula  (11)  were 
necessary.  Thus  it  is  not  necessary  that  the  function  ^(/)  should 
always  move  in  the  same  sense  as  t  varies  from  it  to  fi.  For  defi- 
niteneas  let  us  suppose  that  as  t  increases  from  a  to  y  (y  <  /3),  <l>(t) 
steadily  increases  from  a  to  c  {e>b);  then  as  t  increases  from  y  to 
fi,  ^t)  decreases  from  c  to  b.  If  the  function /i^x)  is  continuous  in 
the  interval  (a,  e),  the  formula  may  be  applied  to  each  of  the  intor- 
vala  (a,  e),  (e,  b),  whicli  gives 
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fA,x)dx  =  f  fi<Kt):\<i>'(t)dt, 

or,  adding, 

ff{x)dx  =  ( fi't>{t)-]^\t)dt. 

Ua  %Ja 

On  the  other  hand,  it  is  quite  necessary  that  the  function  ^(i) 
should  be  uniquely  defined  for  all  values  of  t.  If  this  condition  be 
disregarded,  fallacies  may  arise.  For  instance,  if  the  formula  be 
applied  to  the  integral  jl"^  dx^  using  the  transformation  x  =  ^'*, 
we  should  be  led  to  write 


fy=^[\^tat. 


which  is  evidently  incorrect,  since  the  second  integral  vanishes.  In 
order  to  apply  the  formula  correctly  we  must  divide  the  interval 
(—  1,  -f  1)  into  the  two  intervals  (—  1,  0),  (0,  1).  In  the  first  of 
these  we  should  take  a;  =  —  V^  and  let  t  vary  from  1  to  0.  In  the 
second  half  interval  we  should  take  x  =  V7*  and  let  t  vary  from 
0  to  1.     We  then  find  a  correct  result,  namely 

r    dx  =  S  j    yTtdt  =  [2f«]J  =  2. 

Note.    If  the  upper  limits  h  and  /8  be  replaced  by  x  and  t  in  the 
formula  (11),  it  becomes 


r/{x)dx=  ffi<f>(t):\<i>\t)dt, 

%Ja  %Ja 


which  shows  that  the  transformation  x  =  <l>(t)  carries  a  function 
F(x),  whose  derivative  is  /(x),  into  a  function  *(<)  whose  derivative 
is/[<^(^)]  4>'(t)'  This  also  follows  at  once  from  the  formula  for  the 
derivative  of  a  function  of  a  function.  Hence  we  may  write,  in 
general. 


Jf(x)dx  =ffl<l>{f)W(^)dt, 


which  is   the   formula   for   the  change   of   variable   in  indefinite 
integrals. 
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85.  Integiation  by  fiarts.  *  Let  u  and  v  be  two  functions  which, 
tx)gether  with  their  derivatives  u'  and  v',  are  continuous  between  a 
and  b.     Then  we  have 

d(uv)         dv  .      du 
dx  dx  dx 

whence,  integrating  both  sides  of  this  equation,  we  find 

J—^ — ^  dx=  I    u-r  dx-j-  I    V  -     dx, 
a       dx  J„      dx  J„      dx 

This  may  be  written  in  the  form 

\    udv  =  [uv']^^  -  /   ^*  d^y 

where  the  symbol  [^(x)]^  denotes,  in  general,  the  difference 

F(b)  -  F(a). 

If  we  replace  the  limit  6  by  a  variable  limit  x,  but  keep  the  limit  a 
constant,  which  amounts  to  passing  from  definite  to  indefinite  inte- 
grals, this  formula  becomes 


(13)  I  udv  =  uv  —  I  V  du. 


Thus  the  calculation  of  the  integral  fudv  is  reduced  to  the  cal- 
culation of  the  integral  fvduj  which  may  be  easier.  Let  us  try, 
for  example,  to  calculate  the  definite  integral 

I    05"  logaj  dxy  m  -f  1  =^  0. 

Setting  u  =  log  a:,  v  =  x*"^^/(»i  -|-  1),  the  formula  (12)  gives 

r\  ,     Fx-^'iogxT      If' 

/    \ogx,x'^dx  =  \  f—     — I    x'^dx 


=  L     m+1      "  (m-^iyj: 


This  formula  is  not  applicable  if  r/i  -f  1  =  0 ;    in  that  particular 
case  we  have 


Jlog-f  =[|(logx)»]^. 


It  is  possible  to  generalize  the  formula  (12).  Let  the  succes- 
sive derivatives  of  the  two  functions  //  and  v  be  represented  by 
w',  m",  ...,  «<"+»>;   v',  /'",  •..,  r<"^».     Then  the  application  of  the 
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formula  (12)  to  the  integrsls  fudv^*\  fu'dv^''-^\  •..  leads  to  the 
following  equations : 

a  %Ja  %Ja 

Jr*h  r%b  r*h 

(I  %J  a  %J  a 

> 

Jr*h  r\h  r%b 

a  c/a  «/a 

Multiplying  these  equations  through  by  -|- 1  and  —  1  alternately, 
and  then  adding,  we  find  the  formula 

(14)  {^^  ^b 

which  reduces  the  calculation  of  the  integral  juv^'^^^^dx  to  the  cal- 
culation of  the  integral ///^''  +  '^rr/x. 

In  particular  this  formula  applies  when  the  function  under  the 
integral  sign  is  the  product  of  a  polynomial  of  at  most  the  nth 
degree  and  the  derivative  of  order  (n  4- 1)  of  a  known  function  v. 
For  then  //^"■^^>=0,  and  the  second  member  contains  no  integral 
signs.  Suppose,  for  instance,  that  we  wished  to  evaluate  the  definite 
integral 


X 


b 

e-\f(.r)dx, 


where /(ir)  is  a  polynomial  of  degree  n.    Setting  u  =/(x),  v  =  c^*/ci>""*"^, 

the  formula  (14)  takes  the  following  form  after  e*"  has  been  taken 
out  as  a  factor  : 


^ 

( 


The  same  method,  or,  what  amounts  to  the  same  thing,  a  series  of 
integrations  by  parts,  enables  us  to  evaluate  the  definite  int^rals 

Jj%h  r\b 

'   cosnixf(^x)dx,        I   sin  mxf(x)dx, 
a  c/a 

where /(j*)  is  a  polynomial. 
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N.  Tiijlor*0  aerieB  with  a  renudnder.  In  the  formula  (14)  let  us 
leplaoe  tc  bjr  a  fnnctioii  F(x)  which,  together  with  its  first  n  + 1 
deriratiYeSy  is  continuous  between  a  and  b,  and  let  us  set  v  =  (b  —  x)\ 
Then  we  have 

If' =  -n(6 -«)—>,     t;"  =  n(n-l)(6-x)--«,     .., 
t^-)=(-l)-1.2..n,     p<"  +  »>  =  0, 

and, noticing  that  v,  v',  r",  •  •  •,  r<"-^>  vanish  for  ar  =  ^,  we  obtain  the 
following  equation  from  the  general  formula : 

0  =(-  l)-rn!F(6)  -  nlF(a)  -  n\F'(a)  (b  -  a) 

-'^F"(a)(b-ay F<->  (a)  (b  -  a)"1 

+  (-!)-  +  >  rF<-  +  ^>(a:)(6  -a:)-dir, 
which  leads  to  the  equation 

F(*)  =  F(a)  +  ^^F'(a)  +  ... 

+  ^^^-  F<->(a)  +  ^  r  F("  +  '>(a:)  (b  -  xydx. 

Since  the  factor  (b  —  x)"  keeps  the  same  sign  as  x  varies  from  a  to 
h,  we  may  apply  the  law  of  the  mean  to  the  integral  on  the  right, 
which  gives 

F<"+')(a!)(A  -  xfdx  =  F<"  +  '>(0  \  (b-  x)'dx 

where  ( lies  between  a  and  b.  Substituting  this  value  in  the  preced- 
ing equation,  we  find  again  exactly  Taylor's  formula,  with  Lagrange's 
form  of  the  remainder. 

•7.  Tranacendeiital  character  of  e .  From  the  formula  (15)  we  can  prove  a 
fiunons  theorem  due  to  Hermite :  The  number  e  is  not  a  root  of  any  algebraic 
equation  whose  co^fflcienia  are  all  integers* 

Setting  a  =  0  and  w  =  —  1  in  the  formula  (15),  it  becomes 

j[[e-'/(x)<ix=-[e-*F(x)]J, 

*  The  present  proof  is  due  to  D.  HUbert,  who  drew  his  inspiration  from  the  method 
Qied  by  Hermite. 
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wli6r6 

F(x)  =/(x)  -f /^(x)  -f  . . .  -f /(")(x); 

and  this  again  may  be  written  in  the  form 

(16)  F(b)  =  ef>  F(0)  -  ^  ff(x)  e-'dx. 

Jo 


Now  let  U8  suppose  that  e  were  the  root  of  an  algebraic  equation  whose  coeffi- 
cients are  all  integers  : 

Co  +  CiC  +  C2^  -f h  CmC*»  =  0. 

Then,  setting  6  =  0,  1,  2,  •  •  • ,  m,  successively,  in  the  formula  (16),  and  adding 
the  results  obtained,  after  multiplying  them  respectively  by  Co,  Ci,  •  •  •,  c.,,  we 
obtain  the  equation 

i=m 

(17)    coF(O)  -f  CiF(l)  -f  . . .  +  c„,F{m)  +  ^  Cieiff(x)e-»dz  =  0, 

1=0 

where  the  index  t  takes  on  only  the  integral  values  0,  1,  2,  •  •  • ,  m.    We  proceed 
to  show  that  such  a  relation  is  impossible  if  the  polynomial /(x),  which  is  up  to 
the  present  arbitrary,  be  properly  chosen. 
Let  us  choose  it  as  follows : 

f(x)  =  — — — xp-»(x-  l)p(x-2)p...(x-m)p, 

where  p  is  a  prime  number  greater  than  m.  This  polynomial  is  of  degree 
nip  +  p  —  1,  and  all  of  the  coefficients  of  its  successive  derivatives  past  the  pth 
are  integral  multiples  of  p,  since  the  product  of  p  successive  integers  is  divisible 
by  pi.  Moreover  /(x),  together  with  its  first  (p  —  1)  derivatives,  vanishes  for 
X  =  1,  2,  .  •  •,  m,  and  it  follows  that  F(l),  F(2),  •  •  -,  F(m)  are  all  integral  mul- 
tiples of  p.     It  only  remains  to  calculate  F(0),  that  is, 

F(0)  =/(0)  +r(0)  +  . . .  -f /(p-»)(0)  4-/<''>(0)  +/(P+i)(0)  +  . . .. 

In  the  first  place,/(0)  =f(0)  =  •  •  •  =/(i>-2)(0)  =  0,  while /(p)(0),  /^p  +  i)(0),  •  •  • 
are  all  integral  multiples  of  p,  as  we  have  just  shown.  To  find  /Cp"  ')  (0)  we  need 
only  multiply  the  coefficient  of  xp-^  in/(x)  by  (p  —  1) !,  \^hich  gives  ±  (1 . 2  •  •  •  m)p. 
Hence  the  sum 

Co  F(0)  +  ci  F(1)  -f  •  •  •  +  c,n  F(m) 

IB  equal  to  an  integral  multiple  of  p  increased  by 

±  Co(1  .  2  . . .  m)P. 

If  p  be  taken  greater  than  either  m  or  Co,  the  above  number  cannot  be  divisible 
by  p ;  hence  the  first  portion  of  the  sura  (17)  will  be  an  integer  different  from  zero. 
We  shall  now  show  that  the  sum 


m 


^Ciejf(x)e"dx 


1=0 


can  be  made  smaller  than  any  preassigned  quantity  by  taking  p  sufficiently  large. 
As  X  varies  f i*om  0  to  t  each  factor  of  /(x)  is  less  than  in ;  hence  we  have 
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|j;>(,),-,^|<_^„...„->j;V. 


from  whicb  il  follows  tliat 


I 

I 

I 


where  U  ia  an  upper  limit  ot  |  co  |  4-  |  ci  |  4-  ■  ■  ■  +  |  c„  | .  Asp  increases  indefl- 
citely  the  function  f  (p)  approaehea  zero,  for  It  Is  the  general  t«rm  of  a  conver- 
gent series  in  which  the  ralio  of  one  term  lo  the  preceding  approaches  zero,  ll 
follows  that  we  can  find  a  prime  number  p  no  large  thai  Ibe  e<iuation  (17)  ie 
imposuble ;  heuco  Hermile's  theorem  is  proved. 


BB.  Legendre's  pDlynomiala.    Let  i 


9  consider  the 
QP„(te. 


itegral 


where  P,  (z)  is  a  polynoraial  of  degree  n  and  Q  is  a  polynomial  of  degree  less 
than  n,  and  let  un  try  to  determine  P„{,j.)  in  such  a  way  that  the  integral  van- 
ishes tor  any  polynomial  (^.  We  may  consider  Pa(z)  as  the  nth  derivative  of  a 
polynomial  R  of  degree  '2  n,  and  this  polynomial  R  Is  not  completely  determined, 
for  we  may  add  io  it  an  arbitrary  polynomial  of  degree  {n  -  1)  without  changing 
iu  nth  derivative.  We  may  therefore  set  P,  =  d'R/rLc',  where  the  polynomial  R, 
bother  with  its  first  (n  —  1)  derivativea,  vanishes  tor  z  =  a.  But  integrating 
by  pans  we  lind 

J__      dx"  L     '^'''  '^"''  dt.--'Ja 

and  since,  by  hypotliesis, 

K(Q)  =  0,         R'{a)-0, 
the  expression 

Q{b)R"-iHb)-  Q'{b)R<'-^>(b)  +  -- 
mtut  also  viuiish  if  the  integral  is  to  vanish. 
fiiincQ  the  polynomial  Q  of  degrei 


R<"-i'(a)  =0, 

±Q<-i't6)fi(6) 

I  be  arbitrary,  the  quanlitiea 
QfP)t  Vi^)t  "'I  Q*''~''(^)  ^^  tbemselves-arbitrary ;  hence  we  must  also  have 

H(6)=0,         fl'(6)=0,         ■■.,         R'--i>(b)  =  0. 
The  potynomial  R  (i)  is  therefore  equal,  save  (or  a  constant  (actor,  to  the  product 
u)'(x  -  b)' ;  and  the  required  polynomial  P„<z)  is  completely  determined. 


save  (or  a  constant  factor,  i 


If  Ibe  limilfl  a  and  b 


Legendre's  polynomiala.     Choosing  the 


the  form 
1  and  +  1,  reiBpectively,  the  polynomials  P,  1 


V'      (U) 


C  with  Legendre,  w 
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In  geoenl,  J,  U  a  poljaomial  of  degree  n,  all  the  exponents  of  z  belt 
odd  with  R.  Leibnix'  torniuU  for  tbc  nib  derivaiive  of  a  product  of  ti 
(S  IT)  gives  at  once  tbe  fonuulEs 

(19)  -r.(l)  =  l,         X.(-l)  =  (-!)-. 

B7  the  general  propeny  establiebed  above, 


r*  J«*(j!)tlc  =  0, 


nbere  ^(x)  Is  an;  polynomial  of  de^rree  less  than  n 
are  two  diSerenl  integera,  vre  sball  always  biive 


In  partlcolar,  if  m  and  n 


£' 


This  formula  enables  us  to  establish  a  very  simple  recurrent  formula  between 
three  Nuccemlve  polynomials  X,,  ObKer^ing  that  any  polynomial  of  degree  n 
can  be  written  as  a  linear  foncUon  of  Xo,  Xi,    ".X., 


iX.  =  CoX.  +  i  +  CiX.  +  C,X,_|  +  CiX._iH , 

where  Cb,  C,,  Cj.  ■  ■■  are  constants.  In  order  to  find  Ci,  for  example,  let  us 
multiply  both  sides  of  this  equation  by  X„-2.  and  then  integrate  between  the 
limits  -  1  and  +  1-     By  virtue  uf  (20)  aad  (21),  all  that  remains  is 


'^•/.r- 


.,di  =  0. 


and  hence  Ci  =  0.  It  may  be  shown  in  tbe  same  manner  that  C(  =  0,  d  =  0,  •  ■  ■ . 
The  coefficient  Cj  is  /.ero  also,  since  tlie  product  z A',  does  not  contain  z*.  Finally, 
to  find  Co  and  C,  we  need  only  equate  the  coefficients  of  x''^ '  and  then  equate 
the  two  Bidee  for  x  —  i.     Doing  tbia,  we  obtain  tlie  recurrent  formula 


<22) 


(n  +  l)X,  +  i 


f  1)3:X, +  nX._ 


which  aRords  a  simple  means  of  calculating  the  polynomials  X„  succeHBively. 
The  relation  (22)  shows  that  the  sequence  of  polynomials 


(23) 


Xs, 


possesses  the  properties  of  a  Sturm  sequence.  As  z  varies  coDtlnuonsly  from  —  1 
to  -I-  1 ,  the  number  of  changes  of  sign  in  this  sequence  is  unaltered  except  when 
X  passes  through  a  root  of  X.  =  0.  But  the  fonnulaa  (19)  show  that  there  are  n 
rhanges  of  sign  in  tbe  sequence  (23)  for  z  =  —  1,  and  none  for  x  —  I.  Hence 
the  equatlnn  J,  =  0  has  n  real  roots  between  —  1  and  +  1,  which  also  readily 
follows  from  Rolle's  theorem. 


k 
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TV.  GENERALIZATIONS  OF  THE  IDEA  OF  AN  INTEGRAL 
IMPROPER  INTEGRALS      LINE  INTEGRALS' 

89.  The  integrand  becomes  infinite.  XTp  to  the  present  we  have  sup- 
posed that  the  integrand  remained  finite  between  the  Umits  nf  inte- 
gration. In  certain  eaaes,  however,  the  definition  may  be  extended 
to  fimctiona  wliich  become  infinite  between  the  limits.  Let  us  first 
consider  the  following  particular  case :  ^(r).  is  continuous  for  every 
value  of  -r  which  lies  between  «  and  b,  and  for  x  ^h,  but  it  becomes 
infinite  for  x  ~  a.  We  will  suppose  for  definiteness  that  a<h. 
Then  the  integral  of  f{x)  taken  between  the  limits  «  +  e  and 
£  (c>0)  has  a  definite  value,  no  matter  how  small  t  be  taken.  If 
this  integral  approaches  a  limit  as  i  approaches  ^ero,  it  is  usual  and 
natural  to  denote  that  limit  by  the  symbol 


x> 


If  B,  primitive  of /(r),  say  F{i-),  he  known, 


£. 


and  it  is  sufiicient  to  esamine  /-'("  +  <)  for  convergence  toward  a 
limit  as  «  approaches  zero.     We  have,  for  example, 


r"        Milx      _  M     V         1 1_1 


ti. 


If  /i>l,  the  term  1/r""'  increases  indefinitely  as  c  approaches  zero. 
But  if  I),  is  less  than  unity,  we  may  write  l/i""'=  «'"'",  and  it  is 
clear  that  this  term  approaches  zero  with  t  Hence  in  this  case 
the  definite  integral  approaches  a  limit,  and  we  may  write 


i' 


iJ(t-»V- 


I.^-"»«(^)- 


and  the  right-hand  side  increases  indefinitely  when  e  approaches  zero. 
To  sum  up,  the  neceaaarji  and  sufficient  eonditian  that  the  given  inte- 
gral thould  approach  a  limit  is  that  /t  should  be  less  than  uniti/. 

*  It  la  potniblG,  it  dcBlred,  lu  rciid  tlio  next  uhiiplcr  bffore  readiui:  l\iv  I'liiaUig  »ea- 
tkms  nf  thlH  cbaptar. 
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The  straight  line  i 


1  asymptote  of  the  curve  whose  equa- 


(' 


-«r 


if  /I  is  positive.  It  followB  from  the  above  that  the  area  bounded  by 
the  X  axis,  the  fixed  line  x  =  b,  the  curve,  and  its  asymptote,  has  a 
finite  value  provided  that  ^  <  1. 

If  a  primitive  of  f(x)  is  not  known,  we  may  compare  the  given 
integral  with  known  integrals.  The  above  integral  is  usually  taken 
as  a  comparison  integral,  which  leads  to  certain  practical  viiles  mhii^li 
are  sufficient  in  many  cases.  In  the  first  place,  the  upper  limit  6 
does  not  enter  into  the  reasoning,  since  everything  depends  upon  the 
manner  in  which  /(x)  becomes  infinite  for  x  =  a.  We  may  therefore 
rejilace  b  by  any  number  whatever  between  a  and  b,  which  amounts 
to  writing  [  ~  f  "^  /  ■  '"  particular!  unless  /{r)  has  an  infi- 
nite number  of  roots  near  x  —  a,  we  may  suppose  that  f{x)  keeps 
the  saiue  sign  between  n  and  c. 

We  will  first  prove  the  following  lemma: 

Let  f^(x)  be  a  functutn  which  U  positive  in  the  interval  (a,  i), 
ttnd  suppose  that  the  integral  ^^    ^ift(x)dx  approaches  a  limit  as  < 

approaches  zero.  Then,  if  \f{x)\<<p(x)  throw/kout  the  whole  inter- 
nal, the  dejinite  integral  J  ^  f(x)dx  also  approaches  a  limit. 

If /(x)  is  positive  tliroughont  the  interval  ('(,  6),  the  demonstration 
is  immediate.    For,  since /(z)  is  less  than  ^(x),  we  have 


£    f(x)dx<£    <f.(x)dx. 


Moreover  /  f(x)dx  increases  as  t  diminishes,  since  all  of  its  ele- 
ments are  positive.  But  the  above  inequality  shows  that  it  is  con- 
stantly less  than  the  9e<;ond  integral;  hence  it  also  approaches  a 
limit.  If  f(x)  were  always  negative  between  a  and  6,  it  would 
be  necessary  merely  to  change  the  sign  of  each  element.  Finally, 
if  the  function  f(x)  has  an  infinite  number  of  roots  near  «  =  a,  we 
may  write  down  the  equation 


£/(^)'i-^  =£^y('^ + [/(')i]'^'  -£jf^^)\ 


ikc 


The    second    integral    on    the    right    approaches    a    limit,    since 
l/(a!)|<0(x).     Now  the  function /(a:) -H|/(a!)|   is  either  positive 
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or  zeto  between  a  and  b,  and  its  value  cannot  exceed  2i^(a-);  hence 
the  Integral 


IV<' 


■)+lf(.')lidx 


also  approaches  a  limit,  and  the  lemma  is  proved. 

It  follows  from  the  above  tliat  if  a  function/(2:)  does  not  approach 
any  limit  whatever  for  x  —  a,  but  always  remains  less  than  a  fixed 
camber,  the  integral  approaches  a  limit.  Thus  the  integral 
J^' 8in(l/x)rfx  has  a  perfectly  definite  value, 

Practical  rule.  Suppose  that  the  function  /(x)  can  be  written  in 
the  form 


(» 


«)• 


where  the  function  ^(x)  remains  finite  when  x  approaches  a. 

If  li<l  arid  the  fttnetian  il>(p!)  remains  less  in  absolute  value  than 
a  fixed  wtmfier  M,  the  integfal  approaches  a  limit.  But  if  ii.>l  and 
the  abaolute  oalue  of  iI/(t)  is  greater  than  a  positive  number  m,  the 
integral  approaches  no  limit. 

The  first  part  of  the  tlieorem  ia  very  easy  to  prove,  for  the  abso- 
lute value  of  f{r.)  is  less  than  M/(x  —  «)",  and  the  integral  of  the 
latter  function  approaches  a  limit,  since  /:i  <  1. 

In  order  to  prove  the  second  part,  let  us  first  observe  that  i}i{x) 
keeps  the  same  sign  near  x  —  a,  since  its  absolute  value  Eilways 
exceeds  a  positive  number  m.  We  shall  suppose  that  ^(x)>0 
between  a  and  b.    Then  we  may  write 

and  the  second  integral  increases  indefinitely  as  i  decreases. 

These  rules  are  sufficient  for  all  cases  in  which  we  can  find  an 
exponent  ft.  such  that  the  product  (x  —  (i)"/(j')  appriMwhes,  for 
X  =  a,  9,  limit  ft'  different  from  zero.  If  fi.  is  less  than  unity,  the 
limit  b  may  be  taken  so  near  a  that  the  inequality 


holds  inside  the  interval  (a,  b),  where  i.  ia  a  positive  number  greater 


l/WI<i 


/, 
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than  I  A'  |.    Hence  the  integral  approaches  a  limit.    On  the  other  band, 
if  /t  >  1, 6  may  be  taken  so  near  to  a  that 

I 


l/(^)|: 


inside  the  interval  (a,  b),  where  lis  a.  positive  number  less  than  |  A'  |. 
Moreover  the  function  f{x),  being  continuous,  keeps  the  same  sign ; 
hence  the  integral  _^''^^ /(a;)  rfj:  increases  indefinitely  in  absolute 
value,* 

Example.  Let/(a')  =  P/Q  be  a  rational  function.  If  n  is  a  root 
of  order  m  of  the  denominator,  the  product  (jc  —  a)'*f{x)  approaches 
a  limit  difEerent  from  zero  for  x  =  a.  Since  m  is  at  least  ei]ual  to 
unity,  it  is  clear  that  the  integralj  f{r)ilx  increases  beyond  all 
limit  as  c  approaches  zero.     But  if  we  consider  the  function 


vhere  P  and  R  are  two  polynomials  and  IHx)  is  prime  to  its  deriv- 
ative, the  product  (x  —  a)'^^/(^x)  approaches  a  limit  for  a;  =  a  if  a 
is  a  root  of  R{x^,  and  the  integral  itself  approaches  a  limit.  Thus 
the  integral 


/: 


dx 


approaches  Tr/2  as  i  approaches  zero. 

Again,  consider  the  integral  J]'  logj:rfj:.  The  product  j'"'loga; 
has  the  limit  zero.  Starting  with  a  sufficiently  small  value  of  x,  we 
may  therefore  write  logK  Jfa;"'",  where  .1/  is  a  positive  number 
chosen  at  random.     Hence  the  integral  approaches  a  limit. 

Everything  which  has  been  stated  for  the  lower  limit  a  may  be 
repeated  without  modification  for  the  tipper  limit  A.  If  the  function 
/  (x)  is  infinite  for  x  =  b,we  would  define  the  integral  J^  f(x)  lic  to  be 
the  limit  of  the  integral  J^  "  f{x)djr  as  t'  approaches  zero.  \if(x) 
is  infinite  at  each  limit,  we  would  define  j  f{^)  dx  as  the  limit  of 
the  integral  J^  ~^  f{x)dx  as  t  and  ('  both  approach  zero  independ- 
ently of  each  otlker.  Let  c  be  any  number  between  a  and  b.  Then 
we  may  write 


*The  fint  part  of  Uih  prapOBitlon  ma;  also  be  staled  as  fellows;  thu  [ategral  luu 
%  limit  i(  an  eiponent  fi  cnn  be  found  (0  <  «  <  1)  siieh  that  thi-  prtxliict  {x  —  ajw/W 
kpproavbea  u  limit  .1  ba  f  uppruaulies  a,  —  tbe  case  wtiure  A  ~0  uut  being  excluded. 
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£ 


J\x)dx 


.  the  right  should  approach  a  limit  in 


and  each  of  the  integrals  c 

Finally,  if  f(x)  becomes  infinite  for  a  value  c  between  a  and  b, 
we  would  define  the  integral  J^/(x)dx  as  the  sura  of  the  limits  of 
the  two  integrals. J|_'"~'/('^)''^'  X^./C^)*^'  *"''  *^  would  proceed 
in  a  similar  manner  if  any  number  of  discontinuities  whatever  lay 
between  a  and  b. 

It  should  be  noted  that  the  fundamental  formula  (6),  which  was 
established  under  the  assumption  that  f(x)  waa  continuous  between 
a  and  h,  still  holds  when  /(x)  becomes  infinite  between  these  limits, 
provided  that  the  primitive  funotion  F(x)  remains  continuous.  For 
the  sake  of  definiteness  let  us  suppose  that  the  function /(a-)  becomes 
infinite  for  just  one  valne  e  between  a  and  b.    Then  we  have 

f/(x)dx  =  \im£      /(x)dx  +  limj^     f(x)dx; 

and  if  Fix)  Is  a  primitive  of /(x),  this  may  be  written  as  follows : 

I  /{*)  dx  =  lim  F(c  -  0  -  f  («)  +  P(b)  ~  lira  F{c  +  0- 

Since  the  function  F{x)  is  supposed  continuous  for  x  =  c,  F(e  +  «) 
and  F(c  —  t')  have  the  same  limit  F(c),  and  the  formula  again 
becomes 


x> 


£ 


/{x-,dx  =  F(J,)-F(d). 


I 


r 


The  following  example  is  illustrative: 

't  =  [3«']!1  =  6. 

If  the  primitive  function  F(x)  itself  becomes  infinite  between  a  and 
b,  the  formula  ceases  to  hold,  for  the  integral  on  the  left  has  as  yet 
no  meaning  in  that  case. 

The  forroiilie  for  change  of  variable  and  for  integration  by  parts 
may  be  extended  to  the  new  kinds  of  integrals  in  a  similar  manner 
by  considering  them  as  tlie  limits  of  ordinary  integrals. 

90.  Infinite  limits  of  integration.  Let/(x)  be  a  function  of  x  which 
is  continuous  for  all  values  of  x  greater  than  a  certain  number  a. 
Then  the  integral  f'/(x)dx,  where  l>  a,  has  a  definite  value,  no 
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matter  how  large  I  be  taken.     If  this  integral  approaches  a  limit 
as  I  increases  indefinitely,  that  limit  is  represented  by  the  symbol 


X 


f{x)  dx. 


If  a  primitive  of  f{x)  be  known,  it  is  easy  to  decide  whether  the 
integral  approaches  a  limit.     For  instance,  in  the  example 

dx 


I. 


=  arc  tan  I 


the  right-hand  side  approaches  7r/2  as  /  increases  indefinitely,  and 
this  is  expressed  by  writing  the  equation 


X 


dx  TT 


l-ha*      2 
Likewise,  if  a  is  positive  and  fi  —  1  is  different  from  zero,  we  have 


r'kdx^      k     /  1 l\ 

1     x^    -l_^I^^M-i       ^M-iy 


If  /x  is  greater  than  unity,  the  right-hand  side  approaches  a  limit  as 
I  increases  indefinitely,  and  we  may  write 


X 


+» 


kdx 


x*'         (fi  —  l)a^-^ 

On  the  other  hand,  if  /x  is  less  than  one,  the  integral  increases  indefi- 
jiitely  with  l.  The  same  is  true  for  /x  =  1,  for  the  integral  then 
results  in  a  logarithm. 

When  no  primitive  of  f(x)  is  known,  we  again  proceed  by  com- 
parison, noting  that  the  lower  limit  a  may  be  taken  as  large  as  we 
please.     Our  work  will  be  based  upon  the  following  lemma : 

Let  <f>  (x)  be  a  function  which  is  positive  for  x'>  a,  and  suppose  that 
the  integral  f '  <f>  (x)  dx  approaches  a  limit.  Then  the  integral  f  'f(x)  dx 
also  approaches  a  limit  provided  that  \f(x)  \  ^  ^  (x)  for  aM  values  of 
X  greater  than  a. 

The  proof  of  this  proposition  is  exactly  similar  to  that  given  above. 
If  the  function  f(x)  can  be  put  into  the  form 


/(^)        ^ 


XT' 


where  the  function  ^(x)  remains  finite  when  x  is  infinite,  the  follow- 
ing theorems  can  be  demonstrated,  but  we  shall  merely  state  them : 
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If  the  absolute  value  of  ^(x)  is  lets  than  a  fixed  number  M  and 
fL  is  greater  than  vnity,  tlis  integral  approaehet  a  limit. 

If  the  absolute  value  of  ip{x)  is  greater  than  a  positive  number  m 
and  fi.  is  less  than  or  Bi/ual  to  unity,  the  integral  approaclms  no  limit. 

For  instance,  the  integral 


f 


T^—idx 


approaches  a  limit,  for  the  integrand  may  be  written 
cos  ax       1  cos  ax 

and  the  coefficient  of  1/a;*  ia  less  than  unity  in  absolute  value. 

The  above  rule  is  suffleient  whenever  we  can  find  a  positive  num- 
ber n  for  which  tlie  product  x"-f{x)  approaches  a  limit  different  from 
zero  as  x  becomes  infinite.  The  integral  approaches  a  limit  if  (l  is 
greater  than  unity,  but  it  approaches  no  limit  if  ^  is  less  than  or 
equal  to  unity.* 

For  example,  the  necessary  and  sufGcient  condition  that  the  inte- 
gral of  a  rational  fraction  approach  a  limit  when  the  upper  limit 
increases  indefinitely  is  that  the  degree  of  the  denominator  should 
exceed  that  of  the  numerator  by  at  least  tvio  units.  Finally,  if  we 
take 


VR{x) 

where  P  and  R  are  two  polynomials  of  degree  p  and  r,  respectively, 
the  product  x'/^~>'f(x)  approaches  a  limit  different  from  zero  when 
X  becomes  infinite.  The  necessary  and  sutticicnt  condition  that  the 
integral  approach  a  limit  is  that/j  be  less  tliau  r/2  ~1, 

91.  The  rules  stated  abfjve  are  not  always  sufficient  for  determin- 
ing whether  or  not  an  Integral  approaches  a  limit.  In  the  example 
^(x)  =  (sin  x)/x,  for  instance,  tlie  product  x'fix)  approaches  zero  if 
/I  is  less  than  one,  anrl  can  take  on  values  greater  than  any  given 
number  if  ft  is  greater  than  one.  If  ji  =  1,  it  oscillates  between  + 1 
and  —  1.  None  of  the  above  rules  apply,  but  the  integral  does  ap- 
proach a  limit     Let  us  consider  the  slightly  more  general  integral 

c"/(i)  (where  ;!>  1)  approauliea 
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0 


Sin  ar 


X 

The  integrand  changes  sign  for  x  =  kir.     We  are  therefore  led  to 
study  the  alternating  series 

(24)  ao  —  «!  +  a,  —  as  H 1-  (—  l)"a,  H , 

where  the  notation  used  is  the  following : 

I     6"** ax,         ai=—  I      e  ** aaj,         •.., 

0  ^  Jw  ^ 

Substituting  y  +  iitt  for  x,  the  general  term  a,  may  be  written 


'■'i: 


y  -f-  nir 


It  is  evident  that  the  integrand  decreases  as  n  increases,  and  hence 
a,^i<a„.  Moreover  the  general  term  a,  is  less  than  f'(l/n7r)rfy, 
that  is,  than  1/n.  Hence  the  above  series  is  convergent,  since  the 
absolute  values  of  the  terms  decrease  as  we  proceed  in  the  series, 
and  the  general  term  approaches  zero.  If  the  upper  limit  I  lies 
between  mr  and  {n  -f  1)  tt,  we  shall  have 


X' 


e-"'  -^^^  dx  =  S„±  ea„,         0  <  d<  1, 

X 


where  S„  denotes  the  sum  of  the  first  n  terms  of  the  series  (24).  As 
I  increases  indefinitely,  n  does  the  same,  a„  approaches  zero,  and  the 
integral  approaches  the  sum  S  of  the  series  (24). 

In  a  similar  manner  it  may  be  shown  that  the  integrals 


I        sinx^flfa;,  I        cosx^dXy 

0  Jo 


which  occur  in  the  theory  of  diffraction,  each  have  finite  values. 
The  curve  ?/  =  sin  x^,  for  example,  has  the  undulating  form  of  a  sine 
curve,  but  the  undulations  become  sharper  and  sharper  as  we  go  out, 
since  the  difference  y/(n  -f  l)7r  —  y/nir  of  two  consecutive  roots  of 
sin  x^  approaches  zero  as  n  increases  indefinitely. 

Remark.  This  last  example  gives  rise  to  an  interesting  remark.  As  x  increases 
indefinitely  sin  x^  oscillates  between  —  1  and  +  1-  Hence  an  integ^l  may 
approach  a  limit  even  if  the  integrand  does  not  approach  zero,  that  is,  even  if 
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the  X  kxis  IB  not  an  asymplote  to  tbe  curve  y  —  fix).    The  following  is  an  enunple 
of  the  same  kind  in  which  the  functiou  /(z)  does  not  change  sign.     The  fonetlon 


/W  = 


l  +  ziBi 


remains  positive  nhen  x  is  positive,  and  it  does  not  approach  zero,  since 
/[kn)  =  kit.  It)  order  to  show  that  the  iDlegral  approaches  a  limit,  let  us  eon- 
sidrr,  as  above,  the  series 


A  primitive  function  of  the  nen  Integrand  is 


J„  l  +  *'sin« 

ifi  is  conetantlj'  gi 

,  r— -     d. 

J,,  l  +  n»ir«s: 


,0  (n  +  1)  It,  x°  is  conetantlj'  greater  than  n*  x*,  and  we  maj 


and  aa  »  varies  from  nir  lo  (n 
from  +  00  to  —  go.  Hence  the 
we  have 


m,  taiiz  becomes  inflnil«  just  once,  passiog 
integral  is  equal  (S  77)  to  jr/Vl  +  n'**,  and 


It  follows  that  the  series  Sa„  is  convergent,  and  hence  the  integral  f'/{x)dx 
approaches  a  UmiL 

On  the  other  hand,  it  is  evident  that  tbe  Integrid  cannot  approach  any  limit 
if/(z)  approaches  a  llniil  h  different  from  zero  when  z  becomes  infinite.  For 
beyond  a  certain  value  of  x,  f{x)  will  be  greater  than  \h/2\  in  absolute  value 
and  will  not  change  Hign. 

The  preceding  developments  bear  a  close  analogy  to  the  treatment  of  Infioile 
aeiies.  The  intimate  connection  which  exists  between  these  two  theories  1b 
brought  out  by  a  theorem  of  Canchy^s  which  will  be  considered  later  (Chapter 
VllI).  We  shall  then  also  And  new  criteria  which  will  enable  us  to  determine 
whether  or  not  an  integral  approaches  a  limit  in  more  general  caees  than  those 
treated  above. 


.   The  fuu 


n  r(a).    The  definite  integral 


aa  a  determinate  value  provided  thai  a 
For,  let  us  consider  the  two  integrals 


X'-- 
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where  ■  ia  a  very  small  poditive  nunibeT  and  I  is  a  very  Urge  positive  number. 
Ttie  secund  inUigral  alwnys  approactiea  a  limit,  for  past  a  sufBcietitly  large  value 
of  I  we  have  z"-'*-'*:  1/j',  that  ie,  e'>^*'.  As  for  the  first  integral,  the 
product  *'  -  °/(i)  approaches  the  limit  1  as  x  approaclies  zero,  and  the  necessary 
and  Bufflclent  cundltiun  that  the  integral  approach  a  limit  is  that  1  -  a  be  less 
than  unity,  that  is,  that  a  be  iwsltive.  Let  us  suppose  this  condition  Eatisfied. 
Then  the  sui[i  of  Iheiie  two  limits  Is  the  function  r^n),  which  ia  also  called  Outer's 
'  VRUgral  of  the  lecoiui  kivd.  This  function  T[a,)  becomes  infinite  as  a  approaches 
zero,  it  is  positive  when  a  Is  positive,  and  it  becomes  infinite  with  a.  It  has 
a  minimum  for  a  =  1.461(1321  "',  and  the  corresponding  value  of  r(u)  is 
0.8856032-    -. 

Let  us  suppose  that  a  >  1,  and  int^rste  by  parts,  considering  e-'dz  as  the 
difierential  of  -  e-'.     This  gives 


but  the  product  x 
OQly  the  formula 


r(a)  =  -[i"-"e-'jj 
vanishes : 


t  both  limits,  since 


I,  and  there  remains 


V(a)  =  (<x-\)T(<i-\). 


Tlie  repeated  application  of  this  formula  reduces  the  calculation  of  V{a)  to 
the  case  in  which  the  argument  a  lies  between  0  and  1.  Moreover  it  Is  easy  to 
determine  the  value  of  r(a)  when  a  ia  an  integer.     For,  in  the  first  place. 


^i'*=X*"' 


'dc  = 


and  the  foregoing  formula  tberetoie  gives,  for  a  =  3,  3 

r{2)  =  r(i)  =  1,      r(S)  =  2r(2)  = 

and.  in  general,  if  n  is  a  positive  integer, 

(27)  r(-.)  =  1.2.3...(n-l)  =  (n-l 


93.  Line  loteEcrals.    Let  AD  be  an  arc  of  a  continuous  plane  cnrre, 

and  let  I'(x,  y)  lie  a  continuous  function  of  ttie  two  variables  x  and 
y  along  AB,  where  x  and  y  denote  the  coordinates  of  a  point  of  AB 
with  respect  to  a  set  of  axes  in  its  plane.  On  tlie  arc  AB  let  us 
take  a  certain  number  of  points  of  division  Tn,,  i"ti  ■•■i*"ii  ■•■!  whose 
coordinates  are  {xi,  y,),  {x^,  y,),  ■■-,  (x,-,  y,),  ■•■,  and  then  upon  each 
of  the  arcs  OT,_ini,  let  ua  choose  another  point  ji,  ($„  rj,}  at  random. 
Finally,  let  ua  consider  the  sum 


i^ 


I  +P{f„»)(», 


«,)+■■• 
■,-,)  +  ■■ 


extended  ov 
of  division 


rail  these  partial  intervals.  T\Tien  the  number  of  points 
s  increased  indefinitely  in  such  a  way  that  each  of  the 
i  —  x,_ ,  approaches  zero,  the  above  sum  approachee  a 
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limit  which  is  eailetl  the  llae.  integral  of  P{x,  y)  extenrlcd  over  tiie 
aru  AB,  and  which  is  represented  by  the  symbol 


I 


Pix,  y)dx. 


la  order  to  establish  the  existence  of  this  limit,  let  us  first  sup- 
pose tliat  a  line  parallel  to  the  y  axis  cannot  meet  the  arc  AB  in 
more  than  one  point.  Let  a  and  b  be  the  abscissti:  of  the  paints  .1 
and  B,  respectively,  and  let  y  =  <^(j!')  be  the  equation  of  the  curveMS. 
Then  ^{x)  is  a  continuous  function  of  x  in  the  interval  {a,  i),  by 
lijpothesis,  and  if  we  replace  ij  by  ^(a-)  in  the  function  /*(a-,  y),  the 
resulting  function  9(x)  =  /'[x.  ^(a:)]  ia  also  continuous.  Hence  we 
have    ' 


I 


and  the  preceding  anm  may  therefore 

*(f,  1  (■'■.  -  «)  +  *(f.)  (^«  -  '.)  + 

It  follows  that  this  sum  approaches  ai 

integral 


be  written  in  the  form 
its  limit  the  ordinary  definite 


B  have  finally  the  formula 

Jj\:r,  y)dx  =£  P[^,  *(.f)]rfx. ' 


If  a  line  parallel  to  the  y  axis  can 
one  point,  we  should  divide  the  arc 
into  several  portions,  each  of  which 
is  met  in  but  one  point  by  any  line 
parallel  to  the  ij  axis.  If  the  given 
arc  is  of  the  form  A  COB  {Fig.  14), 
fnr  instance,  where  C  and  />  aii' 
]jiiiiits  at  which  the  abscissa  has  an 
extremum,  each  of  the  arcs  .-I  (.',  '  'Ji, 
l)H  satisfies  the  above  condition,  and 
we  may  write 


meet  the  arc  AB  in  more  than 


"i 

~o 

> 

Fra 

14 

r      P{x,  y)dx  =   f  P(i,  y)dx  +J    P(x,  y)dx  +    \     P{x,y)dx. 
But  it  should  be  Boticed  that  in  the  calculation  of  the  three  iut^'gials 
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on  the  right-hand  side  the  variable  y  in  the  function  P(a;,  y) 
must  be  replaced  by  three  different  functions  of  the  variable  as, 
respectively. 

Curvilinear  integrals  of  the  form  J^^  Q(a5,  y^dy  may  be  defined 
in  a  similar  manner.  It  is  clear  that  these  integrals  reduce  at  once 
to  ordinary  definite  integrals,  but  their  usefulness  justifies  their 
introduction.  We  may  also  remark  that  the  arc  AB  may  be  com- 
posed of  portions  of  different  curves,  such  as  straight  lines,  arcs  of 
circles,  and  so  on. 

A  case  which  occurs  frequently  in  practice  is  that  in  which  the 
coordinates  of  a  point  of  the  curve  AB  are  given  as  functions  of  a 
variable  parameter 

where  <^(<)  and  ^(<),  together  with  their  derivatives  <^'(<)  and  ^'(0> 
are  continuous  functions  of  t.  We  shall  suppose  that  as  t  varies 
from  a  to  p  the  point  (x,  y)  describes  the  arc  AB  without  changing 
the  sense  of  its  motion.  Let  the  interval  (a,  fi)  be  divided  into  a 
certain  number  of  subintervals,  and  let  f,_i  and  f,.  be  two  consecu- 
tive values  of  ^  to  which  correspond,  upon  the  arc  AB,  two  points 
m,_i  and  m,  whose  coordinates  are  (a;,._i,  y,_i)  and  (X{,  y^),  respec- 
tively.    Then  we  have 

where  d,  lies  between  f,_,  and  ^,.  To  this  value  Si  there  corresponds 
a  point  (ii,  ?;,)  of  the  arc  ??i,_im, ;  hence  we  may  write 

or,  passing  to  the  limit, 

f  P{x,  y)dx  =  f  />[<^(0,  ^(0]  ^Xt)dt. 

J  AB  Ja 

An  analogous  formula  for  ^Qdy  may  be  obtained  in  a  similar  manner. 
Adding  the  two,  we  find  the  formula 

(29)  /    Pdx  i-Qdy=  f  [Pft>Xt)  -f  QilfXt)2dt, 

Jab  Ja 

which  is  the  formula  for  change  of  variable  in  line  integrals.  Of 
course,  if  the  arc  AB  is  composed  of  several  portions  of  different 
curves,  the  functions  <f>(f)  and  \l/{t)  will  not  have  the  same  form 
along  the  whole  of  A  B,  and  the  formula  should  be  applied  in  that 
case  to  each  portion  separately. 


I 
I 
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94.  Area  of  a  closed  curve.  We  have  already  defined  the  area  of  a 
portion  of  the  plane  bounded  by  an  are  .1  MB,  a  straight  line  which 
doea  not  cut  that  arc,  and  the  two  perpendiculars  .l.loi  ^^o  let  fall 
from  the  points  A  and  B  upon  the  .straight  line  (§§  65,  7S,  Fig.  9). 
Let  us  now  consider  a  continuous  closed  curve  of  any  shape,  by 
which  we  shall  understand  the  locus  described  by  a  point  M  whose 
coordinates  are  continuous  functions  x  =f(t),  y  =  i^(t)  of  a  param- 
eter t  which  assume  the  same  values  for  two  values  /(,  and  T  of 
the  parameter  (.  The  functions  f(t)  and  <^(t)  may  have  several 
distinct  forms  between  the  limits  tg  and  T\  such  will  be  the  case, 
for  instance,  if  the  closed  contour  C  be  composed  of  portions  of 
several  distinct  curves.  Let  .l/o,  .1/i,  .1/,,.  ■-,  A/,._  i,  3/^,  •  ■ -,  M„_  ,,  M^ 
denote  points  upon  the  curve  C  corresponding,  respectively,  to  the 
values  („,  ti,  t,,  ■■-,  *(_,,  (j,  ■■■,  (,_],  T  of  the  pai-ameter,  which 
increase  from  ^o  to  T.  Connecting  these  points  in  order  by  straight 
lines,  we  obtain  a  polygon  inscribed  in  the  curve.  The  limit 
approached  by  the  area  of  this  polygon,  as  ttie  number  of  sides  is 
indefinitely  increased  in  sucli  a  way  that  each  of  Lhem  spproachea 
zero,  is  called  the  area  of  the  closed  curve  C*  This  definition  is 
seen  to  agree  with  that  given  in  the  particular  case  treated  above. 
For  if  the  polygon  AaAQ,Qs---  liBaAa  (Fig.  9)  be  broken  up  into 
amall  trapezoids  by  lines  parallel  to  AA^,  the  area  of  one  of  these 
trapezoids  is  (r,  -  a-,,,)  [yW +/(-',-0]A  or  (x,-x,_,)M), 
where  i,  lies  between  X(_,  and  i,.  Hence  the  area  of  the  whole 
polygon,   in   this   special   case,   approaches  the  definite    integral 

I /(.')'"■ 

Let  us  now  consider  a  closed  curve  C  which  is  cut  in  at  most  two 
points  by  any  line  parallel  to  a  certain  fixed  direction.  Let  us 
choose  as  the  axis  of  y  a  line  parallel  to  this  direction,  and  as  the 
axis  of  a:  a  Hue  perpendicular  to  it,  in  such  a  way  that  the  entire 
curve  C  lies  in  the  quadrant  xOi/  (Fig.  IS). 

The  points  of  the  contour  C  project  into  a  segment  ah  of  the  asis 
Ox,  and  any  line  parallel  to  the  axis  of  y  meets  the  contour  C  in  at 
most  two  points,  m,  and  m,.  Let  y,  =  ij/iix)  and  i/^  =  ^si^)  ^  ^^^ 
equations  of  the  two  arcs  A7n,B  and  Ani,B,  respectively,  and  let 
us  suppose  for  simplicity  that  the  points  A  and  B  of  the  curve  C 
which  project  into  a  and  b  are  taken  as  two  of  the  vertices  of  the 


■  It  la  BuppoBeil,  u[  course,  Cbal  CI 
Mid  IhQt  tlie  Bides  of  [lif  pulj-Biin  li 
tua  uo  double  poiut. 
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polygon.  The  area  of  the  inscribed  polygon  is  equal  to  the  differ- 
ence between  the  areas  of  the  two  polygons  formed  by  the  lines  Aa^ 
ab,  bB  with  the  broken  lines  inscribed  in  the  two  arcs  Arn^B  and 
ArriiBj  respectively.  Passing  to  the  limit,  it  is  clear  that  the  area 
of  the  curve  C  is  equal  to  the  difference  between  the  two  areas 
bounded  by  the  contours  Aifu^^^^  ^nd  AtUiBbaAy  respectively,  that 

isy  to  the  difference  between 
the  corresponding  definite  in- 
tegrals 

a  %Ja 

These  two  integrals  represent 
the  curvilinear  integral  fyc^x 
taken  first  along  Arn^B  and 
then  along  AnixB.  If  we 
agree  to  say  that  the  contour 
C  is  described  in  the  positive 
sense  when  an  observer  standing  upon  the  ])lane  and  walking  around 
the  curve  in  that  sense  has  the  enclosed  area  constantly  on  his  left 
hand  (the  axes  being  taken  as  usual,  as  in  the  figure),  then  the  above 
result  may  be  expressed  as  follows:  the  area  O  enclosed  by  the 
contour  C  is  given  by  the  formula 


Fig.  16 


(30) 


n  =  —  i    ydxy 

J(C) 


where  the  line  integral  is  to  be  taken  along  the  closed  contour  C  in 
the  positive  sense.  Since  this  integral  is  unaltered  when  the  origin 
is  moved  in  any  way,  the  axes  remaining  parallel  to  their  original 
positions,  this  same  formula  holds  whatever  be 
the  position  of  the  contour  C  with  respect  to 
the  coordinate  axes. 

Let  us  now  consider  a  contour  C  of  any  form 
whatever.  We  shall  suppose  that  it  is  possible  9{ 
to  draw  a  finite  number  of  lines  connecting 
pairs  of  points  on  ('  in  such  a  way  that  the 
resulting  subcont(mrs  are  each  met  in  at  most 
two  points  l)y  any  line  parallel  to  the  //  axis. 
Such  is  the  case  for  the  region  bounded  by  the 
(•(mtour  c  in  Fig.  IG,  which  we  may  divide  into  three  subregions 
bounded  by  the  contours  amba^  abndcqn,   rdpc,  by  means  of  the 


IV,  §95] 
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transversals  ab  and  cd.  Applying  the  preceding  formula  to  each 
of  these  subregions  and  adding  the  results  thus  obtained,  the  line 
integrals  which  arise"  from  the  auxiliary  lines  ab  and  cd  cancel  each 
other,  and  the  area  bounded  by  the  closed  curve  ('  is  still  given  by 
the  line  integral  —  jy  dx  taken  along  the  contour  C  in  the  positive 
sense. 

Similarly,  it  may  be  shown  that  this  same  area  is  given  by  the 
formula 


(31) 


0=  /    xdy\ 


and  finally,  combining  these  two  formulae,  we  have 


(32) 


n  =  -   /    xdij  —  ydxy 


where  the  integrals  are  always  taken  in  the  positive  sense.     This 
last  formula  is  evidently  independent  of  the  choice  of  axes. 
If,  for  instance,  an  ellipse  be  given  in  the  form 


X  =  a  cos  t,        y  =  b  sin  t, 


its  area  is 


1  r 

O  =  -   I      ab(cos^t  +  sin*'^^)rf^  =  irdb. 

95.  Area  of  a  curve  in  polar  coordinates.  Let  us  try  to  find  the 
area  enclosed  by  the  contour  OAMBO  (Fig.  17),  which  is  composed 
of  the  two  straight  lines  OA,  OB^  and  the  arc  AM  By  which  is 
met  in  at  most  one 

point  by  any  radius  ,---/      ->^3/' 

vector.     Let  us  take 
0  as  the  pole  and  a 
straight   line    Ox  as    /' 
the  initial  line,  and   I 
let  p  =  /(w)  be  the    \^ 
equation   of  the  arc 
AMB. 

Inscribing  a  polygon  in  the  arc  AMB,  with  A  and  B  as  two  of 
the  vertices,  the  area  to  be  evaluated  is  the  limit  of  the  sum  of  such 
triangles  as  OMM\     But  the  area  of  the  triangle  OMM'  is 
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-p(p  +  Ap)sin  Aa)  =  Aa)(^  -f  cj, 
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where  e  approaches  zero  with  Aw.  It  is  easy  to  show  that  all  the 
quantities  analogous  to  e  are  less  than  any  preassigned  number  i; 
provided  that  the  angles  Aa>  are  taken  sufficiently  small,  and  that 
we  may  therefore  neglect  the  term  eAo  in  evaluating  the  limit. 
Hence  the  area  sought  is  the  limit  of  the  sum  2/D'Aai/2,  that  is,  it 
is  equal  to  the  definite  integral 


1  r*** 

2  J„.  '"^' 


where  (i>i  and  a>2  are  the  angles  which  the  straight  lines  OA  and  OB 
make  with  the  line  Ox. 

An  area  bounded  by  a  contour  of  any  form  is  the  algebraic  sum 
of  a  certain  number  of  areas  bounded  by  curves  like  the  abova  If 
we  wish  to  find  the  area  of  a  closed  contour  surrounding  the  point 
0,  which  is  cut  in  at  most  two  points  by  any  line  through  O,  for 
example,  we  need  only  let  a>  vary  from  0  to  27r.  The  area  of  a  con- 
vex closed  contour  not  surrounding  O  (Fig.  17)  is  equal  to  the  dif- 
ference of  the  two  sectors  0AM BO  and  OANBO,  each  of  which  may 
be  calculated  by  the  preceding  method.  In  any  case  the  area  is 
represented  by  the  line  integral 


I/' 


lO) 


taken  over  the  curve  C  in  the  positive  sense.  This  formula  does 
not  differ  essentially  from  the  previous  one.  For  if  we  pass  from 
rectangular  to  polar  coordinates  we  have 

X  =^  p  cos  0),        y  =  p  sin  it), 
dx  =  cos  o}dp  —  p  sin  a>  rf<o,        df/  =  sin  tadp  -{-  p  cos  co  dwy 

X  dy  —  y  dx  =■  p^dm. 

Finally,  let  us  consider  an  arc  AMR  whose  equation  in  oblique 
coordinates  is  y  =f(x).  In  order  to  find  the  area  bounded  by  this 
arc  A  MB,  the  x  axis,  and  the  two  lines  AAq,  BBq,  which  are  parallel 
to  the  y  axis,  let  us  imagine  a  polygon  inscribed  in  the  arc  A  MB,  and 
let  us  break  up  the  area  of  this  polygon  into  small  trapezoids  by 
lines  parallel  to  the  ?/  axis.    The  area  of  one  of  these  trapezoids  is 

fjXj  _  i)  4-  /(Xj)  ,  . 

^     ■     r>    ^    ^  (a^i  -  a:.-i)  sin  B, 
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whifh  may  be  written  in  the  fnrm  (i,-_,  -  J^,)f(i,)  sin  fl,  wliere  S 
lies  ill  the  interval  (^■,_i,  x,).  Hence  the  area  in  question  is  etiual 
to  the  definite  integral 


s  f  A 


j-)rfx, 


where  x,  and  A'  denote  the  abscisscB 
of  the  points  .t  and  B,  respectively. 

It  may  be  shown  as  in  the  similar 
case  above  that  the  area  bounded  by 
any  closed  contour  C  whatever  is  given 
by  the  formula 

sin  6 


air,  6  r 

2  J(o 


dy  —  1/  dx. 


Xote.  Given  a  closed  curve  C  (Fig.  16),  let  us  draw  at  any  point 
if  the  portion  of  the  normal  which  extends  toward  the  exterior, 
and  let  a,  ^  be  the  angles  which  this  direction  makes  with  the  axes 
of  X  and  y,  respectively,  coiinttid  I'rotu  0  to  tt.  Along  the  ai'c  AniiB 
the  angle  fi  is  obtuse  and  dx  =  —  ds  cos  p.     Hence  we  may  write 


Xi/ilx  =  -  /  1/cosfids. 
I-,  B)  J 


Along  BWfA  the  angle  ^  is  acute,  but  dx  is  negative  along  Bin.  J 
in  the  line  integral.  If  we  agree  to  consider  dt  always  as  positive, 
we  Shall  stil!  have  dx  =  ~  ds  cos  p.  Hence  the  area  of  the  closed 
curve  may  be  represented  by  the  integral 


I' 


jcoa^.fc, 


where  the  angle  j3  is  defined  as  almve,  and  where  ds  is  essentially 
positive.  This  formula  is  applicable,  as  in  the  previous  case,  to  a 
contour  of  any  form  whatever,  and  it  is  also  obvious  that  the  same 
area  is  given  by  the  formula 


/' 


B  absolutely  independent  of  the  choice  of  axes. 

M.  Value  of  the  Integral  fxSy  —  ydx.  ll  Is  nalurftl  to  inquire  what  will 
Im  representetl  by  thu  iutegral  fzdy  —  ydx,  taken  over  any  curve  whauver, 
clowd  or  unclosed. 
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Let  US  connider,  for  example,  the  two  clogeii  curres  OAOBO  and 
ApBijCrAiUtCiiA  (Fig.  10)  which  have  one  and  tliree  double  poinis,  renpei'- 
tively.  It  1b  clear  that  we  tuay  replace  eilher  of  these  curvea  by  a  cunibi nation 
of  Iwo  oloeed  curves  witliout  double  points.  Thus  the  closed  contour  OA  OBO 
U  eqiiivalenl  to  a  combination  of  Uie 
two  contours  OAO  and  OBO.  The 
Integral  taken  over  ihe  whole  conlonr 
is  eijiial  (o  the  area  of  the  portion 
OA  O  less  the  area  of  the  portion 
OHO.  Litcenise,  the  other  contour 
may  be  re])Iaced  by  the  Iwo  closed 
curves  ./IpB^Cr./!  and  AtMCuA,  and 
the  IntegnU  taken  over  the  whole  con- 
nt  ApB»A.  BiCqB.  and  vlrCu.(1.  plus  twice 
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the  itrea  of  the  portion  AaBqCuA.  Tliis  ruasoning  if,  moreover,  general.  Any 
closed  contiiur  with  any  number  of  double  points  determines  a  certain  number 
of  partial  areas  »],  e-g,  •  ■  ■,  rr^,  of  eiii.'h  of  which  it  forms  all  the  boundaries, 
Tlie  integral  taken  over  the  whole  contour  is  equal  to  a  sum  of  the  form 


riiffi  +  i",<rj  +  - 


•  +  mpr. 


where  mi,  tnj.  - . . ,  m^  are  positive  or  negative  integew  which  may  be  found  by 
the  following  rule :  Giiiea  lu>o  adjai-.enl  aren»  »,  »',  teparoteA  by  on  arc  ab  of  the 
contour  C,  iniagiiie  an  obsener  vmiking  on  the  plane  along  the  coTitaur  in  Uit  sense 
ietermintd  by  the  arrvwa ;  llien  the  co^cieni  of  the  area  al  Ais  (5/I  U  one  greater 
than  thai  of  the  area  at  kia  right.  Giving  the  area  outside  the  contour  the  coeffi- 
cient Kero,  the  coelBcienls  of  all  the  other  porlious  may  tie  determined  successively. 
It  the  given  arc  vl  B  is  uot  closed,  we  may  transform  it  into  a  closed  curve  by 
joining  iu  extremities  to  the  origin,  and  the  preceding  formula  is  applicable  I0 
this  new  region,  for  the  integral  f  xdg  —  ydi  taken  over  the  radii  veclores  OA 
and  OB  evidently  vaiilahes. 


V.    FUNCTIONS  DEFINKI)  BY  DBFINITE   INTEGRALS 

97.  DifierentUtion  under  the  iotegral  sign.  We  frequent!}-  bave  to 
deal  with  integrals  in  which  the  function  to  be  integrated  depends 
not  only  upon  the  variable  of  integration  but  also  upon  one  or  more 
other  variables  whiiih  we  consider  as  parameters.     Let  /(x,  a)  be  a 


continuous  function  of. the  two  vari 
a-o  to  ,Y  and  n  varies  between  certai 
to  atudy  the  function  of  the  vari 
delinite  integral 


lables  X  and  a  when  x  varies  from 

limits  <taand  «!.     We  proceed 

iable  a  which  is  defined  by  the 


F(a)=Jjix,a)dx, 


where  a  is  supposed  to  have  a  definite  value  between  a„ ; 
where  the  limits  x,  and  .Y  are  independent  of  .1. 
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(33)      F(a  +  Aa)  -  F(, 


^)=j\jX', 


I- A„) -A',  ")]■''• 


Siace  the  function  f{x,  it)  is  enntinuous,  this  integrand  may  be  made 
less  than  aiiy  preassigned  number  c  by  taking  Aix  sufEuiently  small. 
Hence  the  inun-ment  iF{n)  will  be  less  than  e|,Y  —  ir„|  in  absolute 
Falue,  which  shows  that  the  function  F((r)  is  continuous. 

If  the  function  f{x,  a)  has  a  derivative  with  respect  to  a,  let  us 
ffiite 


/(,,  a  +  i.)- 


where  c  approaches  zero  with  \a. 
Aa,  we  find 


Dividing  both  sides  of  (33)  by 


F(«  +  A«)  -  F(a) 


=J f.{r,")d^+J  'rf^; 


naA  if  f)  l>e  the  upper  limit  of  the  absolute  values  of  c,  the  absolute 
value  of  the  last  integral  will  be  less  than  i^'X  —  sc„\.  Passing  to 
tlie  limit,  we  obtain  the  formula 


(31) 


H> 


(T,   «),&. 


In  order  to  render  the  ftliove  reasoning  perfectly  rigorous  we  must 
show  that  it  is  possible  to  choose  Au  so  small  that  the  quantity  c 
will  be  leas  than  any  preassigned  number  >)  for  all  values  of  x  between 
the  given  limits  x^  and  .Y.  This  condition  will  certainly  be  satisfied 
if  the  derivative  J\(x,  u)  itself  is  continuous.  For  we  have  from 
the  law  of  the  meao 

/(x,  a  +  S»)-/\x,  a)=Aaf,(x.  «  +  flAa),  0<6<1, 


If  the  function  /„  ia  continuous,  this  difference  i  will  he  less  than  i] 
for  any  values  of  x  and  «,  provided  that  \\a{  ia  less  tlian  a  properly 
chosen  positive  number  A  (see  Chapter  VI,  §  120). 

Let  us  now  sup[)ose  that  the  limits  A'  and  Xg  are  tbemaelvea  func- 
tions of  II.     If  A.Y  and  Ajt,,  denote  the  increments  which  correspond 
crremeut  An,  we  siiall  have 


194  DEFINITE  INTEGRALS  [IV,§OT 

F{a  4-  Aa)-  F(a)  =  \      [/(a:,  a  -f  Aa)  -/(x,  a)']dx 

Jxq 

JT+AX 


4-  \  f(Xy  a -{- ^a)  dx 


/(x,  a-f  Aa)cte; 


or,  applying  the  first  law  of  the  mean  for  integrals  to  each  of  the 
last  two  integrals  and  dividing  by  Aa, 

F(a-^^a)^F(a)^   C  "" f(x,  a -^  £^a)  -  f(x,  a)  ^ 
Aa  J^  Aa 

+  1^ /(J^  4- ^  AZ,   a-fAa) 
-^/(a^o  +  ^'AXo,  a-fAa). 

As  Aa  approaches  zero  the  first  of  these  integrals  approaches  the 
limit  found  above,  and  passing  to  the  limit  we  find  the  formula 

which  is  the  general  formula  for  differentiation  under  the  integral 
sign. 

Since  a  line  integral  may  always  be  reduced  to  a  sum  of  ordinary 
definite  integrals,  it  is  evident  that  the  preceding  formula  may  be 
extended  to  line  integrals.  Let  us  consider,  for  instance,  the  line 
integral 

F(a)  =  /    P{Xy  y,  a)  dx  -f  Q{x,  y,  a)  dy 
Jab 

taken  over  a  curve  AB  which  is  independent  of  a.  It  is  evident  that 
we  shall  have 

F\a)  =  /    P,(x,  y,a)dx-{-  Q,(x,  y,  a)dy, 
Jab 

where  the  integral  is  to  be  extended  over  the  same  curve.  On  the 
other  hand,  the  reasoning  presupposes  that  the  limits  are  finite  and 
that  the  function  to  be  integrated  does  not  become  infinite  between 
the  limits  of  integration.  We  shall  take  up  later  (Chapter  VIII, 
§  175)  the  cases  in  which  these  conditions  are  not  satisfied. 
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The  formula  (35)  is  frequently  used  to  evaluate  certain  definite 
integrala  by  rKduciiig  them  to  others  which  are  more  easily  calcu- 
lated.    Thus,  if  a  is  positive,  we  have 


1    ^'  +  a~ 


V5 


wbence,  applying  the  formula  (34)  n  —  1  times,  we  find 

(-i,-.i.....(,->,jr'^.=l^(A„„,„i). 

98,  EiamplcB  ol  diBcoiitlnnity.  it  the  conditionH  imposed  are  not  satiBlled  for 
all  values  between  the  limits  of  iDtcgraLinn,  it  may  hnppen  that  tbe  defiuile  iule- 
gral  defines  a  diBconliouous  [unction  of  the  jiaranieter.  Let  us  consider,  for 
example,  the  definite  integral 


"""£'-- 


adx 


ma  +  x" 


This  tulegral  always  has  a  finite  value,  fur  the  roots  oE  the  deooinlnator  are 
iiiiaginary  excDpt  when  a  —  kn,  in  wliich  case  it  is  evident  that  F(<t)  =  n.  Sup- 
paains  that  sin  ic  ^  0  and  making  the  substituljon  x  =  cos  ti  +  t  sin  ii,  the  indefi- 
nite inUgral  becunies 


r        sinadx         _    C   it 
J  l-2xcosa  +  x"  ~j  Wc 


:  arc  tan  (. 


Hence  tbe  definite  integral  F{a)  has  the  value 

^un('-:i^!^')-arct,n(-^-'='"«V 
V    Binu     /  V      Sinn      / 

where  the  angles  are  to  be  taken  between  —  x/2  and  7t/2.     Bui 


-  =-1- 


and  hence  the  difference  of  these  angles  is  ±  a/2.  In  order  to  determine  the 
■igD  uniquely  we  need  only  notice  that  the  sign  of  the  integral  is  the  same  as 
that  ot  sin  it.  Hence  F(<t)  =  ±  fr/2  according  as  sin  n  is  positive  or  negative. 
It  follows  that  the  function  F(it)  In  discontinuous  for  all  values  of  n  of  tbe  form 
kx.  This  result  does  not  contradict  the  above  reasoning  in  the  least,  however. 
For  when  x  varies  from  - 1  to  +  1  and  a  varies  from  -  i  to  +  ».  for  eianiple, 
the  function  under  the  integral  sign  asHumes  an  indeterminate  form  for  the  seta 
of  valnea  a  r:  0.  z  =  —  1  and  a  =  0,  x  —  +  1  which  belong  to  the  region  in  qaes- 
tion  tor  any  valne  of  e. 

It  would  be  easy  to  give  numerous  examples  of  tliis  nature.     Agaio,  consider 


£ 
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Making  the  substitution  mx  =  y,  we  find 

+  »  .  /»  +  « 


ac  *J  —  : 


'iaVdy, 


where  the  sign  to  be  taken  is  the  sign  of  m,  since  the  limits  of  the  transformed 
integral  are  the  same  as  those  of  the  given  integral  if  m  is  positive,  but  should 
be  interchanged  if  m  is  negative.  We  have  seen  that  the  integral  in  the  second 
member  is  a  positive  number  N  (§  01 ).  Hence  the  given  integral  is  equal  to  ±  ^ 
according  as  m  is  positive  or  negative.  If  m  =  0,  tiie  value  of  the  integral  is 
zero.     It  is  evident  that  the  integral  is  discontinuous  for  m  =  0. 


VL   APPROXIMATE  EVALUATION  OF  DEFINITE  INTEGRALS 

99.  Introduction.  When  no  primitive  of  f{x)  is  known  we  may 
resort  to  certain  methods  for  finding  an  approximate  value  of  the 
definite  integral  /"  f(x)dx.  The  theorem  of  the  mean  for  integrals 
furnishes  two  limits  between  which  the  value  of  the  integral  must 
lie,  and  by  a  similar  process  we  may  obtain  an.  infinite  number  of 
others.    Let  us  suppose  that  <^(x)  <f{x)  <  j/r(x)  for  all  values  of  x 

I  

between  a  and  b  (a  <b).     Then  we  shall  also  have 

'    f^(x)dx<   I  f{x)dx  <  j    il,(x)dx. 

If  the  functions  ^(x)  and  ^{x)  are  the  derivatives  of  two  known 
functions,  this  formula  gives  two  limits  between  which  the  value  of 
the  integral  must  lie.     Let  us  consider,  for  example,  the  integral 


""Jo  vnr^ 


Now  Vl  —  x^  =  Vl—  x'^  VT-Ta^*  and  the  factor  Vl-f-  x^  lies 
between  1  and  V2  for  all  values  of  x  between  zero  and  unity. 
Hence  the  given  integral  lies  between  the  two  integrals 


r'_dx_    ^        JL_    r'      dx 

Jo    Vl-x*-^'        V2J>    y/l-x' 


that  is,  between  7r/2  and  7r/(2V2).  Two  even  closer  limits  may 
be  found  by  noticing  that  (l+a*^)"^/'  is  greater  than  1  — ar'Y2, 
which  results  from  the  expansion  of  (1  -f-  v)~^^^  by  means  of  Taylor's 
series  with  a  remainder  carried  to  two  terms.  Hence  the  integral 
/  is  greater  than  the  expression 


JC       dx  \    r      x^d: 


dx 


jv,  Sffli] 
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The  secood  of  these  integrals  has  the  value  7r/4  (§  105);  beace  / 
lies  between  7r/2  and  3  tt/S. 

It  is  evident  that  the  preceding  methods  merely  lead  to  a  rough 
idea  of  the  exact  value  of  the  integral.  In  order  to  obtain  closer 
approximations  we  may  break  up  the  interval  (a,  b)  into  smaller 
subintervals,  to  each  of  which  the  theorem  of  the  mean  for  inte- 
grals may  be  applied.  For  detiniteness  let  us  suppose  that  the 
function /(x)  constantly  increases  as  jr  increases  from  a  to  b.  Let 
us  divide  the  interval  (a,  b)  into  n  equal  parts  (b  —  a  =  nh).  Then, 
by  the  very  definition  of  an  integral.  J^/{x)tix  lies  between  the 
two  sums 

S  =  hiJla  +  h)  +f(a  +  2A)  +  ■  ■  ■  +f(a  +  «A)  J. 
If  we  take  (S  +  g)/2  as  an  approximate  value  of  the  integral,  the 
error  cannot  exceed  |.s'-^!/2  =|[(i-«)/2H][^/-)-/(u)]|.     The 
value  of  (S  +  s)/2  may  be  written  in  the  form 


+ 


ff<i  +  (n-l)h-]+f(a  +  nl,)^ 


Observing  that  J/(a  +  iA) +/[a  +  (i +l)A]iA/2  is  the  area  of 
the  trapezoid  whose  height  is  h  and  whose  bases  are^a  +  t'A)  and 
f(a  +  ih  +  h),  we  may  say  that  the  whole  method  amounts  to 
replacing  the  area  under  the  curve  i/  —  j'{x)  between  two  neighbor- 
ing ordinates  by  the  area  of  the  trapezoid  whose  bases  are  the  two 
ordinates.  This  method  is  quite  practical  when  a  high  degree  of 
approximation  is  not  necessary. 

Let  us  consider,  for  example,  the  integral 


£\ 


Taking  n  =  4,  we  find  as  the  approximate  value  of  the  integral 


and  the  error  is  loss  than  1/16  =  .0626.*     This  gives  an  approxi- 
mate value  of  TT  which  is  correct  to  one  decimal  place,— 3.1311  -  ■  ■. 
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If  the  function  f{x)  does  not  increase  (or  decrease)  constantly  as 
X  increases  from  a  to  ^,  we  may  break  up  the  interval  into  sub- 
intervals  for  each  of  which  that  condition  is  satisfied. 

100.  Interpolation.  Another  method  of  obtaining  an  approximate 
value  of  the  integral  J^f(x)dx  is  the  following.  Let  us  determine 
a  parabolic  curve  of  order  w, 

y  =  ff>(x)  =  ao  4-  «!«  H h  «„«", 

which  passes  through  (n  -f- 1)  points  Bq,  5i,  •  •,  B^  of  the  curve 
y  =f(x)  between  the  two  points  whose  abscissae  are  a  and  b. 
These  points  having  been  chosen  in  any  manner,  an  approximate 
value  of  the  given  integral  is  furnished  by  the  integral  f  <f>(x)clx, 
which  is  easily  calculated. 

Let  (xq,  yo),  (x^y  yi),  "y  (x^,  y^)  be  the  coordinates  of  the  (n  +1) 
points  -^0)  A>  *••)  ^n-  '^f'he  polynomial  if>(x)  is  determined  by 
Lagrange's  interpolation  formula  in  the  form 

ff,(x)  =  2/0  A'o  4-  yi  A'l  H -f  y,. A',.  +  •  •  •  -f  y„X,, 

where  the  coefficient  of  y,  is  a  polynomial  of  degree  n, 

X    =     fo  -  ^o)  •  •  •  (a^  -  ^»  -l)  (^  -  ^i+l)  ''(^-^n)    ^ 

which  vanishes  for  the  given  values  a^o)  a^i ,  •  •  • ,  x„,  except  for  x  =  x,., 
and  which  is  equal  to  unity  when  x  =  x^.     Hence  we  have 

I  fi>(x)dx  =  V  yi  j  Xidx. 

The  numbers  a;,  are  of  the  form 

opo  =  a  4-  ^o(^  ~  «)>     Xi  =  a  -{-  6i(b  —  a),      •  •  •,     x^  =  a  -{-  Ojib  —  a), 

where  0  <  ^o  <  ^1  <  •  •  •  <  ^„  5 1.  Setting  x  =  a -{- {b  —  a)ty  the  ap- 
proximate value  of  the  given  integral  takes  the  form 

(36)  (h  -  a)  (Koyo  +  ATi yi  +  •  •    -f  A'„y,)> 

where  A",  is  given  by  the  formula 

f, _ r (^-^o)-(^-<>— )(<-<>.^.)---ft-'^..) ,, 

If  we  divide  the  main  interval  (a,  b)  into  subintervals  whose 
ratios  are  the  same  constants  for  any  given  function /(x)  whatever, 
the  numbers  60,  0^  •  •  •,  d„,  and  hence  also  the  numbers  A",-,  are  inde- 
pendent of  f(x).     Having  calculated  these  coefficients  once  for  all, 


n-.HOi] 


APPROXIMATE  EVALUATION 


it  only  remains  to  replace  ijai  Wn  ■■>  l/n  by  their  respective  values 
in  the  formula  (36). 

If  the  CTirve  f(x)  whose  area  is  to  be  evaluated  is  given  graph- 
icaltjr,  it  is  convenient  to  divide  the  interval  (o,  6)  into  equal  parts, 
and  it  is  only  necessary  to  measure  certain  equidistant  ordinates  of 
this  curve.  Thus,  dividing  it  iuto, halves,  we  should  take  fl,,  =  0, 
fli  =  1/2,  $3  =  1,  which  gives  the  following  formula  for  the  approxi- 
mate value  of  the  integral : 


/  = 


Likewise,  for  n  ~ 


-(!/o- 


1  +  !/.)■ 


e  find  the  formula 
-('Jo  +  3if,  +3^5-1-  ij,), 


1  = 


90 


■(7y.-( 


h  12y,  +  32./,  +  7y.). 


The  preceding  method  is  due  to  Cotes.  The  following  method, 
due  to  Simpson,  is  slightly  different:  Let  the  interval  (a,  &)  be  . 
divided  into  2»  equal  parts,  and  let  y^,  yi,  yi,  •■  -t  y^,  be  the  ordi- 
nates of  the  corresponding  points  of  division.  Applying  Cotes' 
formula  to  the  area  which  lies  between  two  ordinates  whose  indices 
are  consecutive  even  numbers,  such  as  i/^  and  y^,  i/i  and  y,,  etc.,  we 
find  an  approximate  value  of  the  given  area  in  the  form 

I  =  ^  [Ojo  +  iy,  +  J:)  +  (y,  +  4.V.  +  y,)  +  ■  ■  ■ 

whence,  upon  simplification,  we  find  Simpson's  formula: 


lOL  Gauas'  method.    In  Gauss'  method  other  values  are  assigned 

El  quantities  6,.     The  argument  is  as  follows;  Suppose  that  we 

can  find  polynomials  of  increasing  degree  which  differ  less  and  less 

from  the  given    integrand  fix)   iu  the  interval  (a,  i).      Supiwjse, 

for  instance,  that  we  can  write 


+  40/I+J/.  +  - 


where  the  remainder  lij^{i)  is  less  than  a  tixed  uuniber  i,  for  all 
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values  of  x  between  a  and  h*  The  coefficients  a,  will  be  in  gen- 
eral unknown,  but  they  do  not  occur  in  the  cal(;ulation,  as  we  shall 
see.  Let  Xq,  Xi,  ••,  x„_,  be  values  of  x  between  a  and  A,  and  let 
<^(x)  be  a  polynomial  of  degree  n  —  1  which  assumes  the  same 
values  as  does  f(x)  for  these  values  of  x.  Then  Lagrange's  inter- 
polation formula  shows  that  this  polynomial  may  be  written  in  the 
form 


IN  =  (» 


where  <f>^  and  ^'^^are  at  most  polynomials  of  degree  n  —  1.  It  is 
clear  that  the  polynomial  <t>,n(^)  depends  only  upon  the  choice  of 
Xq,  Xj,--,  x„_i.  ^^n  the  other  hand,  this  polynomial  4>^(x)  must 
assume  the  same  values  as  does  a*"*  for  a*  =  a"o,  x  —  Xi,  •-•,  x  =  x^_^. 
For,  supposing  that  all  the  a's  except  a^  and  also  R2^(x)  vanish, 
f(x)  reduces  to  a^^x""  and  <f>(j')  reduces  to  ii,„<t>,„(x).  Hence  the 
difference  x"*  —  <^,„(x)  must  be  divisible  by  the  product 

^'nOO  =  (^  -  ^o)  (x-xi)  '"  (x  -  a-„_i). 

It  follows  that  0!"*  —  <^„(j)=-/\Q„_„(x),  where  Q„_„(x)  is  a  poly- 
nomial of  degree  m  —  n,  if  m  >  n ;  and  that  a!""  —  <^,^  (x)  =  0  if  m  <  n  —  1. 
The  error  made  in  replacing  j^ /(x)  c^  by  JJ<f>(x)dx  is  evidently 
given  by  the  formula 

In— 1  /^h  r*b 

(37)  VaJ    [x'«-<^,,(a-)]cto+/    R^{x)dx 

M-I 


I  =  0  •^a 


The  terms  which  depend  upon  the  coefficients  ao,  «'i,  •  •  *,  a'»_i  vanish 
identically,  and  hence  the  error  depends  only  upon  the  coefficients 
<^^4'  ^^n  +  n  '"y  ^2n-i  ^'^^  ^^^  remainder  /?2„(x).  But  this  remain- 
der is  very  small,  in  general,  with  respect  to  the  coefficients 
<r,,,  0Cn-^i'>  •••>  ^2n-i-  Hencc  the  chances  aie  good  for  obtaining  a 
high  degree  of  approximation  if  we  can  dispose  of  the  quantities 
Xo»  Xi,  •••,  x„_i  in  such  a  way  that  the  terms  which  depend  upon 
^«i  ^'n-fp  •••>  ^2n-i  ^^80  vanish  identically.  For  this  purpose  it  is 
necessary  and  sufficient  that  the  n  integrals 

I    P,(l,dx,         I    P.Q^dx,        .-.,         /    P.CU.^dx 

a  %J  a  t/a 

*  This  is  a  property  of  any  function  which  is  continuous  in  the  interval  (a,  6), 
according  to  a  theorem  due  to  Weierstrass  (see  Chapter  IX,  §  199). 


APPROXIMATE  EVALUATION 


should  vanish,  where  Q,  ia  a  polynomial  of  degree  i.  We  have 
already  seen  (i  88)  that  this  condition  ia  satisfied  if  we  take  P,  of 
the  form 


djf 


lix-ari^-b)-}. 


It  ia  therefore  sufficient  to  take  for  x,„  j-,,  ■■■,  a;,_i  the  ti  roots  of 
the  equation  P,  =  0,  and  these  roots  all  lie  between  a  and  li. 

We  may  assume  that  a  =  —  1  and  i  =  +  1,  since  all  other  cases 
may  be  reduced  to  this  by  the  substitution  j^  =  (li  +  a)/2  +  t(b  —  a)  /2. 
In  the  special  case  the  values  of  x„,  Xi,  ■■-,  j;„_,  are  the  roots  of 
Legendre's  polynomial  A',.  The  values  of  these  roots  and  the 
values  of  A',,  for  the  formula  (156),  up  to  n  =  5,  are  to  be  found  to 
seven  and  eight  places  of  decimals  in  Bertrand's  Tratti  dr.  Calmil 
integral  (p.  342). 

Thus  the  error  in  Gauss'  method  is 

where  the  functions  *,  (x)  are  independent  of  the  given  integrand. 
In  order  to  obtain  a  limit  of  error  it  is  sufticienC  to  find  a  limit  of 
Rf.(x),  that  is.  to  know  tlie  degree  of  approKimation  with  which 
the  function  f(r)  can  be  represented  as  a  polynomial  of  degree 
2n  —  1  in  the  interval  (a,  I).  But  it  is  not  necessary  to  know 
this  polynomial  itself.  • 

Another  process  for  obtaining  an  approximate  numerical  value  of 
a  given  definite  integral  is  to  develop  the  function  f{x)  in  series  and 
integrate  the  series  term  by  term.  We  shall  see  later  (Chapter  Vlll) 
under  what  conditions  this  process  is  justifiable  and  the  degree  of 
approximation  which  it  gives. 

IDS.  Amslet'i  planiineter.  A  great  many  machines  Itave  been  invented  U> 
measure  uiertiaDii.a]ly  the  area  bounded  by  a  closed  plane  curve.*  One  of  Ihe 
most  ingenious  of  Iheae  ik  AinRler's  planlmeier,  wboHe  theory  aflorda  an  Imerest- 
ing  applii:alion  of  line  integralH. 

Let  us  conaider  tlie  areax  Ai  and  A^  bounded  by  the  curves  described  by  two 
polnu  A 1  atid  As  of  a  rigid  Htraiglil  line  which  moves  in  a  plane  in  any  manner 
and  finally  returns  to  its  original  position.  Let  {Z|.  y\)  and  {x^,  y-j)  be  Ihe  coJir 
le  points  Ay  anil  At,  reKpectively,  with  respect  to  n  set  of  rectangu- 
lar axes.     Let  I  be  the  distance  AyA^,  and  6  the  angle  which  AyA^  makes  with 


*A  dcMirlptioD  of  these   InstrumuD 
AbakaouwlcE  r    /*«  inltgrapkes.  Ia  cui 

ViUan,  I 


)  be  t 


1   work    by    Abilank- 
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the  positive  x  axis.  In  order  to  define  the  motion  of  the  line  analytically,  Xi,  ^i, 
and  d  must  be  supposed  to  be  periodic  functions  of  a  certain  variable  parameter  t 
which  resume  the  same  values  when  t  is  increased  by  T.  We  have  Xs  =  Xi  +  2  co6  0^ 
y%  =  yi'\-l  sin  6^  and  hence 

x^dy2  —  y%dX2  =  xid^i  —  yidxi  +  J^dd 

+  l(co&ddyi  —  sin^dxi  +XiCO80d^  +  yisin^d^). 

The  areas  Ai  and  As  of  the  curves  described  by  the  points  A\  and  A^^  under  the 
general  conventions  made  above  (§  96),  have  the  following  values : 

Ai  =  -  fxidyi  -  yidxu       ^2  =  0  f^^^^  "  Vidx^- 

Hence,  integrating  each  side  of  the  equation  just  found,  we  obtain  the  equation 

A2  =  Ai  4-  -  fd$  +  -  I   fcoeedyi  -  sin^dxi  +  Mxicos^  +  yi8in^)cW  L 

where  the  limits  of  each  of  the  integrals  correspond  to  the  values  to  and  to  +  T 
of  the  variable  t.  It  is  evident  that  fd$  =  2Kn^  where  £  is  an  integer  which 
depends  upon  the  way  in  which  the  straight  line  moves.  On  the  other  hand, 
integration  by  parts  leads  to  the  formulae 


jzi  cosOdB  =      Xi  sin  0  —  Tsin  ^dxi, 
jyiBm0d$  =  —  yiCO8e-\'  jcoeBdyi. 


But  Xi  sin  0  and  yi  cos  0  have  the  same  values  f or  t  =  to  and  t  =  to  +  T.  Hence 
the  preceding  equation  may  be  written  in  the  form 

Aj  =>  Ai  4-  KtcI^  4- 1  fcoB0dyi  -  sin^dxi. 

Now  let  8  be  the  length  of  the  arc  described  by  ^  1  counted  positive  In  a  certain 
sense  from  any  fixed  point  as  origin,  and  let  a  be  the  angle  which  the  positive 
direction  of  the  tangent  makes  with  the  positive  x  axis.     Then  we  shall  have 

co80dyi  —  sin^dxi  =  (sinacos^  —  sin^cosa)d«  =  sinFda, 

where  V  is  the  angle  which  the  positive  direction  of  the  tangent  makes  with  the 
positive  direction  A1A2  of  the  straight  line  taken  as  in  Trigonometry.  The 
preceding  equation,  therefore,  takes  the  form 


(38)  Aj  =  Ai  +  KTtl^  4-  ifsinVds. 


Similarly,  the  area  of  the  curve  described  by  any  third  point  A%  of  the  straight 
line  is  given  by  the  formula 


(39)  ,  As  =  Ai  4-  Kirn  4-  vfainVda, 


where  V  is  the  distance  A1A3.     Eliminating  the  unknown  quantity  f^nVds 
between  these  two  equations,  we  find  the  formula 

/'Aa  -  Z  As  =  (/'  -  I)  Ai  4-  K7tlV{l  -  O, 


AITRUXIMATE  EVALUATION 


(40) 


A,  (23)  +  Aj(31)  + A,(12)  +  £'jr{19)(23)(31)  =  0, 


where  (it)  denotes  the  distance  between  the  points  Ai  and  A^  (i,  t  =  1,  3,  3) 
taken  with  its  proper  sign.  Ah  bti  application  of  this  formula,  lei  ub  consider 
ABtnigbt  liue^i  Jiof  length  (n  +  b),  whose  extremities  jli  and  A,  describe  the 
same  closed  convex  curve  C.  The  point  Aa^  which  divides  the  line  into  seg. 
ments  of  length  a  and  h,  describes  a  closed  curve  C  which  lies  whpUy  inside  C. 
In  this  case  we  have 


A,  =  A|,         (12)  =  0 
whence,  dividing  by  a  +  6, 


i,         (23)  =  -  i,         (31)  =  -a 
Ai  —  A]  =  nah. 


K  =  \ 


But  Ai  —  Aj  is  the  area  between  the  two  curves  C  ami  C.     Hence  tliis  arei 
independent  of  the  form  of  the  curve  C.     This  theorem  Is  due  to  Holditch. 
If,  instead  of  eliminating  JsinTda  between  the  equations  (38)  and  (39), 
elimioate  Ai,  we  tinJ  the  foruiila 


(41) 


f  ifi 


(i'5_fi)  +  ,r_/)j8inFda. 


Amsler's  planlmeler  affords  an  application  of  this  formula.  Let  AiA-,As  be  a 
rigid  rod  joined  at  ./li  with  another  rod  OAi-  The  point  O  being  fixed,  the  point 
At,  to  which  m  attached  a  sharp  point«r,  is  made  to  describe  the  curve  whoae  ai 
is  Bouglit.  The  point  A^  then 
describes  an  arc  of  a  circle  or 
an  entire  circumference,  accord- 
ing to  the  nature  of  the  motion. 
In  any  case  the  quantities  Aj,  K, 
I,  I'  are  all  known,  and  the  area 
Aj  can  be  calculated  if  the  in- 
tegral J* sin  rds,  which  is  to  be 
taken  over  the  curve  C,  described 
by  the  point  X|,  canheevaluaWd. 
This  end  Ai  carries  a  graduaitd  «*' 
circular  cylinder  whose  axis  coin- 
cides with  the  axis  of  the  rod  A,A,,  and  which  a 

Let  us  consider  a  small  displacement  of  tlie  rod  which  carries  AiAsA^  into 
the  position  A't  AiAi.  Let  Q  he  the  intersection  of  these  slraiglit  lines.  About 
Q  as  center  draw  the  circular  arc  A\tt  and  drop  the  perpendicular  ..4! P  from 
At  upon  At  At.  We  may  imagine  the  niuUon  of  the  rod  to  cunsisC  of  a  sliding 
along  its  own  direction  until  jii  comes  to  a,  followed  by  a  rotation  about  ^wliicli 
brings  a  ta  Ai.  In  the  first  pari  of  iliis  process  the  cylinder  would  slide,  with- 
out turning,  along  one  of  its  generators.  In  the  second  part  the  rotation  oE 
the  cylinder  is  measured  by  the  arc  aAi.  The  two  ratios  aA',/AiF  and 
.^[F/arc.^i.^(  approach  1  and  sin  V,  respectively,  as  the  arc  A',Ai  approacliea 
Hence  aAi  =  AjIsiuF  +  t),  where  <  apprnachca  Kcro  with  ^.  It  follows 
Uiat  the  total  ruUitfon  of  the  cylinder  is  proportional  to  the  limit  iit  the  sum 
ZAf  («inF  +  (),  that  is,  to  the  integral  /sinFds.  Hence  the  meaauremeul  of 
is  sufficienl  for  the  determination  of  the  given  area. 
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EXERCISES 

1.  Show  that  the  sum  1/n  +  l/(n  +  1)  +  •  •  •  +  l/2n  approaches  log  2  as  n 
increases  indefinitely. 

[Show  that  this  sum  approaches  the  definite  integral  f^  [1/(1  +  z)](lx  as  its 
limit.] 

2.  As  in  the  preceding  exercise,  find  the  limits  of  each  of  the  sums 

n  n  .  .  n 


n«  +  l        n«  +  22  n«  +  (n-l)« 

11  1 

+    — =    +    •    •    •    +  _.-TT» 


Vn«  -  1       Vn'-i  -  28  y/n^  -  (n  -  !)« 

by  connecting  them  with  certain  definite  integrals.     In  general,  the  limit  of 
the  sum 


1=0 


as  n  becomes  infinite,  is  equal  to  a  certain  definite  integral  whenever  ^(i,  n)  is 
a  homogeneous  function  of  degree  —  1  in  i  and  n. 

3.  Show    that    the    value    of    the    definite    integral  f'^  log  sin  x  dz    is 
-(7r/2)log2. 

[This  may  be  proved  by  starting  with  the  known  trigonometric  formula 

.    re  .    27C        .    (n  —  l)it         n 
sm  —  sin sm  ^  — 


n        n  n  2»-* 

or  else  by  use  of  the  following  almost  self-evident  equalities : 

r*  logsinxdx  =  r^'logcosxda;  =  -    I      log( )dx.] 

4.  By  the  aid  of  the  preceding  example  evaluate  the  definite  integral 


n-  -  \ 


- )  tan  X  dx . 
2/ 


5.  Show  that  the  value  of  the  definite  integral 


X 


l  +  x« 
is(7r/8)log2. 

[Set  X  =  tan  0  and  break  up  the  transformed  integral  into  three  parts.] 

6*.  Evaluate  the  definite  integral 

J     log  (1  —  2cr  cos  X  +  a^)  (ix . 

[POISSON.] 


[Dividing  the  interval  fromO  lo  Yin  to  neqaal  parts  and  applying  a  wcll-knoini 
formula  of  trigunometry,  we  are  led  to  seek  the  limit  of  the  expression 


S  [J^  C"  -  3)] 


.  n  bMomes  Infinite.     If  a  lies  between   -  1  and  +  1.  thin  limit  in 
'  >  1,  it  is  irtoga'.    Compare  §  140.] 

7.  Show  that  the  value  of  the  definite  integral 


i: 


where  a  is  positive,  is  2  if  rt 


l,andi«3/aif  «>I. 


S*.  Show  that  a  necessary  and  sufilcient  condition  iJiat  /{x)  should  be  inte- 
CTuhle  in  an  interval  (a,  b)  in  tlial,  cnrre8i>oiiding  to  any  preassigned  iiuniber  t, 
»  fiubdivliion  of  the  interval  can  be  found  such  that  the  liifierence  S  -  a  of  the 
corresponding  sums  S  and  a  is  less  than  i. 

9.  L«t/(z)  and«(x)  be  two  functions  which  are  continuous  in  the  interval  (a,  b), 
luid  let  {a,  2|,  Xi,  - ...  b)  be  a  method  of  subdivision  of  thai  inierval.  If  £.,  v 
are  auy  two  values  of  x  in  the  interval  (i,_i,  z,),  the  sum  2/(i,)*(ii,)(ie.- -  x,.i) 
approacbes  the  deftnite  integral  f^/{z)t{z)dx  as  its  limit. 

10.  Let/|x)bea  function  which  is  continuous  and  positive  in  the  interval  (a,  A). 
Show  thai  the  product  of  the  two  definite  inte^r^tla 


/.'•"'>-■  I'M, 


is  a  minimum  when  the  function  la  a 

II.   Let  the  symbol   /''  denote  the  index  of  a  function   ({  TT)  betvrsen  : 
and  Zi.     Show  that  the  following  formula  holds: 


-1  If /(io)<0  « 


l/(s,)>0.  < 


where  «  =  +  I  if  /(Zo)  >  0  and  /(ii)  <  0,  < 
t  =  ll  if/(Zfl)  and /(Xi)  have  the  same  sij 

[Appl;  the  last  formula  in  the  second  paragraph  of  f  77  to  each  of  the  func- 
tions/(z)  and  l//(x).] 

12».  Let  U  and  V  be  two  poiynoniials  of  dtgree  n  and  n  -  I,  respcttivBly. 
which  are  prime  lo  each  other.  Show  that  the  index  of  the  rational  fraction 
V/(X  between  the  limits  ~  (c  and  -|-  ic  Is  equal  lo  the  difference  between  the 
number  of  imaginary  roots  of  the  equation  C  +  Jl''  =  0  in  which  the  coefficient 
of  j  is  positive  and  the  number  in  which  the  ooefBclent  of  i  is  negative. 

[Hbbmtte,  Bulletin  de  In  SotHtf  miUhimatlque.  Vol,  VII,  p.  128.] 


13*.   Derive  the  secoc 


theorem  of  the  mean  for  integrals  by  Integration  by 


[Lct/(x)  and  ^(z)  bt  two  functiona  each  of  which  la  conttnuouB  Id  the  inter- 
val (a,  b)  and  ilie  flrei  of  which,  /(as),  constantly  increases  (or  decreases)  and 
has  a.  continuous  derivative.     Introducing  the  auzlliar;  function 

*'■''  =/ *W<*^ 

and  integrating  by  parts,  we  find  the  equation      , 

fj{x)4-{x)'ix  =/(6)*(6)  -_£/'(i)+(i)di. 

Since /'(x)  always  has  the  same  sign,  it  only  remains  to  apply  the  first  theorem 
of  the  mean  for  integrals  to  the  new  inlegral.] 

14.  Show  directly  tJiat  the  definite  integral  fxd;/  —  ydx  extended  over  a 
clo^d  contour  goes  over  into  an  int«grnl  of  tlie  same  form  when  the  a 
replaced  by  any  other  set  of  rectangular  axes  which  have  the  same  aspect. 

16,  Given  the  formula 


16.  Let  OS  associate  the  points  (x,  y}  and  {x',  y')  upon  any  two  give 
C  and  C,  respectively,  at  which  the  tangents  are  parallel.     The  point  whose 
coordinates  are  xi  =  px  +  gx',  ]/i  =  py  +  qy',  where  p  and  q  are  given  constants, 
describes  a  new  curve  C,.    Show  that  the  following  relation  holds  between  the 
corresponding  arcs  of  the  three  curves : 

Ji  =  ±  p*  ±  qt. 

17.  Show  that  corresponding  arcs  of  the  two  corves 

(x  =  y'{0-/(t)    +*'((), 

have  the  same  length  whatever  be  the  fonctious /(()  and  ip{t). 

18.  From  a  point  If  of  a  plane  let  ne  draw  the  normals  AfPi,  -  -  ,  3fP,  to 
n  given  curves  Cj,  Cj,  ■  ■•,  C.  which  lie  in  the  same  plane,  and  let  k  be  the 
distance  iiPi.  The  locus  of  the  points  M^  for  which  a  relation  of  the  form 
F(Im  Ii<  '-','■)  =  0  holds  between  the  n  distances  U,  is  a  curve  r.  If  lengths 
proportional  to  cF/dli  bo  laid  oH  upon  the  lines  MPi,  respectively,  according  to 
a  definite  convention  as  to  sign,  show  that  the  resultant  of  these  n  v< 
the  direction  of  the  normal  to  F  at  the  point  it.  Generalize  the  theorem  for 
surfaces  in  spaoe. 

19.  Let  C  be  any  closed  curve,  and  let  us  select  two  points  p  and  p'  upon  the 
tangent  to  C  at  a  point  m,  on  either  side  of  m,  making  mp  =  mp'.  Supposing 
that  the  distance  mp  varies  according  to  any  arbitrary  law  as  in  describes  the 
curve  C,  show  that  the  points  p  and  p'  describe  curves  of  equal  area.  Discuss 
the  special  case  where  mp  Is  constant. 


20.  Given  anj  closed  convex  curve,  let  us  draw  a  parallel  carve  by  laying  oR 
a  coDBUuit  length  I  upon  llie  normals  to  Ihe  given  curve.  Show  thai  the  area 
between  the  iwu  curveij  is  equal  lo  ±  itP  +  3l,  where  «  is  the  length  of  the  given 


21.  Let  C  be  tnj  closed  curve.  8how  that  the  locus  of  the  points  A,  lot 
which  the  corresponding  pedal  has  a  coQBtant  area,  is  a  circle  whoM  center  ]a 
fixed. 

(Take  the  eijuation  of  the  curve  C  in  the  tangential  form 


(  +  J/Bi 


=  /W-] 


22,  Let  C  be  any  cloHed  curve,  Ci  its  pedal  with  respect  to  a  point  A,  and  Cf 
the  locttB  of  the  foot  of  a  perpendicular  let  fall  from  A  upon  a  normal  to  C. 
Show  that  the  areas  of  these  three  curves  satisfy  the  relaUon  A  =  A[  —  Aj. 

[By  a  properly  of  the  pedal  {%  3(i),  if  p  and  ui  arc  the  {Hilar  coordinates  of  a  point 
on  C|,  the  coiirdinatcB  of  the  corresponding  point  of  Cj  are  p'  and  ui  +  x/2.  and 
those  of  the  corresponding  point  of  C  arer  =  V^^HV°and*=;  w  +  arc  tan/i'/p.] 


33.  If  a  curve  C  rolls  without  slipping  on  a  straight  line,  every  point  A  which 
is  rigidly  connected  to  the  curve  C  describes  a  curve  which  is  called  a  roulette. 
Show  that  the  area  between  an  arc  of  the  roulette  and  ixe  ba«e  is  twice  the  area 
of  the  corresponding  portion  ot  tlie  pedal  of  the  point  A  with  respect  to  C.  Also 
show  that  the  length  of  an  arc  of  the  roulette  is  equal  to  the  length  of  the  corre- 


sponding arc  of  ihe  pedal. 


[Ste 


«.] 


[In  order  to  prove  these  theorema  analytically,  let  .T  and  Y  be  the  coiirdi- 
nates  of  the  (Miint  A  with  respect  to  a  moving  system  of  axes  formed  of  the 
tangent  and  normal  at  a  point  M  on  C.  Let  a  be  the  length  of  the  arc  UM 
connted  from  a  6xed  point  O  on  C,  uud  let  u  be  the  angle  between  the  taogenla 
at  0  and  JIf.     first  esiAblish  the  formulie 

(t»  +  dX=ydu,        dr+Xdu.  =  0, 
and  then  deduce  the  theorems  from  them.] 

24*.  The  error  made  in  Gauss'  method  uf  quadrature  may  t>e  expressed  ii 
the  form 

/'■'•'ii)    ^     2     r    1.2.3--..  I' 

l,2--an       2n  +  1  Ll.2..(2n-  l)J 


where  {  ties  between  —  1  and  -t 


,  Comptea  rendua,  1886,] 


CHAPTER    V 

INDEFINITE  INTEGRALS 

We  shiill  review  in  this  chapter  the  general  (ilasses  of  elemen- 
taiy  fimctiona  whose  integrals  can  be  expressed  in  terms  of  ele- 
mentary functions.  Under  the  term  elementnrij  fuHrtinns  we  shall 
include  the  rational  and  irrational  algebraic  functions,  the  exponen- 
tial function  and  the  logarithm,  the  trigonometric  functions  and 
their  inverses,  and  all  those  functions  which  can  be  formed  by  a 
finite  number  of  combinations  of  those  already  named.  When  the 
indefinite  integral  of  a  function  f{x)  cannot  be  expressed  in  terms 
of  these  fimctions,  it  constitutes  a  new  transcendental  function. 
The  study  of  these  transcendental  functions  and  their  classification 
is  one  of  the  most  important  problems  of  the  Integral  Calculus. 

I.   INTEGRATION   OF  RATIONAL   FUNCTIONS 

103.  General  method.  Every  rational  function  /(a-)  is  the  sum  of 
an  integral  function  E{x)  and  a  rational  fraction  /'(x)/Q(x),  where 
P(x)  is  prime  to  and  of  less  degree  than  (l(i).  If  the  real  and 
imaginary  roots  of  the  equation  Q{x)  be  known,  the  rational  frac- 
tion may  be  decomposed  into  a  sum  of  simple  fractions  of  one  or  the 
Other  of  the  two  types 

A  Mx  +  N 

{x^ar        [(x-a)^+^]-" 
The  fractions  of  the  first  type  correspond  to  the  real  roots,  those 
of  the  second  type  to  pairs  of  im^iiiary  roots.     The  integral  of 
the  integral  function  E(x)  can  be  written  down  at  once.     The  inte- 
grals of  the  fractions  of  the  first  type  are  given  by  the  formulae 


-  A  log  {x  —  a),  if  m  =  1 . 


Adx 


For  the  sake  of  simplicity  we  have  omitted  the  arbitrary  constant  C, 
which  belongs  on  the  light-hand  side.    It  merely  remains  to  examine 
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the  simple  fractions  which  arise  from  pairs  of  imaginary  root& 

In  order  to  simplify  the  corresponding  integrals,  let  ns  make  the 

substitution 

X  =  a  -{-  ptf     dx  =^  pdt. 

The  integral  in  question  then  becomes 

/Mx-¥  N  1        CMa^-  N^-  Mfit 

[(X  -  af  4-  /8«]«  "^"^  "■  /8^-»  j  (1+  ty         ^' 

and  there  remain  two  kinds  of  integrals : 

c  tdt       r    dt, 

J  (1  +  0"'     J  (14-^*' 

Since  ^  c;^  is  half  the  differential  of  1  +  t^,  the  first  of  these  inte- 
grals is  given,  if  n  >  1,  by  the  formula 

r  tdt   ^ 1 ^ p^ 

J  (1-f  O*         2(n-l)(l-hey-»         2(n-l)[(x-a)»-f  j8«]*->' 
or,  if  n  =  1,  by  the  formula 

C  tdt        1 ,      „       ^^      1 ,      ((x-  ay  +  ff\ 

The  only  integrals  which  r,emain  are  those  of  the  type 


r    dt 
J  (1  +  o* 


If  n  =  1,  the  value  of  this  integral  is 


/ 


dt  X  —  a 

=  arc  tan  t  =  arc  tan 


1-ht^  /8 

If  n  is  greater  than  unity,  the  calculation  of  the  integral  may  be 
reduced  to  the  calculation  of  an  integral  of  the  same  form,  in  which 
the  exponent  of  (1  -|- 1^)  is  decreased  by  unity.  Denoting  the  inte- 
gral in  question  by  /„,  we  may  write 

t^dt 


^-     J  (1+0"     J     (1+0"  J  (l  +  O""'     J(l  +  0' 

From  the  last  of  these  integrals,  taking 

tdt  1 

u  =  tf      dv  =  ^9       V  =  — 


(1-hO"  2(n-l)(l  +  0""* 
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and  integrating  by  parts,  w^  find  the  formula 

r_fdt_  ^ t 1  r       dt 

J  (1+0""       2(n-l)(l4-e')'-^      2(n-l)J  (l  +  ^-i' 

Substituting  this  value  in  the  equation  for  I^,  that  equation  becomes 

^n         o^  O  ■'••-1     "^ 


2n-2   "-'      2(n-l)(l+0"-^ 

Repeated  applications  of  this  formula  finally  lead  to  the  integral 
/j  =  arc  tan  t     Retracing  our  steps,  we  find  the  formula 

(2n  -  3)  (2n  -  5)  .   .  3  . 1 

A  =  h ^^h li T~o  arc  tan  ^  +  /?(0> 

(2n  —  2)  (2n  —  4)  •  •  •  4  .  2  ^  ^ 

where  R(f)  is  a  rational  function  of  t  which  is  easily  calculated. 
We  will  merely  observe  that  the  denominator  is  (1  -|-  t^)*~S  and  that 
the  numerator  is  of  degp'ee  less  than  2n  —  2  (see  §  97,  p.  192). 

It  follows  that  the  integral  of  a  rational  function  consists  of 
terms  which  are  themselves  rational,  and  transcendental  terms  of 
one  of  the  following  forms : 

log  (x  —  a),     log  [(x  —  ay  +  /3*],     arc  tan  — - — 

P 

Let  us  consider,  for  example,  the  integral  /[l/(aj*  —  l)]c^.  The 
denominator  has  two  real  roots  -h  1  and  —  1,  and  two  imaginary 
roots  4-  i  and  —  i.     We  may  therefore  write 

1  A  B  Cx-\'  D 


x^  —  1      x—1      x  +  1        l  +  o;' 

In  order  to  determine  A,  multiply  both  sides  by  x  —  1  and  then  set 
X  =  1,  This  gives  A  =  1/4,  and  similarly  B  =  —  1/4.  The  iden- 
tity assumed  may  therefore  be  written  in  the  form 

1       _  1  /     1      _      1     \  _  Cx  4-2) 
x^-1      4\x-l      X4-1/        1+a;*' 

or,  simplifying  the  left-hand  side, 

- 1  Cx-^-  D 

2  (1  4-  x')  ■"    1  4-  «^  ' 
It  follows  that  C  =  0  and  Z>  =  —  1/2,  and  we  have,  finally, 

1^1 1 1 

x^-l      4(a;-l)      4(a;4-l)      2(a;*4-l)' 
which  gives 
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Note.  The  preceding  method,  though  absolutely  genera,!,  is  not 
always  tlie  sinipleat.  The  work  may  often  be  shortened  by  using 
a  suitable  device.     Let  us  consider,  for  example,  the  integral 


h 


dx 


If  «  >  1,  we  may  either  break  up  the  integrand  into  partial  frao- 
tiqpa  by  l 
formula  s 
make  the 


if  the  roots  +  I  and  ~  1,  or  wu  may  use  a  reduction 
lilar  to  that  for  /,.  Hut  the  most  elegant  method  is  to 
ibstitution  a;  =  (1  +  z)/(l  —  z),  which  gives 

^'-1  =  0^^'    ''^^cr^:^' 


-rfa. 


Developing  (1  —  s)*"'  by  the  binomial  theorem,  it  only  remains 
to  integrate  terms  of  the  form  Axl',  where  ft  may  be  positive  or 

101.  Hennite'B  method.  We  have  heretofore  supposed  that  the 
fraction  to  be  intejirated  was  broken  up  into  partial  fractions,  which 
presumes  a  knowledge  of  the  roots  of  the  denominator.  The  fol- 
lowing method,  due  to  Hermite,  enables  us  to  find  the  algebraic 
part  of  the  integral  without  knowing  these  roots,  and  it  involves 
only  elementary  operations,  that  is  to  say,  additions,  multiplications, 
and  divisions  of  polynomials. 

Let  J{x)/F(t)  bo  the  rational  fraction  whiuh  is  to  be  integrated. 
We  may  assume  that  /(a-)  and  F(x)  ai-e  prime  to  each  other,  and 
we  may  suppose,  according  to  the  theory  of  equal  roots,  that  the 
polynomial  P{'f)  is  written  in  the  form 

where  .Yi,  -Y,,  -■-,  -Y,,  are  polynomials  none  of  which  have  multiple 
roots  and  no  two  of  which  have  any  common  factor.  We  may  e 
break  up  the  given  fraction  into  partial  fractions  whose  denomina- 
tors aie  JT,,  .YJ,    -■,  A' J: 


where  A,  is  a  polynomial  prime  to  A',,     For,  by  the  theory  of  high- 
■,  if  X  and  Y  are  any  two  polynomials  which  are 
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prime  to  each  other,  and  Z  any  third  polynomial,  two  other  poly- 
nomials A  and  B  may  always  be  found  such  that 

BX-^  AY^Z. 

Let  us  set  X  =  Xi,  r  =  ^  •  •  •  X^,  and  Z  =/(«).    Then  this  identity 
becomes. 

or,  dividing  by  F(x)y 

F{x)    x,xi-'X; 

It  also  follows  from  the  preceding  identity  that  if  f(x)  is  prime  to 

F(x)y  A  is  prime  to  .Yi  and  B  is  prime  to  -Y|  •  •  •  -Y^.     Repeating  the 

process  upon  the  fraction 

B 

^Y|...xj;' 

and  so  on,  we  finally  reach  the  form  given  above. 

It  is  therefore  sufficient  to  show  how  to  obtain  the  rational  part 
of  an  integral  of  the  form 

Adx 


f 


*" 


where  <l>(x)  is  a  polynomial  which  is  prime  to  its  derivative.    Then, 

by  the  theorem  mentioned  above,  we  can  find  two  polynomials  B 

and  C  such  that 

B<f>(x)  -h  C<f>Xx)  =  A  , 

and  hence  the  preceding  integral  may  be  written  in  the  form 

/Adx        rBd>+Cih'  C Bdx   .     C ^4>'dx 

If  n  is  greater  than  unity,  taking 

-1 

u  =  C,     t;  =  -; TT-. — r> 

(n-l)<^-^ 

and  integrating  by  parts,  we  get 

r  ^^_    ___c__    _j_  r  c 

whence,  substituting  in  the  preceding  equation,  we  find  the  formula 

/Adx C  r  A^dx 
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where  A,  is  a  new  polynomial.  If  n  >  2,  we  may  apply  the  same 
process  to  the  new  integral,  and  so  on:  the  process  may  always  be 
continued  until  the  exponent  of  4,  in  the  denominator  is  equal  to 
one,  and  we  shall  then  have  an  expression  of  tlie  form 


/^=  ««+/*?. 


where  ll(x)  is  a  rational  function  of  x,  and  ^  is  a  polynomial  whose 
degree  we  may  always  suppose  to  be  less  than  that  of  <jt.  but  which 
is  not  necessarily  prime  tu  </).  To  integrate  the  \atU:r  Umn  we  must 
know  the  roots  of  1^,  but  the  evaluation  uf  this  integral  will  iutro- 
dnce  DO  imw  rational  terms,  for  the  decomposition  of  the  fraction 
ip/<f  leads  only  to  terms  of  the  two  types 
A  Mx  +  N 

'-«'     (x-ay  +  fi^' 
each  of  which  has  an  integral  which  is  a  transcendental  function. 

This  method  enables  us,  in  particular,  to  determine  whether  the 
integral  of  a  given  rational  function  is  itself  a  rational  function. 
The  necessary  and  sufficient  condition  that  this  should  be  true  is 
that  each  of  the  polynomials  like  ^  should  vanish  when  the  process 
has  been  carried  out  as  far  as  possible. 

It  nlU  be  noticed  th&t  Ihe  method  used  in  obtaining  the  radaction  fonuuU 
is  essentially  only  a  special  case  uf  tlie  preceding  method.     Le 
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whence  the  preceding  relation  becomes 

dx  Ax-\-  B 


f 


(Ax^  +  2Bx  +  C)"      2(n  -  1)(^C  -  B^){Ax^  +  2Bx  +  0)"-» 

2n-S        A  C  dx 


+ 


C-B^J  { 


2n-2  AC  -B^J  (Ax^  +  2Bx  +  C)"-i 
Continuing  the  same  process,  we  are  led  eventually  to  the  integral 

dx 


f 


Ax^  +  2Bx  +  C 

which  is  a  logarithm  if  J^  —  ^C>0,  and  an  arctangent  it  B^  —  AC<0. 
As  another  example,  consider  the  integral 


/; 


6x8  +  3x  -  1   ^ 
ax. 


(X8  +  3X  +  1)8 

From  the  identity 

5x8  +  3x  -  1  =  Qx(x^  +  1)  _  (x8  +  3x  +  1) 

it  is  evident  that  we  may  write 

^  dx 


r6x8^3x-i^^  r  6x(x»  +  i)  ^_  r 

J  (x8  +  3x  +  1)»  J  (x8  +  3x  +  1)8  J   i 


(X8  +  3X  +  1)2 

Integrating  the  first  integral  on  the  right  by  parts,  we  find 

/0(x2-H)(ix  -X  r  dx 

^  (X8  +  3X  +  1)8  ~  (X8  +  3X  +  1)2  "*"  J    (X8  +  3x  +  I)*' 

whence  the  value  of  the  given  integral  is  seen  to  be 


/ 


5x8  +  3x  -  1    -  _  x 

dx  = 


(x8  +  3x  +  1)8  (x8  -f  3x  +  1)" 

Note,  In  applying  Hermite*s  method  it  becomes  necessary  to  solve  the  fol' 
lowing  problem  :  given  three  polynomials  A,  B,  C,  of  degrees  wi,  n,  p,  respectively^ 
two  of  which^  A  and  By  are  prime  to  each  other ^  find  two  other  polynomials  u  and  v 
such  that  the  relation  Au  -^  Bv  =  C  is  identically  satisfied. 

In  order  to  determine  two  polynomials  u  and  v  of  the  least  possible  degree 
which  solve  the  problem,  let  us  first  suppose  that  p  is  at  most  equal  to  m  +  n  —  1. 
Then  we  msLj  take  for  u  and  v  two  polynomials  of  degrees  n  —  1  and  m  —  1, 
respectively.  The  m  -\-  n  unknown  coefficients  are  then  given  by  the  system  of 
m  -\-  n  linear  non-homogeneous  equations  found  by  equating  the  coefficients. 
For  the  determinant  of  these  equations  cannot  vanish,  since,  if  it  did,  we  could 
find  two  polynomials  u  and  v  of  degrees  n  —  1  and  m  —  1  or  less  which  satisfy 
the  identity  Au  -\-  Bv  =  0^  and  this  can  be  true  only  when  A  and  B  have  a 
common  factor. 

If  the  degree  of  C  is  equal  to  or  greater  than  m  +  n,  we  may  divide  Chy  AB 
and  obtain  a  remainder  C  whose  degree  is  less  than  m-^n.  Then  C  =  A  BQ  +  C, 
and,  making  the  substitution  u  -  BQ  =  ui,  the  relation  Au  -\-  Bv  =  C  reduces  to 
Aui  -\-  Bv  =  C\     This  is  a  problem  under  the  first  caSe. 
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105.  Integrals  of  the  type  /r(x,  V-**'  +  2Bx  +  C)  dx.  After  the 
integrals  of  rational  functions  it  is  natural  to  consider  tlie  inte- 
grals of  irrational  functions.  We  shall  cojnmeace  with  the  case  in 
which  the  integrand  is  a  rationa!  function  of  x  and  the  square  i-oot 
of  a  polynomial  of  the  second  degree.  In  this  case  a  simple  substitu- 
tion eliminates  the  radical  and  reduces  the  integral  to  the  preceding 
case.  This  substitution  is  self-evident  in  case  the  expression  under 
the  radical  is  of  the  first  degree,  say  ax  +  b.  If  we  set  ax  -|-  6  =  t\ 
the  integral  becomes 

/;,(„V.,:T»).x=/«(!1^»,,)?^', 

and  che  integrand  of  the  transformed  integral  is  a  rational  function. 
If  the  expression  under  the  radical  is  of  the  second  degree  and 
has  two  real  roots  a  and  0,  we  may  write 


and  the  substitution 


actually  removes  the  ra^lical. 

If  the  expression  under  the  radical  sign  has  imaginary  roots,  the 
above  process  would  introduce  imagiuaries.  In  order  to  get  to  the 
bottom  of  the  matter,  let  //  denote  the  radical  V.Ij-'  -|-  2Rx  +  C. 
Then  i  and  y  are  the  coordinates  of  a  point  of  the  curve  whose 
equation  is 

(I)  !f*  =  Ax' +  2Bx  +  C , 

and  it  is  evident  that  the  whole  problem  amounts  to  expressing  the 
coordinates  of  a  point  upon  a  conic  by  means  of  rational  functions 
of  a  paraniet^T.  It  can  be  seen  geometrically  that  this  is  possible. 
For,  if  a  secant 

„-fi  =  ,(z-a) 

be  drawn  through  any  point  (a,  ^  on  the  conic,  the  co&rdinates  of 
the  second  point  of  intersection  of  the  secant  with  the  conic  are 
given  by  equations  of  the  first  degree,  and  are  therefore  rational 
functions  of  t. 

If  the  trinomial  Ax'  +  2Bx  +  C  has  imaginary  roots,  the  coeffi- 
cient A  must  be  positive,  for  if  it  is  not,  the  trinomial  will  be 
negative  for  all  real  values  of  x.      In  this  case  the  conic  (1)  ts  an 


216  INDEFINITE  INTEGRALS  [V,§105 

hyperbola.     A  straight  line  parallel  to  one  of  the  asymptotes  of 
this  hyperbola, 

cuts  the  hyperbola  in  a  point  whose  coordinates  are 

X  = T= y      .   y  =  ^  -|-  V.4 


2t  VJ  -2B      '  2t  y/l  -  2B 

If  -4  <  0,  the  conic  is  an  ellipse,  and  the  trinomial  Ax*  -|-  2Bx  -h  C 
must  have  two  real  roots  a  and  by  or  else  the  trinomial  is  negative 
for  all  real  values  of  x.  The  change  of  variable  given  above  is  pre- 
cisely that  which  we  should  obtain  by  cutting  this  conic  by  the 

moving  secant 

y  =  t(x  —  a). 

As  an  example  let  us  take  the  integral 


/; 


dx 


(x^  -h  k)  ^x*-\-k 

The  auxiliary  conic  ^  =  x^  +  A;  is  an  hyperbola,  and  the  straight  line 
X  -{'  i/  =  t,  which  is  parallel  to  one  of  the  asymptotes,  cuts  the  hyper- 
bola in  a  point  whose  coordinates  are 


X 


-IH}      .-^T».i(,  +  J) 


Making  the  substitution  indicated  by  these  equations,  we  find 
_  dt  ft^  H-  k\  fdx       r    Atdt  2 

or,  returning  to  the  variable  x, 

dx  X  —  Vx*  -h  k  X  1 


/; 


—  > 


{x*-\-k)^        k-\/x^-\-k        k  Vaj2  -|-  k      k 

where  the  right-hand  side  is  determined  save  for  a  constant  term. 
In  general,  if  ^4  C  —  B^  is  not  zero,  we  have  the  formula 

dx  1  Ax  -{'  B 


/; 


{Ax^  -h  2Bx  -h  C)^      AC  -  B^  y/ Ax^  +  2Bx  -|-  C 

In  some  cases  it  is  easier  to  evaluate  the  integral  directly  without 
removing  the  radical.     Consider,  for  example,  the  integral 

dx 


J 


^Ax^  +  2Bx  -h  C 
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If  the  coefficient  A  is  positive,  the  integral  may  be  written 

-yfXdx  C  -y/Adx 


r         ^Adx         ^  r 

J   ■y/A^x^4-2ABx4'AC     J 


•>Ja^x^-\-2ABx  +  AC     J   ^{Ax-\-  BY-\-  AC  -  B^ 
or  setting  Ax  '\-  B  =  tj 


—  f— 

VaJ  V^ 


dt 


=  —=  log{t  -h  -y/t^^AC-B^). 


■j-AC  -  B^       y/A 
Ketuming  to  the  variable  Xy  we  have  the  formula 

=  — 7=log(Ay +  ^+V^  ^Ax^  ^  2Bx  +  c). 

If  the  coefficient  of  x^  is  negative,  the  integral  may  be  written  in 
the  form 

/dx  C  -VAdx 

V-  Ax"^  -f  2Bx  +  C     J    -JaC-^B^-{Ax-BY 

The  quantity  AC  -^r  B^  is  necessarily  positive.     Hence,  making  the 

substitution  

Ax-B^t  Wac  -}-B^y 

the  given  integral  becomes 


VI 

Hence  the  formula  in  this  case  is 


1      r     dt  1 

-;=   I  — ,  =  — prt  arc  sm  t. 

/a  J  Vl-^2      v^4 


/ 


dx  1  Ax  —  B 

arc  sm 


V-  Ax^  +  2Bx  4-  C       V.l  V.4  r-  4-  B^ 

It  is  easy  to  show  that  the  argument  of  the  arcsine  varies  from  —  1 
to  +  1  as  a;  varies  between  the  two  roots  of  the  trinomial. 

In  the  intermediate  case  when  ^  =  0  and  B  ^  0,  the  integral  is 
algebraic : 

dx  1       nr 

=  -  V25x  +  C, 


/• 


^2Bx  -h  C      ^ 
Integrals  of  the  type 

dx 


f 


(x  -  a)  y/Ajc'  -h  2Bx  -|-  C 
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reduce  to  the  preceding  type  by  means  of  the  substitution  a;  =  a  4-  1/y. 
We  find,  in  fact,  the  formula 

r dx  ^^C  dy 

J  {x-a)  V^x*  -h  2Bx  -h  C  J   y/Aiy^  -j-  2Biy  +  C^ 

where 

Ai  =  Aa^  -h  2Ba  -|-  C,         B^  =  Aa-\-  Bj         C^^A. 

It  should  be  noticed  that  this  integral  is  algebraic  if  and  only  if 
the  quantity  a  is  a  root  of  the  trinomial  under  the  radical. 

Let  us  now  consider  the  integrals  of  the  type  /  Vx*  4-  A  dx,    Inte- 
.  grating  by  parts,  we  find 

/  Va;2  ^Adx  =  x  y/x^  +  A  -  /      f  ^^ 
J  J   Vx«  -h 


+  A 
On  the  other  hand  we  have 

dx 


,  =\  -Jx^^  Adx^\  —= 

.      Vx»4-^      J  J   V^ 


x^^-  A     J  J    Vx"  +  A 

=  I   Vx^  -{-  Adx  —  .4  log(x  +  VxMTJ) 

From  these  two  relations  it  is  easy  to  obtain  the  formulae 


(2) 


JVa;»  +  y|dx=      I  Vx»  +  ^  +  |^log(a;  +  Vx»  +  a), 


(3)     /; 


x^dx  X     i—r—, — 7      A  ,      /  r-k \ 


The  following  formulae  may  be  derived  in  like  manner : 


(4)       C^a^-x^dx=      ^  Va'  "  ^'  +  ^ 


.      X 

arcsin-> 
a 


.     X 

arc  sm  — 
a 


106.  Area  of  the  hjrperbola.  The  preceding  integrals  occur  in  the  evsUuation 
of  the  area  of  a  sector  of  an  ellipse  or  an  hyi)erbola.  Let  us  consider,  for 
example,  the  hyi>erbola 
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and  let  ub  try  to  find  the  area  of  a  segment  AMP  bounded  by  the  arc  AM^  the 
X  axis,  and  the  ordinate  MP.    This  area  is  equal  to  the  definite  integral 


X 


a 


that  is,  by  the  formula  (2), 


--\x  Vx*  -  a*  -  aMog  r- 


+  \/^^ 


-)]. 


But  MP  =  y  =  (6/a)  Vx'^  -  a'-*,  and  the  term  (6/2a)  x  Vx^  -  o"  is  precisely  the 
area  of  the  triangle  OMP,     Hence  the  area  8  of  the  sector  OAM^  bounded  by 
the  arc  AM  and  the  radii  vectores  OA 
and  OM,  is 

Hub  formula  enables  us  to  express 
the  coordinates  x  and  y  of  a  point  M 
of  the  hyperbola  in  terms  of  the  area  S. 
In  fact,  from  the  above  and  from  the 
equation  of  the  hyperbola,  it  is  easy  to 
show  that 

a     b 


\                y 

y^^ 

y6 

X  ^v 

K 

Fig.  21 


X       1/         -?^ 

a      D 


or 


=!(• 


25  _?^\ 


>a6 


y-  -\ 

2\ 


25'        _?^\ 
ga6  _  g     oft  1. 


The  functions  which  occur  on  the  right-hand  side  are  called  the  hyperbolic 
eoHne  and  sine : 


coshx  = 


ef-^-e— 


sinhx  = 


6*-  ^• 


The  above  equations  may  therefore  be  written  in  the  form 

X  =  a  cosh  — - ,        y  =  0  smh  — 
ab  ab 

These  hsrperbolic  functions  possess  properties  analogous  to  those  of  the  trigo- 
nometric functions.*    It  is  easy  to  deduce,  for  instance,  the  following  formulae : 

cosh^x  —  sinh^x  =  1, 
cosh  (x  +  y)  =  cosh  x  cosh  y  +  sinh  x  sinh  y, 
sinh  (X  +  y)  =  sinh  x  cosh  y  +  sinh  y  cosh  x. 


*  A  table  of  the  logarithms  of  these  functions  for  positive  values  of  the  argument 
Is  to  he  found  in  Houel's  Recueii  dea/ormiUes  num^riques. 


220 


INDEFINITE  INTEGRALS 


[V.  §  107 


It.  may  be  shown  in  like  manner  thai  the  coordinates  of  a  point  on  an  ellipse 
may  be  expressed  in  terms  of  the  area  of  the  corresponding  sector,  as  follows : 


28 
z  =  a  cos  — - 1 
ab 


y  =  osin  — 
ab 


In  the  case  of  a  circle  of  unit  radios,  and  in  the  case  of  an  equilateral  hyperbola 
whose  semiaxis  is  one,  these  formulae  become,  respectively, 

z  =  cos2iS,  y  =  sin2S; 

2  =  cosh  25,  y  =  sinh25. 

It  is  evident  that  the  hyperbolic  functions  bear  the  same  relations  to  the  equi- 
lateral hyperbola  as  do  the  trigonometric  functions  to  the  circle. 

107.  Rectificatioii  of  the  parabola.  Let  us  try  to  find  the  length  of  the  arc  of 
a  parabola  2py  =  x^  between  the  vertex  O  and  any  point  3f.  The  general 
formula  gives 


arc 


»-XV-(g)--I 


Vx2+p* 


dx. 


or,  applying  the  formula  (2), 


arc  OJf  = 


X  Vx^  -f  p2 


!'"«(- 


+  Vx2  +  p2 


)• 


The  algebraic  term  in  this  result  is  precisely  the  length  MT  oi  the  tangent, 
for  we  know  that  OT  =  x/2,  and  hence 


MT^  =  y«  +  - 


4p«       4  ~        4p« 


If  we  draw  the  straight  line  connecting  T  to  the  focus  F^  the  angle  MTF  will 

be  a  right  angle.     Hence  we 
y  '  have 


whence  we  may  deduce  a  curi- 
ous property  of  the  parabola. 
Suppose  that  the  parabola 
rolls  without  slipping  on  the  x 
axis,  and  let  us  try  to  find  the 
locus  of  the  focus,  which  is  sup- 
posed rigidly  connected  to  the 
parabola.  When  the  parabola 
is  tangent  at  M'  to  the  x  axis,  OM'  =  arc  OM.  The  point  T  has  come  into  a 
position  T'  such  that  M'T'  =  MT,  and  the  focus  F  is  at  a  point  F'  which  is 
found  by  laying  off  T'F'  =  TF  on  a  line  parallel  to  the  y  axis.  The  coordi- 
nates X  and  Y  of  the  point  F'  are  then 


X  =  arc  OJf  -  MT 


c- 


Y=  TF=  ^  Vp«  +  xa, 
2 


l',og(^±^l±^). 
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lo  which  ire  may  add  the  equaUon 

since  the  product  of  Ihe  two  left-hand  Bides  Is  equal  lo  —  p*.  Subtracting  tbeee 
tiro  equuions,  we  find 

and  the  deaired  equation  of  the  loeuB  is 

-|("-'')  =  f-T^  ,       . 

This  curve,  which  Is  called  the  folenary,  if  quite  eu;  to  construct.    Its  form 
is  Bomewhal  similar  to  that  of  the  parabola. 

108.  Uaicursal  currea.    Let  us  now  consider,  ia  general,  the  inte- 
grals of  algebraic  functions.     Let 

(6)  F(i,  ,)  =,  0 

be  the  equation  of  an  algebraic  curve,  and  let  A(x,  ^)  bo  a  rational 
function  of  x  and  y.  If  we  suppose  y  replatied  by  one  of  the  roots 
of  the  equation  (6)  in  ll(r,  y),  the  result  is  a  function  of  tlie  single 
variable  x;  and  the  integral 


/' 


H{i,  'j)dx 

is  called  an  Ahelian  integral  with  respect  to  the  curve  (6).  When 
the  given  curve  and  the  function  R{x,  y)  are  arbitrary  these  inte- 
grals are  transcendental  functions.  But  in  the  particular  case  where 
the  curve  is  unicursal,  i.e.  when  the  coordinates  of  a  point  on  the 
curve  can  be  expressed  as  rational  functions  of  a  variable  param- 
eter (,  the  Abelian  integrals  attached  to  the  curve  can  be  reduced  at 
once  to  integrals  of  rational  functions.     For,  let 

x=f{t),        y  =  4.{t) 
be  the  equations  of  the  curve  in  terms  of  the  parameter  t.     Taking 
t  OB  the  new  independent  variable,  the  integral  becomes 

Jfl(z,  y)d^  -J  mm,  *{<)]/'(')■«, 

and  the  new  integrand  is  evidently  rational. 
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It  is  shown  in  treatises  on  Analytic  Geometry*  that  every  uni- 
cui'sal  curve  of  degree  n  has  {n  —  l)(ii  —  2)/2  double  points,  and, 
conversely,  that  every  curve  of  degree  n  which  has  this  number  of 
double  points  is  unicursal.  I  shall  merely  recall  the  process  for 
obtaining  the  expressions  for  the  coordinates  in  terms  of  the  param- 
eter. Given  a  curve  C,  of  degree  n,  which  has  S  =  (n  —  l)(n  —  2)/2 
double  points,  let  us  pass  a  one-parameter  family  of  curves  of  degree 
n  —  2throughthe8eS  double  points  and  through  n  — 3  ordinary  points 
on  C,.     These  poiuts  actually  determine  such  a  family,  for 


(n-i)(n-2) 


-3  = 


(n-2K7t+l) 


whereas  (n  —  2)(»i +  l)/2  points  are  necessary  to  determine  uniquely 
a  curve  of  order  n  —  2.  Let  J'(x,  y)  +  tQ{x,  y)  =  0  be  the  equation 
of  this  family,  where  ( is  an  arbitrary  parameter.  Each  curve  of  the 
family  meets  tlie  curve  C,  in  n(n  —  2)  points,  of  which  a  certain  num- 
ber are  independent  of  (,  namely  the  m  —  3  ordinary  points  chosen 
above  and  the  S  double  points,  each  of  which  counts  as  two  points  of 
intersection.     But  we  have 

■n~3  +  2&  =  n-3  +  (n-  l)(n  -  2)  =  n(n  -  2)  - 1 , 
and  there  remains  just  one  point  of  intersection  which  varies  with  t. 
The  coordinates  of  this  point  are  the  solutions  of  certain  linear  etjua- 
tiona  whose  coefficients  are  integral  polynomials  in  (,  and  hence  they 
are  themselves  rational  functions  of  t.  Instead  of  the  preceding  we 
might  have  employed  a  family  of  curves  of  degree  n  —  1  through  the 
(n  — l)(n  — 2)/2  double  points  and  2n  — 3  ordinary  points  chosen  at 
pleasure  on  C,. 

If  n=2,  (n  —  l)(n  —  2)/2  =0,  —  every  curve  of  the  second 
degree  is  therefore  unicursal,  as  we  have  seen  above.  If  «  =  3, 
(n— l)(n  — 2)/2  —  1,  —  the  unicursal  curves  of  the  third  degree 
are  those  which  have  one  double  point  Taking  the  double  point 
as  origin,  the  equation  of  the  cubic  is  of  the  form 

*.{^,  !/}  +  *«(',  y)  =  0, 
where  i^,  and  <^  are  homogeneous  polynomials  of  the  degree  of  their 
indices,     A  secant  y  —  fx  through  the  double  point  meets  the  cubic 
in  a  single  variable  point  whose  coordinates  are 

_  *,iM}  _  _  t4>,a,  t) 

0.(1.  O' 


i/  =  - 


^.(1.  0 


e-R.,  Nlewanglownki,  Coiira  de  QtometHe  anaiylvivx,  Vol.  II,  j 
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A  uniciirsal  curve  of  the  fourth  degree  haa  three  double  pfiinta. 
lu  order  to  find  the  i^oordiuates  of  a  point  on  it,  we  should  pass  a 
&mily  of  couics  through  the  thret;  double  points  and  tlirough  another 
point  chosen  at  pleasure  on  the  curve.  Eveiy  conic  of  this  family 
would  meet  the  quartic  in  just  one  point  which  varies  with  the 
parameter.  The  eiguation  which  g:ives  the  abscissa  of  the  points  of 
iuterseclion,  for  instance,  would  reduce  to  an  equation  of  the  first 
degree  when  the  factors  comisponding  to  the  double  points  had 
been  removed,  and  would  give  ;r  as  a  rational  function  of  the 
parameter.     We  should  proi^eed  to  find  y  in  a  similar  manner. 

As  an  example  let  us  consider  the  lemniscate 

C^'  +  i'T- a' (*'-/)■      . 

which  has  a  double  point  at  the  origin  and  two  others  at  the  ims^i- 
Dary  circular  poiuts.  A  circle  through  the  origin  tangent  to  one  of 
the  branches  of  the  lemniscate, 

x'  +  y'  =  ((a:-y), 

meets  the  curve  in  a  single  variable  point.  Combining  these  two 
equations,  we  find 

or,  dividing  by  ar  —  y, 

t'(x-7,)  =  a''(>/-\-x). 

This  last  equation  represents  a  straight  Hue  through  the  origin  which 
cuts  the  circle  in  a  point  not  the  origin,  whose  coordinates  are 


('  +-  u*  *  (*  +  a' 

These  results  may  be  obtained  more  easily  by  the  following 
process,  which  is  at  once  applicable  to  any  unicursal  curve  of  the 
fourth  degree  one  of  whose  double  points  is  known.  The  secant 
^  =  Xx  cuts  the  lemniscate  in  two  points  whose  co5rdinates  are 


The  expression  under  the  radical  is  of  the  second  degree.  Hence, 
\rf  i  105,  the  substitution  (1  —  A)/(l  4-  A)  =  («/()'  removes  the  radi- 
caL  It  is  easy  to  show  that  this  substitution  leads  to  the  expressions 
just  found. 
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Note,  When  a  plane  curve  has  singular  points  of  higher  order,  it 
can  be  shown  that  each  of  them  is  equivalent  to  a  certain  number  of 
isolated  double  points.  In  order  that  a  curve  be  unicursal,  it  is  suffi- 
cient that  its  singular  points  should  be  equivalent  to  (»  —  l)(n  —  2)/2 
isolated  double  points.  For  example,  a  curve  of  order  n  which  has 
a  multiple  point  of  order  n  —  1  is  unicursal,  for  a  secant  through 
the  multiple  point  meets  the  curve  in  only  one  variable  point. 

109.  Integrals  of  binomial  differentials.  Among  the  other  integrals 
in  which  the  radicals  can  be  removed  may  be  mentioned  the  follow- 
ing types : 

/  R\xy  {(UT-\-  h)^\dxy  j  R{x,  -y/ax  -\-  b,  y/cx  4-  d)dx, 


I 


Rix",  X'',  X*",  '')dxy 

where  R  denotes  a  rational  function  and  where  the  exponents 
<r,  a',  a",  •  •  •  are  commensurable  numbers.  For  the  first  type  it  is 
sufficient  to  set  ax  •{-  h  =  t"^.  In  the  second  type  the  substitution 
nx  -\-  b  =  t^  leaves  merely  a  square  root  of  an  expression  of  the 
second  degree,  which  can  then  be  removed  by  a  second  substitution. 
Finally,  in  the  third  type  we  may  set  x  =  t^,  where  Z>  is  a  common 
denominator  of  the  fractions  a,  a',  a",  •••. 

In  connection  with  the  third  type  we  may  consider  a  class  of 
differentials  of  the  form 

x"'(«x"  +  bydx, 

which  are  called  binomial  differentials.  Let  us  suppose  that  the 
three  exponents  w,  w,  p  are  commensurable.  If  p  is  an  integer,  the 
expression  may  be  made  rational  by  means  of  the  substitution 
X  =  t'^,  as  we  have  just  seen.  In  order  to  discover  further  cases 
of  integrability,  let  us  try  the  substitution  ox"  -\-  b  ^t.    This  gives 

rfo;  = — ( I       dty 

na\    a    / 

/  a;"*(aa;"  +  6)^rfx  =  —  f  ^''\~~~)   "       ^• 

The  transformed  integral  is  of  the  same  form  as  the  original,  and 
the  exponent  which  takes  the  place  of  p  is  (m  -{-  l)/n  —  1.  Hence 
the  integration  can  be  performed  if  (wi  -|-  l)/n  is  an  integer. 
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On  the  other  hand,  the  integral  may  be  written  in  the  form 


/ 


whence  it  is  clear  that  another  case  of  integrabilitj  is  that  in  which 
{m-\-  np  '\-  V)/n  =,  (m  -|-  V)/n  -^  p  is  an  integer.  To  sum  up,  the 
integration  can  be  performed  wheneifer  one  of  the  three  numbers 
p,  (m  -\-  l)/w,  (m  +  l)/n  -\-p  is  an  integer.  In  no  other  case  can  the 
integral  be  expressed  by  means  of  a  finite  number  of  elementary 
functional  symbols  when  m,  n,  and  p  are  rational. 

In  these  cases  it  is  convenient  to  reduce  the  integral  to  a  simpler 
form  in  which  only  two  exponents  occur.     Setting  ox"  =  bt,  we  find 

a;=  (-)  r,       dx  =  -[-]  t""    dt, 
\a/  n  \a/ 

Neglecting  the  constant  factor  and  setting  y  =  (w  -|-  l)/n  —  1,  we 
are  led  to  the  integral 


/ 


The  cases  of  integrability  are  those  in  which  one  of  the  three  num- 
bers Pj  q,  p  -\-  fi  w  an  integer.  If  p  is  an  integer  and  q  =  r/«,  we 
should  set  t  =  iif.  If  ^  is  an  integer  and  p  =  r/s,  we  should  set 
l-\-t  =  uf.  Finally,  if  jt>  -|-  ^  is  an  integer,  the  integral  may  be 
written  in  the  form 


p-m- 


and  the  substitution  1  -f  ^  =  titfy  where  p  =  r/sy  removes  the  radical. 
As  an  example  consider  the  integral 


/ 


X  Vl  -h  x^dx. 


Here  m  =  l,  »  =  3,  /?  =  1/3,  and  (m  -f  l)/n  4-  />  =  1.     Hence  this 
is  an  integrable  case.     Setting  x'  =  ty  the  integral  becomes 


i/>/^ 


and  a  second  substitution  l-\- 1  ==  tu*  removes  the  radical. 
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II.   ELLIPTIC  AND  HYPERELLIPTIC  INTEGRALS 

110.  Reduction  of  integrals.   Let  P(x)  be  an  integral  polynomial 
of  degree^  wkich  i&  prime  to  its  derivative.     The  integral 


j  R^x,  ■VP(x)']dx, 


where  R  denotes  a  rational  function  of  x  and  the  radical  y  =  VP(a5), 
cannot  be  expressed  in  terms  of  elementaiy  functions,  in  general, 
when  p  is  greater  than  2.  Such  integrals,  which  are  particular 
cases  of  general  Abelian  integrals,  can  be  split  up  into  portions  which 
result  in  algebraic  and  logarithmic  functions  and  a  certain  number 
of  other  integrals  which  give  rise  to  new  transcendental  functions 
which  cannot  be  expressed  by  means  of  a  finite  number  of  elemen- 
tary functional  symbols.     We  proceed  to  consider  this  reduction. 

The  rational  function  R(Xy  y)  is  the  quotient  of  two  integral 
polynomials  in  x  and  y.  Replacing  any  even  power  of  y,  such  as 
y*S  by  [/'(aj)]^,  and  any  odd  power,  such  as  y*'"^*,  by  y  [P(«)]',  we 
may  evidently  suppose  the  numerator  and  denominator  of  this  frac- 
tion to  be  of  the  first  degree  in  y, 

^,      \      A^By 
^  '  ^^      C  -^  Dy 

where  Aj  B^  C^  D  are  integral  polynomials  in  x.  Multiplying  the 
numerator  and  the  denominator  each  by  C  —  Dy,  and  replacing  y* 
by  P(x),  we  may  write  this  in  the  form 

where  F,  G,  and  K  are  polynomials.  The  integral  is  now  broken 
up  into  two  parts,  of  which  the  first  JF/K  dx  is  the  integral  of  a 
rational  function.  For  this  reason  we  shall  consider  only  the  second 
integral  JGy/K  cte,  which  may  also  be  written  in  the  form 


/: 


Mdx 


nVp(x) 

where  M  and  N  are  integral  polynomials  in  x.  The  rational  frac- 
tion M/N  may  be  decomposed  into  an  integral  part  E{x)  and  a 
sum  of  partial  fractions 

M       „,  ^    ,   Ax  ,   An  ,  ,  A^ 
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where  each  of  the  polynomials  A'^  is  prime  to  its  derivative, 
shall  therefore  have  to  conBtder  two  types  of  integrals, 


^fi 


If  the  deffree  of  P(x)  is  p,  all  the  irUegrals  Y^  inaij 


\ 


I 


1  terms  of  the  firs 
algebraic  expresaions. 

For,  let  us  write 
It  follows  that 


-1  of  them,  >■(,,  Yi, 


•  *'»- 


erpressed 
„  and  certain 


P(x)=»a^x''  -\-ai£>--'  +  ■ 


2  ^P{x) 

The  numerator  of  this  expression  is  of  degree  m  +  p  —  1,  and  its 
highest  term  is  (2m  +  j))a(|X''*''"'.  Integrating  both  sides  of  the 
above  equation,  we  find 

where  the  terms  not  written  down  contain  integrals  of  the  type 
Y  whose  indices  are  less  than  m  -\-  p  —  \.  Setting  m  =  0,  1,  2,  ■  -  ■, 
successively,  we  can  calculate  the  integrals  i',, _,,  )'p,  ■■■  succes- 
sively in  terms  of  algebraic  expressions  and  the  p  —  \.  integrals 
IV  I'l.  •■■!  y^-t- 

With  respect  to  the  integrals  of  the  second  type  we  shall  distin- 
guish the  two  cases  where  X  is  or  is  not  prime  to  Pix). 

1)  Tf  X  is  priirtB  to  P(x),  the  integral  Z,  redueet  to  the  »u»i  of 
■  term,  a  number  of  integrals  of  the  type  Y^,  and  a  new 
ntegral 

Bdx 


f: 


where  B  is  a  polynomial  whose  degree  is  less  than  that  of  X. 

Since  .Vis  prime  to  its  derivative  X'  and  also  to  P(^),  X'  is  prime 
to  PA".  Hence  two  polynomials  X  and  n  ran  be  found  such  that 
\X*  +  i^X'P  =  A,  and  the  integral  in  question  breaks  up  into 
two  parts: 

/Adx       _   r  Kdx  r^VT'X' 

X'Vp(xj~J  Vp(^     J       X^ 
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The  first  part  is  a  sum  of  integrals  of  the  type  F.     In  the  second 
integral,  when  n  >  1,  let  us  integrate  by  parts,  taking 

-1 

which  gives 

fiy/PX'dx  _      -  fiVp  1        r2fjJPJ-jiP' 


;aV?  =  w,       v  =  t- 1.  y,.i 


(n-l)-Y»->      n-lJ  2^-WP(x) 


dx. 


The  new  integral  obtained  is  of  the  same  form  as  the  first,  except 
that  the  exponent  of  X  is  diminishedf  by  one.  Repeating  this 
process  as  often  as  possible,  i.e.  as  long  as  the  exponent  of  X  is 
greater  than  unity,  we  finally  obtain  a  result  of  the  form 

/Adx  r  Bdx         Ccdx      dVp 

Z"VP(a:)  "J  xVp     J    Vp        .Y»->  ' 

where  By  C,  D  are  all  polynomials,  and  where  the  degree  of  B  may 
always  be  supposed  to  be  less  than  that  of  .Y. 

2)  If  X  and  P  have  a  common  divisor  Z>,  we  shall  have  A'  =  YDy 
P  =  SD,  where  the  polynomials  Z>,  5,  and  Y  are  all  prime  to  each 
other.  Hence  two  polynomials  X  and  /i  may  be  found  such  that 
A  =  XD"  +  /iK",  and  the  integral  may  be  written  in  the  form 


r  Adx  ^  r  kdx      r 

J  .y-Vp    J  k-Vp    J 


fudx 

z)»Vp 


The  first  of  the  new  integrals  is  of  the  type  just  considered.     Ths 
second  integral, 

fudx 


f 


rrVp 


where  D  is  a  factor  of  P,  reduces  to  the  sum  of  an  algebraic  term 
and  a  number  of  integrals  of  the  type  F. 

For,  since  D*  is  prime  to  the  product  D^S,  we  can  find  two  poly- 
nomials Xi  and  /ii  such  that  XiD"  -f  fiiD'S  =  fi.    Hence  we  may  write 


J  D^y/p    J   Vp    J  irVp 


Replacing  P  by  DSy  let  us  write  the  second  of  these  mtegrals  in  the 
form 


f 


ftiV^  _,  ,  cfag) 
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and  then  integrate  it  by  parts,  taking 

a;  -11 


which  gives 
r  fJ^dx    ^  Cx^dx  fjL^Vs         ^        1        rMl±Jh^dx 

J  j>"Vp    J    Vp      (»_!)/>»-*     2n-iJ     ir-^y/p 

lliis  is  again  a  reduction  formula ;  but  in  this  case,  since  the  expo- 
nent n  — 1/2  is  fractional,  the  reduction  may  be  performed  even 
when  D  occurs  only  to  the  first  power  in  the  denominator,  and  we 
finally  obtain  an  expression  of  the  form 

dx       kVp  .    Cndx 


/fidx  ^  kVp     rn 
irVp"    ^      J  ^ 


where  H  and  K  are  polynomials. 

To  sum  up  our  results,  we  see  that  the  integral 


/ 


Mdx 

nVp 


can  always  be  reduced  to  a  sum  of  algebraic  terms  and  a  number  of 
integrals  of  the  two  types 


dx 


where  m  is  less  than  or  equal  to  p  —  2,  where  X  is  prime  to  its 

derivative  X'  and  also  to  P,  and  where  the  degree  of  Xi  is  less  than 

that  of  A'.     This  reduction  involves  only  the  operations  of  addition^ 

multiplication^  and  division  of  polynomials. 

If  the  roots  of  the  equation  A  =  0  are  known,  each  of  the  rational 

fractions  Xi/X  can  be  broken  up  into  a  sum  of  partial  fractions  of 

the  two  forms 

A  Bx^  C 


x-a  {x  —  af  +  p^ 

where  Ay  B,  and  C  are  constants.     This  leads  to  the  two  new  types 

r  dx  r  (Bx-\-C)dx 

J  (x  -  a)  ■\/P(x) '         J  [(x  -  ay  -\-  /8«]  y/P(x) ' 

whi()h  reduce  to  a  single  type,  namely  the  first  of  these,  if  we  agree 
to  allow  a  to  have  imaginary  values.     Integrals  of  this  sort  are 
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called  integrals  of  the  third  kind.  Integrals  of  the  type  Y^  are 
called  integrals  of  the  first  kind  when  m  is  less  than  p/2  —  1,  and 
are  called  integrals  of  the  second  kind  when  m  is  equal  to  or  greater 
than  pJ2  —  1.  Integrals  of  the  first  kind  have  a  characteristic 
property,  —  they  remain  finite  when  the  upper  limit  increases 
indefinitely,  and  also  when  the  upper  limit  is  a  root  of  P(x) 
(§§  89,  90);  but  the  essential  distinction  between  the  integrals  of 
the  second  and  third  kinds  must  be  accepted  provisionally  at  this 
time  without  proof.  The  real  distinction  between  them  will  be 
pointed  out  later. 

Note,  Up  to  the  present  we  have  made  no  assumption  about  the 
degree  p  of  the  polynomial  P(x),  If  p  is  an  odd  number,  it  may 
always  be  increased  by  unity.  For,  suppose  that  P(x)  is  a  poly- 
nomial of  degree  2q  —  1: 

P{x)  =  i4oa««-^  +  i4ia««-«  -f  •  •  •  -f  A^_^. 

Then  let  us  set  a;  =  a  -h  1/y,  where  a  is  not  a  root  of  P(x).  This 
gives 

P(a.)=P(a)  +  P>)-  +  -   -+(273157^ 
where  Pi  (y)  is  a  polynomial  of  degree  2q.     Hence  we  have 


and  any  integral  of  a  rational  function  of  x  and  ^P(x)  is  trans- 
formed into  an  integral  of  a  rational  function  of  y  and  VPi  (y). 

Conversely,  if  the  degree  of  the  polynomial  P(x)  under  the  radi- 
cal is  an  even  number  2qy  it  may  be  reduced  by  imity  provided  a 
root  of  P{x)  is  knovm.  For,  if  a  is  a  root  of  P{x)y  let  us  set 
x  =  a-\-  1/y.     This  gives 

^/  V       ^1/  X  1   .  .   P^^Ha)   1        Pi  (y) 

w  ^  ^  y^        ^    (2q)\    y'^         y«« 

where  Pi(y)  is  of  degree  2q  —  1,  and  we  shall  have 

Hence  the  integ^rand  of  the  transformed  integral  will  contain  no 
other  radical  than  VP^  (y). 
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fRlz.  VPiTtJit 


CBD  always  be  reduced  hj  meaus  of  elemeuUry  operationa  to  the  sum  of  an  iDt«- 
gral  of  It  rational  fraction,  an  algebraic  expression  of  the  form  G  VP(-i)/L,  and 
a  Damber  of  integrata  of  the  first,  aecond,  and  third  kinda.  Since  we  can  also 
find  by  elementary  operations  the  rational  part  of  the  integral  of  a  rational 
tracUoo,  It  ia  evident  that  the  given  integral  can  always  be  reduced  to  the  form 

JjCi,  vT(i)]dr  =  Fix,  VP(i)]  +  T, 

where  F  is  a  rational  tuiictioii  of  z  and  VP(i).  and  where  T  is  a  aum  of  inte- 
grals of  the  three  kinds  and  an  integrftl  fXt/Xdx,  X  being  prime  to  its  deriva- 
tive and  of  higher  degree  than  Xi .  Liouville  showed  tliat  if  the  given  integral 
ia  integrabte  in  algebraic  terms,  it  is  equal  to  F[x,  Vp{z)].  We  should  there- 
fore have,  identically, 

fi[..vp(i)],£sjt«.VP(i-)]!, 

and  hence  T  =  0. 

Hence  ue  can  ditcover  by  meatiK  of  muUiplicaliojii  and  dititifmt  <!f  polj/nomiali 
whft/ier  a  given  integral  ia  inlegrable.  in  algebraic  terma  or  not,  and  in  cate  it  ia. 
tAe  aame  proce»i  gives  the  vatue  of  the  integral. 

112.  Elliptic  integrals.  If  the  polyaomial  P(x}  is  of  the  second 
degree,  the  integration  of  a  rational  function  of  x  and  P(x)  can  be 
reduced,  by  the  general  process  just  studied,  to  the  calculation  of  the 
integrals 


which  we  know  how  to  evaluate  directly  (§  105). 

The  nest  simplest  case  ia  that  of  elliptic  integrals,  for  which  P^x) 
is  of  the  third  or  fourth  degree.  Either  of  these  cases  can  be 
reduced  to  the  other,  as  we  have  seen  just  above.  Let  P{x)  be  a 
polynomial  of  the  fourth  degree  whose  coefhcients  are  all  real  and 
whose  linear  factors  are  all  distinct.  We  proceed  to  show  that 
a  real  substitution  can  always  be  found  which  carries  P(x)  into  a 
polynomial  each  of  whose  terms  is  of  even  degree. 

Let  a,  ti,  e,  d  be  the  four  roots  of  P(x).  Then  there  exists  aa 
iuYolutory  relation  of  the  form 


(') 


Ljc'x 


.  mx' 


:")  +  iV  =  0, 
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which  is  satisfied  by  x'  =  a,  x"_  =  b,  and  by  x'  =  c,  x"  =  rf.     For  the 
coefficients  L^  My  N  need  merely  satisfy  the  two  relations 

LaJf-\-  Mia-^-b)^  N  =  Oy 
Led  -f  M(c  -f  rf)  -f  iNT  =  0, 

which  are  evidently  satisfied  if  we  take 

L  =  a-\-b  —  c  —  dy       M=cd  —  abf       N  ^  aJb{c -\- d)  —  ed(a '\- b). 

Let  a  and  fi  be  the  two  double  points  of  this  involution,  i.e.  the 
roots  of  the  equation 

Lw«  +  2Mt«-f  iV  =  0. 

These  roots  will  both  be  real  if 

(erf  -  a6)«  -  (a  -f  ^  -  c  -  rf)  [aft  (c  -f  c?)  -  crf(a  -f  ft)]  >  0, 

that  is,  if 

(8)  (a  -c){a-'  d)(b  -  c)(ft  -d)>0. 

The  roots  of  P(x)  can  always  be  arranged  in  such  a  way  that  this 
condition  is  satisfied.  If  all  four  roots  are  real,  we  need  merely 
choose  a  and  ft  as  the  two  largest.  Then  each  factor  in  (8)  is  positive. 
If  only  two  of  the  roots  are  real,  we  should  choose  a  and  ft  as  the  real 
roots,  and  c  and  d  as  the  two  conjugate  imaginary  roots.  Then  the 
two  factors  a  —  c  and  a  —  d  are  conjugate  imaginary,  and  so  are  the 
other  two,  ft  —  c  and  b  —  d.  Finally,  if  all  four  roots  are  imaginary, 
we  may  take  a  and  ft  as  one  pair  and  c  and  d  as  the  other  pair  of 
conjugate  imaginary  roots.  In  this  case  also  the  factors  in  (8)  are 
conjugate  imaginary  by  pairs.  It  should  also  be  noticed  that  these 
methods  of  selection  make  the  corresponding  values  of  L,  M,  N  reaL 
The  equation  (7)  may  now  be  written  in* the  form 

as'  —  a       x"  —  a 
If  we  set  (x  —  a)/(x  —  )8)  =  y,  or  a;  =  (fit/  —  a)/(y  —  1),  we  find 

where  Pi(y)  is  a  new  polynomial  of  the  fourth  degree  with  real 
coefficients  whose  roots  are 

a  —  a  b  —  a  c  —  a  d  —  a 

9 


a-p  b-fi  c-p  d-p 

It  is  evident  from  (9)  that  these  four  roots  satisfy  the  equation 
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\f  -I-  y"  =  0  by  pairs ;  hence  the  polynomial  /'i(y)  contains  no  term 
of  odd  degree. 

If  the  four  roots  a,  h,  c,  d  satisfy  the  equation  a  -f-  ^  =  c  +  c?,  we 
shall  have  Z  =  0,  and  one  of  the  double  points  of  the  involution  lies 
at  infinity.     Setting  a  =  —  N/2M,  the  equation  (7)  takes  the  form 

a;'—  a -f- a;"  —  or  =  0, 

and  we  need  merely  set  a;  =  a  +  y  in  order  to  obtain  a  polynomial 
which  contains  no  term  of  odd  degree. 
We  may  therefore  suppose  P{x)  reduced  to  the  canonical  form 

It  follows  that  any  elliptic  integral,  neglecting  an  algebraic  term 
and  an  integral  of  a  rational  function,  may  be  reduced  to  the  sum 
of  integrals  of  the  forms 

/dx  r  xdx  r  T^dx 

and  integrals  of  the  form 

dx 


/, 


(x  -  a)  V^o^^  +  ^i^'^  +  '-la 

The  integral 

Jf  dx 

X,  y/AoX*-^A,x^  +  A^ 

is  the  elliptic  integral  of  the  first  kind.  If  we  consider  x,  on  the 
other  hand,  as  a  function  of  ?/,  this  inverse  function  is  called  an 
elliptic  function.  The  second  of  the  above  integrals  reduces  to  au 
elementai'y  integral  by  means  of  the  substitution  x'^  =  u.    The  third 

integral 

/x^dx 
^A^x*-\-  A^x;^-^  A^ 

is  Legendre's  integral  of  the  second  kind.  Finally,  we  have  the 
identity 

/dx  _  r  xdx r dx 

{x  -  a)y/l\x)  ""J  (x^  -  a^)Vp(x)      "J  (x'  -  a^)y/T{x) 

The  integral 


/; 


dx 


(x^  -f-  ^t)^A^,Jr*  +  A^x'  -f-  A. 
is  Legend  re's  integral  of  the  third  kind. 
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These  elliptic  integrals  were  so  named  because  they  were  first 
met  with  in  the  problem  of  rectifying  the  ellipse.     Let 

be  the  coordinates  of  a  point  of  an  ellipse.     Then  we  shall  have 

ds^  =  dx^  ^-dif^^  (a»  sin»<^  +  h^  cos^<^)  ci<^S 

or,  setting  a^  —  b^  =  e^a^, 

ds  =  a  Vl  —  e^cos*^  d<f> . 

Hence  the  integral  which  gives  an  arc  of  the  ellipse,  after  the  sub- 
stitution cos  <f>  =  t,  takes  the  form 

— .  dt  =  a   I       ,  dt. 

Vr^  J     V(l-f»)(l-e«^«) 

It  follows  that  the  arc  of  an  ellipse  is  equal  to  the  sum  of  an  inte- 
gral of  the  first  kind  and  an  integral  of  the  second  kind. 
Again,  consider  the  lemniscate  defined  by  the  equations 

An  easy  calcidation  gives  the  element  of  length  in  the  form 

ds"  =  dx^  -h  (///'  =  -, i  dt^. 

Hence  the  arc  of  the  lemniscate  is  given  by  an  elliptic  integral  of 
the  first  kind.* 

113.  Pseudo-elliptic  integrals.  It  sometimes  happens  that  an  integral  of  the 
form  fF[Xy  VP(x)]  dc,  where  P(z)  is  a  polynomial  of  the  third  or  fourth 
degree,  can  be  expressed  in  terms  of  algebraic  functions  and  a  sum  of  a  finite 
number  of  logarithms  of  algebraic  functions.  Such  integrals  are  called  pseudo- 
elliptic.     This  happens  in  the  following  general  case.     Let 

(10)  Lx'x''  +  M{z'  +  X'')  -{■  N  =  0 

be  an  involutory  relation  which  establishes  a  correspondence  between  two  pairs  of 
the  four  roots  of  the  quartic  equation  P{x)  =  0.  //  the  function  f{x)  be  such  thai 
the  relation 

is  identically  satisfied,  the  integral  /[/(x)/VP(x)]  dx  is  pseudo-elliptic. 


*  This  is  a  common  property  of  a  whole  class  of  (Mirves  discovered  by  Serret 
{fours  de  Calcul  dijjerentiel  e(  integral^  Vol.  II,  p.  2t>4). 
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Let  a  and  ^  be  Ibe  double  points  of  ihe  iDTolution.     As  we  have  already 
eea,  the  equalioD  (10)  may  be  nritten  in  tbe  form 


i-  _  p      X"  -  p 
*  make  the  substitution  (z  -  a)/(z  -  ^)  =  ]j.    Tbis  fivaa 


nbere  Pi  (v)  is  a  polynomial  of  the  fourtb  degree  wbich  coDtains  no  odd  powers 
of  -ji  (§  IIS).  On  the  other  band,  tbe  rational  fraction  /(z)  goes  over  into  a 
rational  fraction  ^(v).  wbich  satisfies  tbe  identity  ^(y)  +  «(-  y)  =  0.  For  if 
two  values  of  a:  correspond  by  means  of  (12),  they  are  transformed  into  two 
ralues  of  y,  say  y'  and  y",  whicli  satisfy  the  equation  y'  +  y"  =  0,  It  is  evident 
that  0(^)  is  of  the  form  if  ^(^^),  wliere  V<  is  a  rational  function  of  ^^.  Hence 
the  inlegral  under  discussion  takes  tlie  form 


and  we  need  merely  set  y'  —  z  in  order  to  reduce  it  to  an  elementary  integral. 
Thus  tbe  proposiiiuii  is  proved,  and  it  merely  remains  actually  to  carry  out 
Uie  reduction. 

The  theorem  remains  true  when  tbe  polynomial  P(£)  is  of  the  third  degree, 
provided  that  we  thinlc  of  one  of  its  roots  as  InGniM.  The  demonstration  is 
exactly  similar  to  tbe  preceding. 

If,  for  example,  the  equation  P(z)  =  0  is  a  reciprocal  equation,  one  of  tbe 
iavululory  relations  which  interchanges  tiie  roots  by  pairs  is  x'z"  =  1.  Hence, 
if  /(x)  be  a  rational  function  which  satisfies  the  relation  /(z)  +  /OA)  =  0> 
the  integral  / [/(x)/ VP(/)]  dz  is  pseudo-elliptic,  and  Ibe  two  subalitutiona 
(z  —  l)/(z  +  1)  =  Ki  V'  =  *,  performed  in  order,  transform  it  into  an  elemeutary 
Integral. 

Again,  suppose  that  P(x)  is  a  polynomial  of  tbe  third  degree, 


PW=.i(< 


» 


^i)- 


iw  »et  a  =  00,  6  =  0,  «  =  1,  d  =  \IV.     There  exist  three  involulory  rela- 
iB  which  interchange  these  roots  by  pairs : 


*"x"  f(l-x") 

Hence,  if /(x)  be  a  rational  function  which  aatlsfies  oi 


I  -  lr«x" 
i  of  tbe  IdentllJes 


K.y-' 


^DiT^,]-.   -'>-C^)- 
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the  integral 


/ 


Ax)dx 


Vx(l-x)(l-*ax) 


is  pseudo-elliptic.    From  this  others  may  be  derived.     For  instance,  if  we  set 
X  =  z',  the  preceding  integral  becomes 


/ 


2f(z^dz 


V(l-2«)(1-A:«««) 

whence  it  follows  that  this  new  integral  is  also  pseudo-elliptic  if  f(z^  satisfies 
one  of  the  identities 

The  first  of  these  cases  was  noticed  by  Euler.* 

ni.   INTEGRATION  OF  TRANSCENDENTAL  FUNCTIONS 

114.  Integration  of  rational  functions  of  sin  x  and  cos  x.  It  is  well 
known  that  siux  and  cosx  may  be  expressed  rationally  in  tetms 
of  tan  x/2  =  f.  Hence  this  change  of  variable  reduces  an  integral 
of  the  form 


/ 


R(8mx,  coax)dx 
to  the  integral  of  a  rational  function  of  t.     For  we  have 

x  =  2arctan/,        dx=- -y       8ina;  =  r -^        cosa5  =  :: -y 

l+t^  l-\-t^  1  -f  ^ 

and  the  given  integral  becomes 

rj  2t    1-^A  2dt      r^,  ,^ 

where  4>(f)  is  a  rational  function.     For  example, 


hence 


C  dx      Cdt    , 

J  smx     J    t 

/dx        -  X 
=  log  tan-- 
sm  x  2 


•  See  Herniite's  lithofjcraphed  ('ours,  4th  ed.,  pp.  2.5-28.    • 
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The  integral  fll/co8x']dx  reduces  to  the  preceding  by  means  of  the 
substitution  x  =  7r/2  —  y,  which  gives 

/3fi  =  -^°Stan(j-|)=logtan(j  +  5). 

The  preceding  method  has  the  advantage  of  generality,  but  it  is 
often  possible  to  find  a  simpler  substitution  which  is  equally  suc- 
cessful. Thus,  if  the  function  /(sin  x,  cos  x)  has  the  period  tt,  it  is 
a  rational  function  of  tan  ^^  F(tan  x).  The  substitution  tan  x  =  t 
therefore  reduces  the  integral  to  lui  form 


/F(tan.)dx=/-f^. 


As  an  example  let  us  consider  the  integral 

dx 


I 


A  cos^  X  -\-  B  sin  x  cos  x  -\-  C  sir^  x  '\-  D 

where  Ay  B,  Cy  D  are  any  constants.  'The  integr-^^id  evidently  has  the 
period  w ;  and,  setting  tan  x  =  t,  we  find 

1  .       ^  t 


cos^  X  =  :; :,  >        sin  x  cos  x  =  z a »        sin'  x  = 


Hence  the  given  integral  becomes 

df 


f: 


The  form  of  the  result  will  depend  upon  the  nature  of  the  roots 
of  the  denominator.  Taking  certain  three  of  the  coefficients  zero, 
we  find  the  formulae 

— r—  =  tan  X,  I  -T-: =  log  tan  x, 

cos"  X  J  smx  cos  x 


f 


dx 

=  —  cot  X. 


sm^x 


When  the  integrand  is  of  the  form  /?(sin  x)  cos  ar,  or  of  the  form  . 
/i(cosx)  sinx,  the  proper  change  of  variable  is  apparent.     In  the 
first  case  we  should  set  sin  x  =  < ;  in  the  second  case,  cos  x  =  t 

It  is  sometimes  advantageous  to  make  a  first  substitution  in  order 
to  simplify  the  integral  before  proceeding  with  the  general  method. 
For  example,  let  us  consider  the  integral 


/ 


dx 


a  cos  X  +  b  sin  x  -h  c 
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where  a,  b,  c  are  any  three  constants.     If  p  is  a  positive  number 
and  if}  an  angle  determined  by  the  equations 

a  ^=  p  cos  ^9         b  =i  p  sin  ^^ 
we  shall  have 

p  z=i VoM-^,        cos  ^  =     ,  9        sin ^  = 


Va«  +  **  Va«  -f  b* 

and  the  given  integral  may  be  written  in  the  form 

/dx  r       dy 

p  cos (x  —  <^) -f  c     J  pcosy  -^e 

where  x  ^  <^  =  y.     Let  us  now  apply  the  general  method,  setting 
tan  y/2  =  t.     Then  the  integral  becomes 


/ 


2dt 


p^-c  +  (c-p)^ 


and  the  rest  of  the  calculation  presents  no  difficulty.    Two  different 
forms  will  be  found  for  the  result,  according  as  p*  —  c*  =  a*  -|-  ft*  —  c* 
is  positive  or  negative. 
The  integral 


/ 


m  cos  X  -{-  n  sin  a;  -j-  P  , 

^  dx 

a  cos  X  4-  ft  sin  x  -\-  c 


may  be  reduced  to  the  preceding.     For,  let  t«  =  a  cos  a;  4-  ft  sin  x  -f  c, 
and  let  us  determine  three  constants  X,  /a,  and  v  such  that  the  equation 

m  cos  X  -h  n  sin  x-hjp  =  XM  +  /A3— +f 

dx 

is  identically  satisfied.     The  equations  which  determine  these  num- 
bers are 

m  =  \a  -h  ftftj         n  =  Xft  —  /ta,         jp  =  Xc  -|-  v, 

the  first  two  of  which  determine  X  and  p..    The  three  constants  hav- 
ing been  selected  in  this  way,  the  given  integral  may  be  written  in 
'  the  form 

du 

dx  —  \x  -{-  p.  log  u  4-  V  I  — 


u  J  a  cos  X  -f  ft  sin  a;  +  e 

Jffxam|)<e.   Let  us  try  to  evaluate  the  definite  integral 


X 


^     14-CC08* 


(to 

where        |e|<l. 
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Considering  it  first  aa  aD  indeSDite  integral,  we  find  successively 

r    dx     ^  ^  r       at        ^     2     r  du 

J  l  +  ecos^       j  l  +  t  +  (\-e)t^      VT^r^J  l-\-u 


by  meuu  of  the  successive  aubstitutiona  t&ax/2  = 
Hence  the  indefluite  integral  is  equal  to 


M^.-i)- 


As  X  Tarios  from  0  to  ir,  Vll  -e)/(l  +  e)  tf 
the  arctangent  varies  from  0  te  n'/2.     Henc 


from  0  to  +  00.  and 
the  given  definite  integral  Lb  equal 


115.  Reduction  formuls.  There  are  also  certain  classes  of  integrals 
for  which  reduction  formulte  exist.  For  instance,  the  formula  for 
the  derivative  of  tan"-'a:  may  be  written 


-{tan"-':c)  =  (n  -1)  tan--'3:(l  +  tan'^j:-), 


whence  we  find 


/•■ 


tan"  " '  J-        r 


The  exponent  of  tan  x  in  the  integrand  is  diminished  by  two  units. 
Repeated  applications  of  this  formula  lead  to  one  or  the  other  of 
the  two  integrals 

J  tte  =  a; ,  |  tan  xdsc  =^—  log  cos  x . 

The  analogous  formula  for  integrals  of  the  typefcoVxdx  ia 

r    „     ,  cot— 'a;       r     ..    .    J 

I  cofxdx  =  —  — — ri I  cot'    'xdx. 

J  n-1       J 

In  general,  consider  the  integral 

["J'  cos'a-rfa:. 


f" 


where  m  and  n  are  any  positive  or  negative  integers.  When  one  of 
these  integers  is  odii  it  ia  best  to  use  the  change  of  variable  given 
above.  If,  for  instance,  n  =  2p  +  1,  we  should  set  sin  x  =  t,  which 
reduces  the  integral  to  the  form//'"(l  —  t^ydt. 

Let  us,  therefore,  restrict  ourselves  to  the  case  where  m  and  n  aie 
both  even,  that  is,  to  int^rals  of  the  type 


f^.^f' 


ain'"xc(}s^'xilx. 
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which  may  be  written  in  the  form 

sin^*""  *  ac  cos'"a;  sin  X  rfx. 


J^m^n       J 


Taking  cos'^x  sinajcte  as  the  diiferential  of  [— l/(2n  -f  l)]t50s'""''*a;, 
an  integration  by  parts  gives 

T  •   2«-i    (^os^'-^'j-  ,  2m-l  r  .  .   a   \j 

/      =  —  sin^"*   ^jr  -t: — —7-  4-  -^ 7  I  Sin*"'  *x  cos''*a;(l  —  si£rx)dx. 

-*"»."  2/1 -f-1        2n-\-lJ  ^  ' 

which  may  be  written  in  the  form 

^    ^       ^^^   "  2{m-\-n)  2(wi-h  w)      ^«-i.»' 

This  formula  enables  us  to  diminish  the  exponent  m  without  alter- 
ing the  second  exponent.  If  m  is  negative,  an  analogous  formula 
may  be  obtained  by  solving  the  equation  (A)  with  respect  to  /„,_!,„ 
and  replacing  m  by  1  —  ?7i : 

y-       _       sin*"*'"^  cos*'*"*''a;    ,  2  (n  —  ?w  -f  1)  j 

(1)  l-„^n^  l-2m  l-2m  A-m,n' 

The  following  analogous  formuUe,  which  are  easily  derived,  enable 
us  to  reduce  the  exponent  of  cos  x : 

J-        _       sin2"'"^^xcos^"~^r  2n— 1         j- 

(   )       I„n    "■  2(wi4-  71)  2(m4-  n)     -^w,"-!* 

y^        _       sin^"'^^rcos^-'"a;       2(m4-l~n)  ^ 
(i^)       i„,.-„-  l-2n  l-2n        ^»«,-»+i' 

Repeated  applications  of  these  formulae  reduce  each  of  the  num- 
bers m  and  n  to  zero.  The  only  case  in  which  we  should  be  unable  to 
proceed  is  that  in  which  we  obtain  an  integral  /^,,  where  w  +  n  =  0. 
But  such  an  integral  is  of  one  of  the  types  for  which  reduction  for- 
mul<e  were  derived  at  the  beginning  of  this  article. 

116.  WaUis'  formulae.  There  exist  reduction  formulfe  whether  the  exponents 
m  and  n  are  even  or  odd. 

As  an  example  let  us  try  to  evaluate  the  definite  integral 


V 


Jo 
where  m  is  a  positive  integer.     An  integration  by  parts  gives 

J^sin"»-^xsinx(iic  =  —  [cosxsin"*-*x]2  ^  ^rn  —  \)  I  *8in*"~*c<)8*X(lx, 
0  0  Jo 
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whence,  noting  that  co8X8in"»-ix  vanishes  at  both  limits,  we  find  the  formula 

/^  =  (m  -  1)  p8in"->x(l  -  8in»x)(ix  =  (m  -  !)(/«-,  -  /»,), 

Jo 

which  leads  to  the  recurrent  formula 

(13)  /«  =  ^^^  Im<2. 

m 

Repeated  applications  of  this  formula  reduce  the  given  integral  to  Jo  =  ^/2 
if  m  is  even,  or  to  Ji  =  1  if  m  is  odd.  In  the  former  case,  taking  m  =  2p  and 
replacing  m  successively  by  2,  4,  6,  •  •  • ,  2p,  we  find 

ia  — -io»        i4— -i2,        •••,        ijp=  — - — ijp-ai 

or,  multiplying  these  equations  together, 

-  1-3.5.    •(2p-l)  «r 
*'*  -       2  .  4 .  6  . . .  2p        2  ' 
Similarly,  we  find  the  formula 

-  2 .  4 .  6 . . .  2p 

^  1.3.5.    (2p  +  l) 

A  curious  result  due  to  Wallis  may  be  deduced  from  these  formulae.  It  Is 
evident  that  the  value  of  Im  diminishes  as  m  increases,  for  sin'"-*-^x  is  less  than 
sini^x.     Hence 

hp  + 1  <  hp  <  hp- 1 1 

and  if  we  replace  hp  +  u  hpi  Ap-i  by  their  values  from  the  formulse  above,  we 
find  the  new  inequalities 

^     2  2p  + 1 

where  we  have  set,  for  brevity, 

__        2    2    4    4        2p-2       2p 
Up  =  _._._.._... 


13    3    6       2p  -  1    2p  -  1 

It  is  evident  that  the  ratio  7t/2n,,  approaches  the  limit  one  as  p  increases  indefi- 
nitely. It  follows  that  n/2  is  the  limit  of  the  product  Hp  as  the  number  of 
factors  increases  indefinitely.  The  law  of  formation  of  the  successive  factors  is 
apparent. 

117.  The  integral  /cos  (ax  -h  b)  cos  (a'x  -f  b')  •  •  •  dx.  Let  us  consider 
a  product  of  any  number  of  factors  of  the  form  cos  (ax  -\-  b),  where 
a  and  b  are  constants,  and  where  the  same  factor  may  occur  several 
times.     The  formula 

cos(h  -|-  v)   ,  cos(u  —  v) 
cos  u  cod  V  = ^ H ^-— - 
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enables  us  to  replace  the  product  of  two  factors  of  this  sort  by  the 
sum  of  two  cosines  of  linear  functions  of  x ;  hence  also  the  product 
of  n  factors  by  the  sum  of  two  products  of  n  —  1  factors  each. 
Repeated  applications  of  this  formula  finally  reduce  the  given  inte- 
gral to  a  sum  of  the  form  %H q.o%(^Ax  4-  £),  each  term  of  which  is 
immediately  integrable.     If  ^  is  not  zero^  we  have 


/ 


.    ^v  J        8m(i4a?  4-  ^)   .   ^ 

C08(yla5  -f  B)dx^ ^    ,     — ^  -f  C, 

A 


while,  in  the  particular  case  when  yl  =  0,  /cos  B  dx  =  x  cos  B  -{-  C. 

This  transformation  applies  in  the  special  case  of  products  of 

the  form 

cos"'a5  sin* a, 

where  m  and  n  are  both  positive  integers.     For  this  product  may 
be  written 


cos"'^  cos" 


(f-*)' 


and,  applying  the  preceding  process,  we  are  led  to  a  sum  of  sines  and 
cosines  of  multiples  of  the  angle,  each  term  of  which  is  immediately 
integrable. 

As  an  example  let  us  try  to  calculate  the  area  of  the  curve 


© 


I)'- (!)'-. 


which  we  may  suppose  given  in  the  parametric  form  x  =  a  cos*^, 
y  =  6  sin*^,  where  $  varies  from  0  to  27r  for  the  whole  curve.  The 
formula  for  the  area  of  a  closed  curve. 


xdy  —  ydXf 
gives 


•iic 


-f. 


^sin^Ocos^'ede. 


But  we  have  the  formula 

(sin  e  cos  &f  =  J  sin«2d  =  ^  (1  -  cos  4tf) . 


Hence  the  area  of  the  given  curve  is 


Zab  r  .      sin  4^1 '' 


Zirah 
8 
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It  is  DOW  easy  to  deduce  the  following  formulie : 


r  .   „      .           f  1  -  COB  2jr  ^ 
j^^n'^dar^J^, ^ 

/.   .      ,          rs  sin  r  —  sinSj-  , 
Bia'x  dx=t    7 dx 

I  cos' 3- dx=  j  


3  cos  X  +  COB  3  J 


COS  2r  +  cos  4x  , 


-  _  ^""^^  ■  cos  3j'  , 
4       ''"     12      "*" 

3x      aia2z      ain4a:  , 


3a;      sin2x      siTi4:E 


A  general  law  may  be  noticed  in  these  formulfe.  The  integrals 
F{x)  =  f^' sin' T  dx  and  ^(t)  =  JJ  aos'xdi  have  the  period  2-7r 
when  n  is  odd.  Ou  the  other  hand,  when  n  is  even,  these  integrals 
increase  by  a  positive  constant  when  x  increases  by  Sir.  It  is  evi- 
dent apriori  that  these  statements  hold  in  general.     For  we  have 

X"  /"■  +  ' 

8in"«daT+  J         Bia''xdx, 

or 

F(x  +  2Tr)  =  I     s'm'xdx  +  j     Bin"^di  =  F(x)  +  j     ain'xdx, 

since  sin  x  has  the  period  27r.  If  n  is  even,  it  is  evident  that  the 
integral  j^"sin'x(i/  is  a  positive  quantity.  If  n  is  odd,  the  same 
integral  vanishes,  since  sin  (x  +  -ir)  =  —  sin  x. 

Note.  On  account  of  the  great  variety  of  transformations  appli- 
cable to  trigonometric  functions  it  is  often  convenient  to  introduce 
them  in  the  calculation  of  other  integrals.  Consider,  for  example, 
the  integral  /[1/(1  4- 3:')*]rf-K.  Setting  x  =  tan<^,  this  integral 
becomes  J*  cos  <^  (2^  =  sin  ^  4-  C.    Hence,  returning  to  the  variable  x, 


\ 


»■)■     Vl  + 1" 
which  is  the  result  already  found  iu  i  105. 


t-c, 
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118.  The  integral  fR(x)e^6x.  Let  us  now  consider  an  integral 
of  the  form  f  R(x)e*^dx,  where  R{x)  is  a  rational  function  of  x. 
Let  us  suppose  the  function  R{x)  broken  up,  as  we  have  done 
several  times,  into  a  sum  of  the  form 

where  E(x)y  /I, ,  A,,  •  •,  A^,  A'l,  •  •  •,  A'^  are  polynomials,  and  A'^  is 
prime  to  its  derivative.  The  given  integral  is  then  equal  to  the 
sum  of  the  integral  f  K(x)e^''dx,  which  we  learned  to  integrate  in 
§  85  by  a  suite  of  integrations  by  parts,  and  a  number  of  int^rals 
of  the  form 

'*A  e'^'dx 


■ 


A» 


There  exists  a  reduction  formula  for  the  case  when  n  is  greater 
than  unity.  For,  since  A'  is  prime  to  its  derivative,  we  can  determine 
two  polynomials  X  and  /a  which  satisfy  the  identity  A  =  X  A  -f  /*  A'. 
Hence  we  have 

J"a=-=J-a^-^J-a^^' 

and  an  integration  by  parts  gives  the  formula 

Jm«  -^ — „  _  1  .Y«-> + ;r3Tj    \y—    '^- 

Uniting  these  two  formulae,  the  integral  under  consideration  is 
reduced  to  an  integral  of  the  same  type,  where  the  exponent  n  is 
reduced  by  unity.  Repeated  applications  of  this  process  lead  to 
the  integral 

ax, 


J' 


X 


where  the  polynomial  B  may  always  be  supposed  to  he  prime  to 
and  of  less  degree  than  A'.  The  reduction  formula  cannot  be  applied 
to  this  integral,  but  if  the  roots  of  A  be  known,  it  can  always  be 
reduced  to  a  single  new  type  of  transcendental  function.  For 
definiteness  suppose  that  all  the  roots  are  real.  Then  the  integral 
in  question  can  be  broken  up  into  several  integrals  of  the  form 


/ 


ae*-' 


dx. 
X  —  a 
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Neglecting  a  constant  factor,  the  substitutions  x  =  a  +  y/ci>,  u=^e^ 
enable  us  to  write  this  integral  in  either  of  the  following  forms : 


/e^dy  r  du 

y    '        J  logu 


The  latter  integral  /  [1/log  u'\du  is  a  transcendental  function  which 
is  called  the  integral  logarithm. 

119.  Miscellaneous  integrals.  Let  us  consider  an  integral  of  the  form 

e^f{%\a  Xy  cos  x)dxy 


/■ 


where  /  is  an  integral  function  of  sin  x  and  cos  x.     Any  term  of 
this  integral  is  of  the  form 


/ 


e^  sin*"  a;  cos^aj  dx, 

where  m  and  n  are  positive  integers.  We  have  seen  above  that  the 
product  sin"'x  cos"a;  may  be  replaced  by  a  sum  of  sines  and  cosines 
of  multiples  of  x.  Hence  it  only  remains  to  study  the  following 
two  types : 

I  e"'  cos  bxdxy  I  e^  sin  bx  dx . 

Integrating  each  of  these  by  parts,  we  find  the  formulae 

/,      ,             ei^sinbx      a    C        .     ,      , 
^  cos  bx  dx  = I  ef^^mbxdx, 

/^    '    1     7             ef^cosbx  ,   a    r  ^^        .     , 
6*^  sm  bxdx  = 7 ^  7   I  ^    ^'^^  ^  ^^' 

Hence  the  values  of  the  integrals  under  consideration  are 


,     ,        ei°^(a  cos  bx  -{-bsm  bx) 

€^  cos  bx  dx  =  — ^^ — -} 

a^-\-b^ 

'    .   .    ,      ^        e^(a  sin  bx  —  b  cos  bx) 

^  sin  bx  dx  =  — ^^ z — ^• 

a^-\-b^ 


Among  the  integrals  which  may  be  reduced  to  the  preceding 
types  we  may  mention  the  following  cases : 

/  /(log  x)  X™  dx ,  I  /(arc  sin  x)  dx , 

/  f(x)  arc  sin  x  dx,  I  /(x)  arc  tan  x  dx, 
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where  /  denotes  any  integral  function.  In  the  first  two  cases  we 
should  take  logx  or  arc  sin  x  as  the  new  variable.  In  the  last 
two  we  should  integrate  by  pafts,  taking  f(x)  dx  as  the  diflPerential 
of  another  polynomial  F{x)^  which  would  lead  to  types  of  integrals 
already  considered. 

EXERCISES 

1.  Evaluate  the  indefinite  integrals  of  each  of  the  following  functions : 


a:*-x«-3x«-x  1  +  vT+x 


(x«  +  l)«         x(x8  4.i)8  (xa+l)»  1-Vi 

1  H-vTTx  1  X 


1  +  X  +  VTTxa  l_VlTx  V^  -f  Vx  +  1  +  VX(X  -I-  1)  C08«X 


f 


n 


^*^^^*»  /  -        ^  *        xfftanx. 

2.  Find  the  area  of  the  loop  of  the  folium  of  Descartes : 

x«  4-  y8  —  Soxy  =  0. 

3.  Evaluate  the  integral  Jy  dx,  where  x  and  y  satisfy  one  of  the  following 
identities : 

(x2  -  a^Y  -  aj/^(2y  +  3a)  =  0,        y«{a  -  x)  =  x",        y(x«  +  y«)  =  a(y«  -  x^). 

4.  Derive  the  formulae 

/•  -   1          /     .  ^v    J           sin«»xco87ix  .  ^ 
8m»-ixco8(n  4- l)x(ix  = +  C, 
It 

/•  -   1      •    /     .  IV    J          sin»x8innx  .  ^ 
sm^-ix  sm(n  +  l)xdx  = hC, 
It 

/»-   1          /     .  ^v    J           co8»X8innx  .  ^ 
co8»-ixco8(n  +  l)xdx= hC, 
It 

/»-    1        •     /       .    ^v      J               C08"XC08nX        _ 
co8»-*xsm(n  -f  l)x(ix  = hC 

ft 

5.  Evaluate  each  of  the  following  pseudo-elliptic  integrals : 

/(l  +  xg)dx  r     (l~x')dx 

(l-x«)VrTx*'        J  (l  +  x«)VrTx*' 

6.  Reduce  the  following  integrals  to  elliptic  integrals : 

R(x)dx 


[EULBR.] 


/ 


Va(l  +  7fi)  +  6x(l  +  x«)  -f  cr2(l,4-  x«)  +  dx» 

r  ig(g)dg 

J   Va(H-x8)  + 


where  i?(x)  denotes  a  rational  function. 
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7*.  Let  a,  6,  c,  d  be  the  roots  of  an  equation  of  the  fourth  degree  P(x)  =  0. 
Then  there  exist  three  involutory  relations  of  the  form 

M^^'^N,         i=l,2,3, 

which  interchange  the  roots  by  pairs.    If  the  rational  function  /(x)  satisfies  the 

identity 

s 


/=i   V     Ux  +  Mif 


the  integral  /[/(x)/ VF(x)]  dx  U  pseudo-elliptic  (see  BvUetin  de  la  SocUU  moM" 
matique,  Vol.  XV,  p.  106). 

8.  The  rectification  of  a  curve  of  the  type  y  =  Axf^  leads  to  an  integral  of 
a  binomial  differential.     Discuss  the  cases  of  integrability. 


9.  If  a  >  1,  show  that 

.+1 


X, 


dx 


L,     (a-x)\/r^xa      Va^-l 

Hence  deduce  the  formula 

+  1 


X 


x'-dx    _  1.3.6.   (211-1) 
ft. 


_i     Vl-  x*  2.4.  6- • -211 


10.  UAC-B^>Oy  show  that 

.+  00. 


X 


dx                   1.3.6.    .(2n-3)  ^»-i 
jf 


(^x2  -f  2Bx  +  C)^      2  .  4  .  6   . .  (2n  -  2)     {AC-  £2)"  +  * 
[Apply  the  reduction  formula  of  §  104.] 

11.  Evaluate  the  definite  integral 

sin^xclx 


X 


1  4-  2a  cos  X  4-  o^ 

0 


12.  Derive  the  following  formulas : 


I  ,  =  -=:log( — ^),       a^>0 

J_i     Vl  -  2ax  +  a^  VI  -  2/3X  +  /3*      Va^        \1  -  Vo^/ 


X 


"•■^  (l-arx)(l -/3x)dx  Jf  2  -  a/3 


Li     (1  -  2crx  +  a«)(l  -  2/3x  +  /S^)  Vl  -  x^      2  1  -  a/3 
13*.  Derive  the  formula 


"*"*  x^-^dx  It 


Jo         1  +  *"       «gm?5?? 

n 


where  m  and  n  are  positive  integers  (m<n).     [Break  up  the  integrand  into 
partial  fractions.] 
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14.  From  the  preceding  exercise  deduce  the  formula 


X 


0<a<l. 


1  +  X       sin  an 
16.  Setting  /p.,  =/i'(i  +  l)''ctt,  deduce  the  following  reduction  formula 

(p  -  l)/.p.,  =  t^-Hi(«  +  l)i-i>  -  (2  +  g  -  P)/-,.  +  i.^, 
and  two  analogous  formulae  for  reducing  the  exponent  q. 

16.  Derive  formulas  of  reduction  for  the  integrals 

dx 


\/^x*~4-  2Bx  4-  C  "*     J   (x-a)^ 


17*.  Derive  a  reduction  formula  for  the  integral 


0    VI^^ 


Hence  deduce  a  formula  analogous  to  that  of  Wallis  for  the  definite  integral 


18.  Has  the  definite  integral 

^^- d 

sin^z 
a  finite  value  ? 


r^    dx 
r^* ^ 

Jo  I+X*8i] 


19.  Show  that  the  area  of  a  sector  of  an  ellipse  bounded  by  the  focal  axis 
and  a  radius  vector  through  the  focus  is 


2j^    (l+ecosu;)-^ 


where  p  denotes  the  parameter  h^/a  and  e  the  eccentricity.  Applying  the  gen- 
eral method,  make  tlie  substitutions  tan  uf/2  =  t,  t  =  u  V(l  +  e)/(l  —  e)  succes- 
sively, and  show  that  the  area  in  question  is 


=  «6  (  arc  tan  u  —  e ) . 

V  1  +  u2/ 


Also  show  that  this  expression  may  be  written  in  the  form 

A  =  —  (0  -  c  sin  0) , 
where  4>  is  the  eccentric  anomaly.     See  p.  400. 

20.  Find  tbe  curves  for  whicli  the  distance  NT,  or  the  area  of  the  triangle 
MNT,  is  constant  (Fig.  3,  p.  31).     Construct  the  two  branches  of  the  curve. 

[Licence,  Paris,  1880;  ToOlouse,  1882.] 
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21*.  Setting 

2.4.6   ..2nJo   ^  '  ' 

derire  the  reoorreDt  formula 

^.+1  =  (2n  +  l)An  -  X  -—5. 

ox 

From  thifl  deduce  the  formulsB 

A2p  =  Utp  sin  X  +  Ftp  cosx, 

Afp  +  i=U2p  +  lB\nX-^V2p  +  lCOBX, 

where  U^p,  Ftp,  r/j^p+if  V^p  +  i  &ro  polynomials  with  integral  coefficients,  and 
where  U%p  and  Ufp^i  contain  no  odd  powers  of  x.  It  is  readily  shown  that 
these  formulsd  hold  when  n  =  1,  and  the  general  case  follows  from  the  above 
recurrent  formula. 

The  formula  for  Afp  enables  us  to  show  that  n*  is  incommensurable.  For  if 
we  assume  that  sr9/4  =  6/a,  and  then  replace  x  by  it/2  in  ^s^ ,  we  obtain  a 
relation  of  the  form 

where  Hi  is  an  integer.  Such  an  equation,  however,  is  impossible,  for  the  nght- 
nand  side  approaches  zero  as  p  increases  indefinitely. 
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DOUBLE   INTEGRALS 


1.   DOUBLE  INTEGRALS       METHODS  OF  KVALLATION 
GREEN'S  THKOKEM 

120.  Continuous  functions  of  two  variables.  Let  s  =  f(r.,  y)  be  a 
fuDCtion  of  the  two  in de pendent  variables  x  and  y  wliicli  ia  contin- 
uous inside  a  region  A  of  the  plane  which  is  bounded  by  a  closed 
contour  C,  and  also  upon  the  contour  itself.  A  number  of  proposi- 
tions analogous  to  those  proved  iu  §  70  for  a  continuous  function 
of  a  single  vai'iable  can  be  shown  to  hold  for  this  function.  For 
instance,  given  any  positive  numher  t,  the  region  A  can  he  divided  into 
siibregioiia  in  suck  a  war/  that  the  difference  between  the  values  of  z  at 
any  two  puints  (x,  y),  (a-',  y')  in  the  same  subregion  in  legs  than  e. 

We  shall  always  proceed  by  means  of  successive  subdivisions  as 
follows :  ISuppLpae  the  region  A  divided  into  subregions  by  drawing 
parallels  to  the  two  axes  at  ecjual  dis- 
tances S  from  each  other.  The  corre- 
sponding subdivisions  of  A  are  either 
squai'es  of  side  S  lying  entirely  inside  C, 
or  else  portions  of  squai'es  bounded  in 
part  by  an  arc  of  C.  Then,  if  th©  prop- 
osition were  untrue  for  the  whole  region 
A,  it  would  also  be  untrue  for  at  least 
one  of  the  subdivisions,  say  Ai-  Sub- 
dividing the  subregion  A,  in  the  same 
manner  and  continuing  the  process  indefinitely,  we  would  obtain  a 
aecjuenee  of  squares  or  portions  of  squares  A,  Ai,  ■■■,  A,,  ■■-,  for 
which  the  proposition  would  be  untrue.  The  region  A,  lies  between 
the  two  liiie.s,  x  =  a,  and  a;  =  i„,  which  are  parallel  to  the  y  axis, 
aud  the  two  lines  y  =  c^,  y  =  d,,  which  are  parallel  to  the  x  axia 
As  n  increases  indefinitely  o,  and  fc,  approach  a  common  limit  A, 
and  f,  and  </,  approach  a  common  limit  /i,  for  the  numbers  a,, 
for  example,  never  decrease  and  always  remain  less  than  a  fixed 
number,  It  follows  that  all  the  paints  of  .1,,  approach  a  limiting 
260 
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mher  t,  another 


poiat  (X,  n)  which  lies  within  or  upon  the  contour  C.  The  rest  of 
the  reasoniug  is  similar  to  that  in  §  70 ;  if  the  theorem  stated  were 
untrue,  the  function  Jl^x,  y)  could  be  shown  to  be  discontinuous  at 
the  point  (Xj  n),  which  is  contrary  to  hypothesis. 

CoToUary.  Suppose  that  the  parallel  lines  have  been  chosen 
so  near  together  that  the  difference  of  any  two  values  of  z  in  any 
one  Bubregion  is  less  than  t/2,  and_  let  t)  be  the  distance  between 
the  successive  parallels.  Let  {x,  y)  and  {x\  y')  be  two  points  inside 
or  upon  the  contour  C,  the  distance  between  which  is  less  than  ij. 
These  two  points  will  lie  either  in  the  same  subregion  or  else  in 
two  different  subregions  which  have  one  vertex  in  common.  In 
either  case  the  absolute  value  of  the  diSeienoe 

cannot  exceed  2c/2  =  t.    Hence,  given  any  positive  tj 
potitloe  number  ij  can  be  found  tuck  that 

I  A'.  s)-A'',  v')\<' 

whenever  the  distance  between  the  two  points  (x,  y)  and  (x',  y'),  which 
lie  in  A  or  on  the  contour  C,  is  less  than  -rj.  In  other  woi'ds,  any  func-  ■ 
tion  which  is  continuous  in  A  and  on  its  boundary  C'  is  uniformly 
continuous. 

From  the  preceding  theorem  it  can  be  shown,  as  in  §  70,  that  every 
function  which  is  continuous  in  .1  (inclusive  of  its  boundary)  is  neces- 
sarily Jlnite  in  A.  If  M  be  the  upper  limit  and  m  the  lower  limit  of 
the  function  in  .-1,  the  difference  M  —  m  is  called  the  oscillation.  The 
method  of  successive  subdivisions  also  enables  us  to  show  that  the 
function  actually  attains  eacli  uf  the  values  m  and  .1/  at  least  once 
inside  or  upon  the  contour  C.  Let  u  be  a  point  for  which  x  =m 
and  b  a  point  for  which  s  =  .1/,  and  let  us  join  a  and  6  by  a  broken 
line  which  lies  entirely  insi(ki  C.  As  the  point  (r,  y)  describes  this 
line,  e  is  a  continuous  function  of  tlie  distance  of  the  point  (x,  y) 
from  the  point  «.  Hence  a  assumes  every  value  n  between  m  and 
M  at  least  nn<'e  upon  this  line  (§  70).  Since  a  and  b  can  be  joined 
by  an  infinite  number  of  different  broken  lines,  it  follows  that  the 
function  fi,x,  y)  assumes  every  value  between  m  and  M  at  an  infinite 
number  of  points  which  lie  inside  of  C. 

A  finite  region  A  of  the  plane  is  said  to  bo  less  than  I  in  all  its 
dimensions  if  a  circle  of  radius  I  can  be  found  which  entirely 
flnoloses  A.    A  variable  region  of  the  plane  is  said  to  be  iufinitesimal 
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in  all  its  dimensiona  if  a  circle  whose  radius  is  arbitrarily  preas- 

eigned  caii  be  found  which  eventually  contains  the  region  entirely 
within  it  For  example,  a  square  whose  side  approaches  zero  or  at 
ellipse  both  of  whose  axes  approach  zero  is  infinitesimal  in  all  its 
dimensions.  On  the  other  hand,  a  rectangle  of  which  only  one  side 
approaches  zero  or  an  ellipse  only  one  of  whose  axes  approaches  zero 
is  not  infinitesimal  in  all  its  dimensions. 

181.  Double  integndB.  Let  the  region  A  of  tlie  plane  be  divided 
into  subi'egions  a,,  a,,  -  -,  a,  in  any  manner,  and  let  u,-  be  the  area  of 
the  subregion  »,,  and  M,  and  vti  the  limits  of  /(x,  ij)  in  Hj.  Consider 
the  two  sums 


each  of  which  has  a  definite  value  for  any  particular  sabdiviBion 
of  A.  None  of  the  sums  A"  are  less  than  wtlJ,*  where  O  is  the  area  of 
the  region  -■!  of  the  plane,  and  where  m  is  the  lower  limit  of  f(x,  y) 
in  the  region  A  ;  hence  these  sums  have  a  lower  limit  /.  Likewise, 
none  of  the  sums  s  are  greater  than  .irn,  where  M  is  the  upper  limit 
ot  f(x,  y)  in  the  region  A ;  hence  these  sums  have  an  upper  limit  /'. 
'Moreover  it  can  be  shown,  as  in  g  71,  that  any  of  the  sums  S  is 
greater  than  or  equal  to  any  one  of  the  sums  s;  lience  it  follows 
that 

If  the  function  f(x,  y)  is  continuous,  the  sums  S  and  *  approach 
a  common  limit  as  each  of  the  subregions  approaches  zero  in  all  its 
dimensions.  For,  suppose  that  i;  is  a  positive  number  such  that  the 
oscillation  of  the  function  is  less  than  <  in  any  portion  of  A  which 
is  less  in  all  its  dimensions  than  t].  If  each  of  the  subregions  a,, 
o,i  .  ••,  a,  be  less  in  all  its  dimensions  than  »j,  each  of  the  differences 
A/,  —  TOj  will  I*  less  than  t,  and  hence  the  difference  .^'  —  a  will  be 
less  than  tli,  where  t)  denotes  the  total  area  of  A.  But  we  have 
S  -  «  =  .V  -/+/-/'  +  /■'-  s, 

where  none  of  the  quantities  S  —  !,  I  —  I',  V  —  $  can  be  negative. 
Hence,  in  particular,  /  —  /'  <  tQ ;  and  since  <  is  an  arbitrary  posi- 
tive number,  it  follows  that  /  =  /'.  Moreover  each  of  the  numbers 
S  —  I  and  I  —  s  can  be  made  less  than  any  preassigned  number  by 
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a  proper  choice  of  (.  Hence  the  sums  A"  and  j  have  a  coniEnon  limit 
/,  which  is  called  the  doiiile  integral  of  the  function /(a;,  y)  extended 
over  the  region  A.     It  is  denoted  by  the  symbol 


f-jjj\=',y)dxdy. 


and  the  region  A  is  called  tliejfe/rf  of  integration. 

If  {t,  riO  be  ^y  PO'"''  inside  or  on  the  boundary  of  the  sub- 
tegion  a„  it  is  evident  tliat  the  sum  S^f,  )j,)<i>,liea  between  the  two 
Btims  S  and  «  or  is  equal  to  one  of  thein.  It  therefore  also 
approaches  the  double  integral  as  its  limit  whatever  be  the  method 
of  choice  of  tlie  point  (f,-,  ij,). 

The  first  theorem  of  the  mean  may  be  extended  without  difficulty 
to  double  integrals.  Let/{3f,  i/)  \ie  a  fimrtion  which  is  continuous 
iu  A,  and  let  4,(x,  ?/)  lie  another  function  which  is  continuous  and 
which  has  the  same  sign  throughout  A.  For  definiteness  we  shall 
suppose  that  tit(x,  y)  is  positive  in  ,4.  If  M  and  m  are  the  limits  of 
/{x,  y)  in  -*1,  it  is  evident  that* 

Adding  all  these  inequaJities  and  passing  to  the  limit,  we  find  the 
formula 


/X,/<- 


'/X* 


where  /*  lies  befireett  M  and  m.      Since  the  function  f(x,  y)  a 

the  value  ft  at  a  point  (£,  i))  innide  of  the  contour  C,  we  may  write 

this  in  the  fovm 

Jj  A=^>  y)*('.  y)dxdy=f(^i,  v)JJ^^4>(^-  u)<i^dy> 

which  constitutes  the  law  of  the  mean  for  double  integrals.  If 
^{.r,  y)  =  l,  for  example,  the  integral  on  the  right, /yAerfy,  extended 
over  the  region  .1,  is  evidently  equal  to  the  area  O  of  that  region. 
In  this  case  the  formula  (1)  becomes 


K.^'^ 


,j)dxd,j  =  a/u.,). 
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122.  Volume.  To  the  analytic  notion  of  a  double  integral  corre- 
sponds the  important  geometric  notion  of  volume.  Let  f{x,  y)  be 
a.  function  whitth  is  continuous  inside  and  upon  a  closed  contour  C. 
We  shall  further  suppose  for  definitcuess  that  this  function  is  posi- 
tive. Let  S  be  the  portion  of  the  surface  represented  by  the  equa- 
tion a  —f{x,  y)  which  is  bounded  by  a  curve  r  whose  projection 
upon  the  xy  plane  is  the  contour  C.  We  shall  denote  by  E  the  por- 
tion of  space  bounded  by  the  ly  plane,  the  surface  -V,  and  the  cylinder 
whose  right  section  is  C.  Tlie  region  A  of  the  xy  plane  which  is 
bounded  by  the  contour  C  being  subdivided  in  any  manner,  let  a^  be 
one  of  the  subregions  bounded  by  a  contour  c^,  and  tu,  the  area  of 
this  subregion.  The  cylinder  whose  right  section  is  the  curve  c,  cuts 
out  of  the  surface  A'  a  portion  s,-  bounded  by  a  curve  y^.  Let  p^  and 
P(  be  the  points  of  .*,■  whose  distances  from  the  xy  plane  are  a  mini- 
mum and  a  maximum,  respectively.  If  planes  be  drawn  through 
tliese  two  points  parallel  to  the  xy  plane,  two  right  cylinders  are 
obtained  which  have  the  same  base  Wj,  aud  whose  altitudes  are  the 
limits  .1/,-  and  ni,  of  the  function  f(x,  y)  inside  the  contour  c,-,  respec- 
tively. The  volumes  (',■  and  t'(  of  these  cylinders  are,  respectively, 
ta,.  Mi  and  HI,  w,."  The  sums  S  and  s  considered  above  therefore  repr»- 
sent,  respectively,  tlie  sums  SI'j  and  Sc;  of  these  two  tj'pes  of  cylin- 
ders. We  shall  call  the  common  limit  of  these  two  simis  the  volume 
of  the  portion  E  of  space.  It  may  be  noted,  as  was  done  in  the  case 
of  area  (S  78),  that  this  definition  agrees  with  the  ordinary  concep- 
tion of  what  is  meant  by  volume. 

If  the  surface  .s'  lies  partly  beneath  the  xy  plane,  tlie  double  integitil 
will  still  represent  a  volume  if  we  agree  to  attach  the  sign  —  to  the 
volumes  of  portions  of  space  below  the  xy  plane.  It  appears  then  that 
every  double  integral  represents  an  algebraic  sum  of  volumes,  just  as 
a  simple  integral  represents  an  algebraic  sum  of  areas.  The  limits  of 
integration  in  the  case  of  a  simple  integral  are  replaced  in  the  case  of  a 
double  integral  by  the  contour  which  encloses  the  field  of  integration. 

123.  Evaluation  of  double  integrals.  The  evaluation  of  a  double 
integral  can  be  reduced  to  the  successive  evaluations  of  two  simple 
integrals.    L«t  us  first  consider  the  case  where  the  field  of  integration 

■  Ry  the  volume  of  a  right  cj/lin'ler  we  Bhnll  unilorstand  Ihe  limit  appronrhed  by 
the  volume  ot  a  riglit  prism  of  tliu  saiao  liolgln.  whose  luue  is  »  piilygnn  inscribed  in 
a  rtgbt  sectioD  of  the  vylloder,  as  ench  o(  the  sideB  of  this  polygon  Hppmachea  seio. 
[This  definition  ia  not  nwossury  for  the  argument,  hut  in  usoful  in  showing  that  ths 
dsfinjtiaa  ol  volume  In  generaJ  agreea  with  qui  ordiuarj  couceptiooa.  —  TltiUlaJ 
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\  is  a  rectangle  li  bouudcd  >iy  the  straiglit  Huea  x  =  Xg,  x  ■=  X, 
=  yoi  V  —  y,  where  X||<.V  aiid  i/n<r.  Suppose  this  rectangle 
to  be  subdivided  by  patallela  to  the  two  axes  x  =:  x^,  y  =  y^ 
(*  =  1,  2,  -  ,  n;  A=  1,  2,  ■  ■,  m).  The  area  of  the  amall  rectangle 
R^  bgimded  by  the  lines  x  —  JCj.i,  a;  =  i„  y  =  yt_i,  y  =  y*  is 

Hence  the  double  integral  is  the  limit  of  the  suia 


(3) 


=  5;X/ft..  »,)(«,  -,',-M.s,  -  y.-.). 


where  (i^,,,  i;,,.)  is  any  point 
inside  or  upon  one  of  the 
Bides  of  flii- 

We  shall  employ  the  inde- 
termination  of  the  points 
(fiti  In)  '°  order  to  simplify 
the  calculation.  Let  us  re- 
.mark  first  of  all  that  if  f{x) 
is  a  continuous  function  in 
the  interval  («,  b),  and  if  the  interval  (a,  h)  be  subdivided  in  any 
manner,  a  value  f,-  can  be  found  in  each  subinterval  (x..,,  a:,)  such 
that 


V 

D 



11^ 



\' 

- 

_ 

'A 

A 

-B 

0 

"- 

Fm,  M 

Ml,-      HUhX          « 

<'>  f) 


fi^)d;r.  =M,){x,  -  a)  +,fli,){J^, 


t,)+--+Ai.W'- 


-,)■ 


For  we  need  merely  apply  the  law  of  the  mean  for  integrals  to  each  of 
the»ubintervals(«,  a;i),  (^i.jr.),  ■■-,  (a:,_,,6)  to  find  these  values  of  i,. 
Now  the  portion  of  the  sum  S  which  arises  from  the  row  of  rec- 
I  tangles  between  the  lines  x  =  ^,_,  and  x  =  x,  is 


(», 


-,)[Aft..  ».)&.-;/.) - 


./Ki..  •?..)(;/. -.»i)  +  -- ■ 
■/«.,.».Xj. -».-,)  +  ■■]. 

and  then  choose  ij,,,  i;,,. 


et  ua  take  f , ,  =  ;,-j  =  ■  -  -  =  ;,-„  =  x 
I  such  a  way  that  the  sum 

/('.-..  ■nnK'/x  ~  yn)  +/(*,-„  ^,«)(.'/,  -!/,)  +  ■■■ 

f  is  equal  to  the  integral  _^'/(j;,-.„  y)ily,  where  the  integral  is  to  be 

evaluated  under  the  assumption  that  a;j_,  is  a  constant.     If  we  pro- 

l  in  the  same  way  for  each  of  the  rows  of  rectangles  bounded  by 

I  two  consecutive  parallels  to  the  y  axis,  we  finally  find  the  equation 

(6)     S=t(a-.)(,,-j-.)  +  »(»,)(».-^.)+--  +  »(«i-.Ki,-»,-i)+", 
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where  we  have  set  for  brevity 


*^Xt, 


This  function  ^(x),  defined  by  a  definite  integral,  where  x  is  con- 
sidered as  a  parameter,  is  a  continuous  function  of  x.  As  all  the 
intervals  Xf  —  Xi^i  approach  zero,  the  formula  (5)  shows  that  S 
approaches  the  definite  integral 

^(x)dx. 

Hence  the  double  integral  in  question  is  given  by  the  formula    . 

(6)  /  /   /(^,  y)dxdi/=  f  dx  \f{x,  y)dy. 

In  other  words,  in  order  to  evaluate  the  double  integral,  the  function 
f{x,  y)  should  first,  be  Integrated  between  the  limits  y^  and  F,  regards 
ing  X  as  a  constant  and  y  as  a  variable ;  and  then  the  resulting  func- 
tion, which  is  a  function  of  x  alone,  sff^ould  be  integrated  again  between 
the  limits  Xq  and  X. 

If  we  proceed  in  the  reverse  order,  i.e.  first  evaluate  the  portion 
of  S  which  comes  from  a  row  of  rectangles  which  lie  between  two 
consecutive  parallels  to  the  x  axis,  we  find  the  analogous  formula 

/   /  fi^y  y)dxdy  =  I    dy  I  f(Xy  y)dx. 
A  comparison  of  these  two  formulas  gives  the  new  formula 

JpX         r*Y  pY         pX 

[    dx  f  f(x,  y)dy=  I    dy  j  /(«,  y)dx, 

which  is  called  the  formula  for  integration  under  the  integral  sign. 
An  essential  presupposition  in  the  proof  is  that  the  limits  Xq,  X,  y^,  Y 
are  constants,  and  that  the  function /(x,  y)  is  continuous  throughout 
the  field  of  integration. 

Example,    Let  z  =  xy/a.     Then  the  general  formula  gives 

X        nY 


J  J(R)  a  Jx^         Jy^       « 


=  V^.  (y'  -  y?)^ = A  ^^' "  ^)(^  -  yS)- 


^   2a  ^  ^"^  4a 
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In  general,  if  Uie  function  f(x,  y)  \a  the  product  of  a  function  of  x 
alone  by  a  function  of  y  alone,  we  shall  have 

The  two  integrals  on  the  right  are  absolut«ly  independent  of  each 
other, 

Franklin  ■  htis  deduced  from  this  remark  a  very  Bim|)le  demonstration  of  cer- 
tain interesting  theoremH  of  Tcbebycheff.  Lei  f  (x)  and  f  (z)  be  two  functions 
wblcb  are  continuous  in  an  inierriil  (a,  b),  where  a  <  b.    Then  the  double  integral 


//[*W  -  *(v)][f<')  -  *{y)]d^dy 


2(5  -  a)  jy{,x)f{x)di  -  2fy{z)dx  X  j^Vw<te. 

But  all  the  elements  of  the  above  double  integral  have  the  suns  sl^  U  the  two 
IS  9{x)  and  ^(x)  always  increase  or  decrease  almultaneoual;,  or  if  one  of 
Iham  nlways  increases  when  Ihu  other  decreases.  In  the  first  cRse  the  two  func- 
tions (B(i>  — »(|/)  and  ^(i)  -  i^(y)  always  have  the  same  sign,  whereas  they  have 
ipposlte  signs  In  tlie  secnnd  case.     Hence  we  shall  have 

(b~a)fyix).pix)dt>fy{x)dzxfy(x)dx 

wheoeverthe  two  functions  ^(x)  and  if<(ir)  both  increase  or  both  decrease  through- 
out the  interval  (a,  h).     On  the  other  hand,  we  shall  have 

(i-at_£''*(x)^W*t<_£Vw(£xxJ^VW'to 

whenever  one  of  Iho  functions  increases  and  the  other  decreases  throughout  the 
interval. 

The  sign  of  the  dnnble  inl«gral  is  also  definifely  determined  in  case  *(i)  =  ^(j), 
(or  then  the  integrand  bcdouiea  a  perfect  square.     In  this  case  we  ahatl  have 


(6-  i)£  [*(x)]'(lr>  [j^V(/)dx]', 


n  hold  only  when 


whatever  be  the  function  «(x),  where  the  sign  of  equality  ci 
«(s)  is  a  constant. 

The  solution  of  an  interesting  problem  of  the  calcutus  of  variations  may  be 
deduced  from  this  result.  Let  P  and  Q  bo  two  fixed  points  in  a  plane  whoxe 
coordinates  are  (a,  A)  and  (6.  B),  respectively.  I*t  g  =  f{x)  be  the  equation  of 
B  joining  these  two  points,  where /(i),  togetlier  with  its  Brst  derivative 
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I 


/'(z),  ia  supposed  to  be  ooolinuouB  in  the  Interval  (a,  b).  The  problem  Is  to 
find  Ihftt  one  of  the  carves  v=f(i)  for  which  ilie  integral  f^y'^dx  is  a 
minimum.  But  by  the  formula  jiisl  found,  replacing  *(i)  Uy  y'  and  noting 
that  /(a)  =  A  and  /{6f  =  B  by  hypollieBia,  we  have 


^''-''>X' 


y'idx>{Jt  -  Ay. 


The  minimum  value  of  the  integral  is  therefore  (B  -  A)y{b  —  a),  and  that  value 
ia  actually  asHQtaed  when  ^'  ia  a  conHtani,  i.e.  when  the  curve  joining  the  tiro 
fixed  points  reducea  to  the  straight  line  PQ. 

124.  Let  us  now  pass  to  the  case  where  the  field  of  iotegration  is 
bouniled  by  a  contour  of  any  form  whatever.     We  shall  first  suppose 
that  this  contour  is  met  in  at  most  two  points  by  any  parallel  to  the 
y  axis.     We  may  then  suppose  that  it  is  composed  of  two  straight 
lines  X  =  a  and  x  =  b  (a  <  6) 
and  two  arcs  of  curves   APB 
and  A'QB'  whose  equations  are 
I'l  =  ^i(^)  and  i'i  —  it>3{j-),  re- 
spectively, where  the  fuuctions 
1^1  and   03  are  continuous  be- 
tween.a  and  i.     It  may  happen 
that  the  points  -1  and  A'  coin- 
cide, or    that  B   and    B'  coin- 
^^  ^  cide,  or  l«th.     This  occurs,  for 

instance,  if  the  contoiii-  is  a  convex  curve  like  an  ellipse.  Let  us 
again  siiUlivide  the  field  of  integration  B  by  means  of  parallels  to 
the  axes.  Then  we  shall  have  two  classes  of  subregions  :  regular  if 
tliey  are  rectangles  which  lie  wholly  within  the  contour,  irre'jular 
if  they  are  portions  of  rectangles  bounded  in  part  by  arcs  of  the 
contour.     Then  it  remains  to  find  the  limit  of  the  sum 

where  u  is  the  area  of  any  one  of  the  subrettiuns  and  {£,  jj)  is  a  point 
in  that  subregion. 

Let  US  first  evaluate  the  portion  of  .S  whicli  arises  from  the  row 
of  subregions  between  the  consecutive  parallels  x  =  Xi_i,  x  =  x,. 
These  subregions  will  consist  of  several  regular  ones,  beginning 
with  a  vertex  whose  ordinate  is  y'  ^  ^i  and  going  to  a  vertex  whoso 
ordinate  is  y"  i  i'l,  and  several  irregular  ones.  Choosing  a  suitable 
point  (i,  ji)  in  each  rectangle,  it  is  clear,  as  above,  that  the  portion 
of  S  which  comes  from  these  regular  rectangles  may  be  written  in 
the  form 
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('• 


^...)j%, 


.  y)dy. 


Suppose  that  the  oscillatioa  of  each,  of  the  functions  ^x(^)  ^'^'^  ■^i(^) 
in  each  of  the  intervals  (a^i^ni,)  is  less  than  S,  and  that  each  of  the 
differences  y^  —  y^^^  is  also  less  than  8.  Then  it  is  easily  seen  that 
the  total  area  of  the  irregular  subregions  between  a:  =  x,_^  and  x  =  x, 
is  less  than  4S(i-,  —  ir,_,),  and  that  the  portion  of  S  which  arises 
from  these  regions  is  less  than  AHh{Xi  —  j-,_i)  in  absolute  value, 
where  H  is  the  upper  limit  of  the  absolute  value  of  f(x,  y)  in  the 
whole  field  of  integration.     On  the  other  hand,  we  have 

//(*--..  y)dy^J^A^i-,,  y)d>j+J  '+£  , 

and  since  |  Ti  —  y'|  and  |  Y^  —  y"\  ai'e  each  less  than  28.  we  may  write 
f  A^.-„  y)dy=£}{x..„  y)dy  +  iim,       \X\<1. 

The  portion  of  S  which  arises  from  the  row  of  subregions  under 
consideration  may  therefore  be  written  in  the  form 


(", 


[J?"- 


y)dff  +  8m.B 


where  fl,  lies  tetween  -  1  and  +  1.  The  sum  8//SSfl,  (xi  —  a-;.,)  is 
less  than  SH&(li  —  n)  in  absolute  value,  and  approaches  zero  with  S, 
which  may  be  taken  as  small  as  we  please.  The  double  integral  is 
therefore  the  limit  of  the  sum 

^(a)(x,  -  a)  +  ..  ■  +  <t»..-.,,)ix,  ^  x,.,)+  ■■  ; 


e  the  formula 


--£f(',y)<'y- 


(7)  jjj^'''  '■'^'^'^'J  ^L'^I/^'"'  ^^''^■ 

In  the  first  integration  x  is  to  be  regafled  as  a  constant,  but 
the  limits  )',  and  I'j  are  themselves  fimctions  of  x  and  not 
constants. 


Double  iNTEtiUALS 


Example.    Let  us  Iry  to  evaluate  the  double  integral  of  the  function  xi//a 
•vei  the  inl«rior  of  a  quarMr  circle  bounded  by  tbe  axes  and  the  circumfersDce 


The  limita  for  i  are  0  and  R,  and  if  x  ih  cotiBtant,  y  may  vary  from  0  to  V/f  —  r*. 
Hence  tbe  intep'al  ia 

The  value  of  the  latter  integral  la  eaally  shown  to  be  R*/8a. 

When  the  field  of  integration  is  bounded  by  a  contour  of  any  form 
whatever,  it  may  be  divided  into  several  parts  in  such  a  way  that 
the  bound^iry  of  each  part  Is  met  in  at  most  two  points  by  a  parallel 
to  the  y  axis.  We  might  also  divide  it  into  parts  in  such  a  way  that 
the  boundary  of  each  part  would  be  met  in  at  most  two  points  by 
any  line  parallel  to  the  x  axis,  aiid  benin  by  integrating  with  respect 
to  X.  Let  us  consider,  for  example,  a  convex  closed  curve  which  lies 
inside  the  rectangle  formed  by  the  lines  x  =  a,x  =  b,y  =  e,!i  =  d, 
upon  which  lie  the  four  points  .1.  B,  C,  D,  respectively,  for  which  x 
or  y  is  a  minimum  or  a  maxiiimm.^  Let  y,  =  ^1(3:)  and  i/,  =  ^(■') 
be  the  equations  of  thi-  two  arcs  ACB  and  ADB,  respectively,  and 
let  I,  =  ^]  (y)  and  x,  =  iji,  (y)  be  the  equations  of  the  two  arcs  CA  D 
and  CBD,  respectively.  The  functions  ^1(3^)  and  ^(x)  are  continu- 
ous between  a  and  b,  and  il/,(y)  and  ^^{y)  are  continuous  between  c 
and  d.  The  double  integral  of  a  function /l^se,  y),  which  is  continuous 
inside  this  contour,  may  be  evaluated  in  two  ways.  Equating  the 
values  found,  we  obtain  the  formula 


(8) 


£dxj     'j\x,  y)dy=Jd!/£  /{x,  y)d^ 


It  is  clear  that  the  limits  are  entirely  different  in  the  two  integrals. 
Every  convex  closed  contour  leads  to  a  formula  of  this  sort.  For 
example,  taking  the  triangle  bounded  by  the  lines  y  =  0,  x  =  a, 
y  =  a;  as  the  field  of  integration,  we  obtain  the  following  formula, 
which  is  due  to  Lejeune  Diriohlet : 


Is  udTisBd  to  draw 


n.  i  m] 
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ISS.  Auloglai  to  slmpls  integial*.  The  iDtegral  f^  /(tidt,  coDBidered  aa  a 
fuiictluQ  of  X,  bits  ihe  derivative  /{x).  There  eiista  an  analogous  theorem  lor 
double  integrala.  L«t  /(i,  v)  be  a  function  which  is  conlinuoui  inside  a  rec- 
tangle bounded  by  the  Htraight  lines  x  ^  a,  x  =  A,y^b,j/^  B,{a  <A,b<  B), 
The  double  integral  of /(x,  y)  extended  over  a.  rectangle  bounded  by  Clie  lines 
x-=a,  *=  X,ji  =  b,  y  =  Y,(a<X<.A,  6<r<fl), is  a  function  of  the  coordi- 
nates X  and  T  of  the  variable  comer,  that  is. 

Setting  4(z)=J^'/('i^.  y)<i-V,  a  first  differentiation  with  respect  to  X gives 
A  second  diSerentiatioo  with  respect  to  Y  leads  to  the  formula 


The  most  general  function  u(X,  Y)  nhicb  satisfies  the  equation  (6)  is  evi- 
ilenlly  obtained  by  adding  to  F{X,  Y)  a  function  t  whose  second  derivative 
i'^z/bXlY  la  zero.     It  is  therefore  of  the  form 


(10) 


u(x,  n  -  J^'^'ttJ^ V.  y)^y  +  *(^)  +  ny)^ 


where  «(X)  aDdV'(r)  are  two  arbitrar}-  functions  (see  §38).  The  two  arbitrary 
lunclions  may  be  determined  in  sucli  n  way  that  u(X,  Y)  reduces  to  a  given 
function  Y{Y)  when  T  =  a,  and  to  another  given  function  U(X)  when  Y  =b. 
Setting  X  =  a  and  then  ¥  =  b  \n  the  preceding  equation,  we  obtain  the  two 
conditions 

V(Y)  =  pia)  +  *(F) ,         UiX)  =  i.{X)  +  i,{b), 

whence  we  find 

i.{r)  =  ViY)  -  #(a),         f  (i)  =  V{b)  -  *(«).  ♦(X)  =  ('(X)  -  nb)  4-  *(a), 

and  the  formula  (10)  takes  Hie  form 

(II)  u(X,  Y)  =£'dzfj/(z.  y)dy  +  r7(X)  +  HD  -  I  ((.)  ■ 

CoaterBely,  if,  by  any  lueutiH  wlmi(-veT.  a  function  u(X,  y)  has  been  found 
which  satislios  the  equation  (9),  it  is  easy  t«  show  by  methods  similar  to  the 
above  that  the  value  of  the  double  integral  Is  given  by  the  formula 

(IS)      f'^fjfi''  V)dy  =  «{X,  Y)  -  MX.  b)  -  u(o,  n  +  "(a,  6). 

Thia  formols  is  analogous  to  the  fundamental  formula  (A)  on  page  165. 

The  following  funuula  U  in  a  sense  analogous  Co  the  formula  for  integration 
by  parts,     I*l  .:4  be  a  finite  regiou  of  (lie  plane  bounded  by  one  or  more  curves 
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iuj  form.  A  TunctioD  /(z.  y)  whicb  is  coaUDUone  in  A  varies  between  ita 
□d  its  raaxlinuui  V.  Iinagioo  the  contour  Imes  /(x,  g)  =  v  dmwn 
where  n  lies  between  vo  and.  V,  and  suppose  tliat  we  are  able  to  find  the  area  of 
tlie  portion  of  A  for  wliicli  /(x,  ]/)  lies  between  vo  and  r.  Thia  area  is  a  func- 
tion F[v)  wbicb  increaaea  with  n.  and  tbe  area  between  two  neighboring  contour 
lines  is  F(u  +  io)  -  Fie)  =  AvF\ii  +  flin).  If  tliis  area  be  divided  into  infiniteai- 
mal  portions  b;  lines  joining  tbe  two  contour  lioeti,  a  point  ({,  v)  may  be  found 
in  eacti  of  them  such  that  /{(,  •i)  =  v  +  ^.In.  Hence  the  sum  of  tbe  elements 
of  the  doable  integral  fjfdi  dy  which  arise  from  this  region  is 

It  follows  that  tbe  double  integral  is  equal  to  the  limit  of  tbe  sum 

2(>»  +  tfilB)f-(ii  +  PAD}  Ad, 
that  is  to  say.  to  the  simple  integral 

This  method  in  especially  convenient  when  the  field  of  Integratinn  is  bounded 
by  two  contour  lines 

For  example,  consider  the  double  Integral  //  VI  +  a'  +  j/*  dt  dy  extended  over 
the  Interior  of  tbe  circle  i"  +  y^  =  1.  If  we  set  t  =  Vl  +  j:'  +  y^.  the  field  of 
integration  is  bounded  by  the  two  contour  lines  b  =  I  and  n  —  V2,  and  tbe 
function  F\v),  which  is  the  area  of  the  circle  of  radius  Vb°  -  1,  is  equal  to 
s(h'  —  1).     Hence  the  given  double  integral  has  the  value 

r   '2)rii='du  =  — (2V'2-  1).  • 

llie  preceding  formula  is  readily  extended  to  the  double  integral 

ffAx,'y)t{x,!i)dxdy, 

where  F{v)  now  denotes  the  double  integral  //*(z,  y]dxdy  extended  orerthat 
portion  of  the  field  of  integration  bounded  by  the  contour  line  n  =/(z,  v)- 

126.  Green's  theorem.  If  the  function /(:r,  y)  is  the  partial  deriva- 
tive of  a  known  fuiiotion  with  respect  to  either  r  or  ij,  one  of  the 
integrations  may  be  performed  at  once,  leaving  only  one  indicated 
integration.  This  very  simple  remark  leads  to  a  very  important 
formula  which  is  known  as  Green's  theorem. 


ir  by  Catalan 
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INTKUUUCTION       GREEN'S  THEOREM 


Let  UB  consider  first  a  double  integral  j J  dP/dijdxdy  extended 
over  a  region  of  the  plane  bounded  by  a  contour  C,  which  is  mot 
in  at  most  two  points  by  any  line  parallel  to  the  y  axis  (see  Fig.  15, 
p.  188). 

Let  A  and  Ji  be  the  points  of  C  at  which  2  is  a  minimum  and  a 
tnazimum,  respectively.  A  parallel  to  the  y  axis  between  Aa  and 
Bli  meets  C  in  two  jioints  nii  and  vi^  whose  ordinatea  are  y,  and  ijs, 
respectively.  Then  the  double  integral  after  integration  with  respect 
to  y  may  be  written 

But  the  two  integrals  f^ P(x,  yi)dx  and  p P{x,  yt)dx  ate  line 
integrals  taken  along  the  arcs  Am^B  and  Am^B,  respectlTely ;  hence 
the  preceding  formula  may  be  written  iq  the  form 


(13) 


//lf'^*  =  -X,'"^' 


where  the  line  integral  is  to  be  taken  along  the  contour  C  in  the 
direction  indicated  by  the  arrows,  that  ia  t«  say  in  the  positive 
sense,  if  the  axes  are  chosen  aa  in  the  figure.  In  order  to  extend 
the  formula  to  an  area  bounded  by  any  contour  we  should  proceed 
as  above  (§  94),  dividing  the  given  region  into  several  parts  for  each 
of  which  the  preceding  conditions  are  satisfied,  and  applying  the  for- 
mula to  each  of  them.  In  a  similar  manner  the  following  analogous 
form  is  easily  derived  : 


(14) 


JJgj.j„=£w,, 


where  the  line  integral  is  always  taken  in  the  same  sense.     Sub- 
tracting the  equations  (13)  and  (14),  we  find  the  formula 


(.)    i-.«..=ij(i:?--) 


dxdy. 


where  the  double  integral  is  extended  over  the  region  bounded  by  C. 
This  is  Green's  formula ;  its  applications  are  very  important.  Just 
now  we  shall  merely  point  out  that  the  substitution  Q,  =  x.  and 
P  =  —  y  gives  the  formula  obtained  above  (§  94)  for  the  area  of  a 
closed  curve  as  a  line  integral. 
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IL  CHANGE  OF  VARIJLBLES       AREA  OF  A  SURFACE 


In  the  eraJuatioD  of  doable  integrals  we  kare  supposed  op  to  the 
present  that  the  field  of  integraboD  vas  snbdiiided  into  infinitesimal 
rectangles  by  parallels  to  the  two  ooordinate  axes.  We  are  now  going 
to  suppose  the  field  of  integration  snbdiTided  br  anj  two  systems  of 
curres  whaterer. 


197.  PiriiwiBOTy  jsrands.  Let  m  and  r  be  tlie  eodvdmates  of  a  point 
with  respect  to  a  set  of  rectangular  axes  in  a  plane,  x  and  y  the  codr- 
diuates  of  another  point  with  respect  to  a  similarly  chosen  set  of 
rectangular  axes  in  that  or  in  some  other  plane.     The  fonnulsB 

(16)  x=/(y,r),         y  =  4(«,r) 

establish  a  certain  correspondence  between  the  points  of  the  two 
planes.  We  shall  suppose  1}  that  the  functions  ^k,  r)  and  ^Uj  v), 
together  with  their  first  partial  deriTadTeSy  are  continuous  for  aU 
points  (u,  v)  of  the  vr  plane  which  lie  within  or  cm  the  boundary  of 
a  region  A  i  bounded  by  a  contour  Ci ;  2)  that  the  equations  (16) 
transform  the  region  Ai  of  the  Mr  plane  into  a  region  A  of  the 
xi/  plane  bounded  by  a  contour  C,  and  that  a  ome44Hme  oonespond- 
ence  exists  between  the  two  regions  and  between  the  two  contours 
in  such  a  way  that  one  and  only  one  point  of  A  i  ooriesponds  to  any 
point  of  A  ;  3)  that  the  functional  determinant  A  =  Z>(/,  ^)/D(Uy  v) 
does  not  change  sign  inside  of  Ci,  though  it  may  Tanish  at  certain 
points  of  ^1. 

Two  cases  may  arise.  When  the  point  (n,  r)  describes  the  con- 
tour Ci  in  the  positive  sense  the  point  (z,  y)  describes  the  contour  C 
either  in  the  positive  or  else  in  the  negative  sense  without  ever 
reversing  the  sense  of  its  motion.  We  shall  say  that  the  corre- 
spondence is  direct  or  inverse,  respectively,  in  the  two  cases. 

The  area  O  of  the  region  A  is  given  by  the  line  integral 


JiC 


xdy 

iC) 

taken  along  the  contour  C  in  the  positive  sense.     In  terms  of  the 
new  variables  u  and  r  defined  by  (16)  this  becomes 


JiCi) 


where  the  new  integral  is  to  be  taken  along  the  contour  C|  in  the 
positive  sense,  and  where  the  sign  +  or  the  sign  —  should  be  taken 
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Kwicoiding  as  the  con 
1  Green's  theorem  to  tin 
\Q=f  dif,/dv,  we  &ad 


ispondence   is  direct  or   inverse.     Applying 
new  integral  with  x  =  u,v  =  i/,  P  =fi<fi/du, 


:,  applyiog  the  law  of  the  mean  to  the  double  integral, 

'-0(f,  1)' 
r  where  (f,  yj)  is  a  point  inside  the  contour  Ci,  and  Oi  is  the  aiea  of 


(17) 


n  =  ±n, 


9  clear  that  the  sign  +  or  the 
a  A  itself  is  positive  or  negative. 
inverse  aeeording  as  A  is  positive 


the  region  .-I,  in  the  uv  plane. 
sign  —  should  be  taken  according  a 
Hence  fhe  rorrespondence  i»  direct  or 
or  negative. 

The  forniula  (17)  moreover  establishes  an  analogy  between  func- 
tional determinants  and  ordinary  derivatives.  For,  suppose  that  the 
»»giou  ^,approat:heszeroinall  its  dimeuaions,  all  its  points  approach- 
ing a  limiting  point  (u,  )•}.  Then  tlie  region  .1  will  do  the  same,  and 
the  ratio  of  the  two  areas  (1  and  fl,  approaches  as  its  limit  the  abso- 
lute value  of  the  determinant  A.  Just  as  the  ordinary  derivative  is 
the  limit  of  the  ratio  of  two  linear  intiuitesimals,  the  functional 
determinant  is  thus  seen  to  be  the  limit  of  the  ratio  of  two  intinites- 

kitnal  areas.    From  this  point  of  view  the  formula  (17)  is  the  analogon 
of  the  law  of  the  mean  for  derivatives. 


ee  which  we  have  made  concerning  the  correspOTidencB 

ill!  iu(le|)eudeiit.    Thus,  in  order  lliat  the  corrwpond- 

it  is  neceasary  that  A  shuuld  not  change  sign  in  the 

>i  which 


Remarks,  The  hypolhf 
between  A  and  Ai  are  no 
ence  should  be  one-to-oui 

region  At  of  the  vo  plane.  For,  suppose  that  &  vaniehes  along 
divides  the  portion  of  A,  where  A  Is 
positive  from  the  portion  where  A  is 
negative.  Let  us  coiusider  a  small  arc 
mini  of  >i  and  a  small  portion  of  A-i 
which  contains  the  arc  mini.  This 
portion  is  composed  of  two  regions  qi 
and  a(  which  are  separated  by  mini 
(Pig.  26). 

When  the  point  (u,  e)  describes  the 
region  aj.  where  A  is  positive,  the  point 
(z,  v)  describes  a  region  a  Iwunded  by  a 
"■i  "iPi"'!  &nd  mnpm  are  described  Himultaneouslj 


Fro.  28 


innpm,  and  the  t 
the  posilivi 


B  point  (II,  s)  describes  the  region  ai,  where  A  is  negative,  the  point  (x,  y) 


f 
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desoribea  a  re^oD  a'  whose  costour  timqr  U  described  in  the  negative  sense  as 
ti"'i9i'>i  i^  described  in  the  positive  sense.  The  regiuD  a' muel  thansfore 
cover  a.  part  of  the  region  a.  Henoe  to  any  point  (x,  y)  in  the  common  part 
nrm  correspond  two  points  in  t!ie  vv  plane   which  lie  on  either  side  of  the 


line  n 


iii- 


As  an  example  consider  Uie  trangfonuation  X  =  s,  T  =  jfi,  for  which  A  =  2g. 
It  tlie  point  {x,  y)  describes  a,  closed  region  which  encloses  a,  segment  ab  of  ILe 
z  axis,  it  is  evident  that  the  point  (.T,  Y)  describes  two  regions  both  of  which 
lie  above  the  .Vaxis  and  both  of  which  are  bounded  h;  thesainesegment  .IBof 
that  axia,  A  sheet  of  paper  folded  UigelUer  along  a  straight  line  drawn  upon  il 
g^ves  a  clear  Idea  of  the  nature  of  tlie  region  described  by  iJie  point  (X,  T). 

The  condition  that  A  should  preserve  the  same  sign  throughout  vl|  is  not  suf- 
ficient for  one-to-one  correspondence.  In  Ihe  example  A'  ~  x^  —  y^.  T  =  ^xy, 
the  Jacohian  4  =  4(z"  4-  ]/')  is  always  positive.  But  it  (r,  B)  and  (IJ,  u)  are  the 
polar  cottrdinates  of  the  poinU  (x,  y)  and  (X,  F),  respectively,  the  formalEB  of 
transformation  ma;  be  written  in  the  form  R'—  r^,  w  =  2  A  As  r  varies  from  a 
to  b{a<b)  and  8  varies  from  Olo)t  +  a(0<(r< ?r/2),  the  pnint  (fl,  «)  describes 
a  circular  ring  bounded  by  two  circles  ot  radii  a*  and  6^.  But  lo  every  value  of 
the  angle  u  between  0  and  2a  correspond  two  values  of  B,  one  of  which  lies 
between  0  and  it,  the  other  between  it  and  jt  •\-  a.  Tlje  region  described  by  the 
point  (X,  T)  may  be  realized  by  forming  a  circular  ring  of  paper  which  partially 
overlaps  itself. 


128.  TraiiBfoniuttlon  of  double  integrals.  First  method.  Retaining 
the  hypotheses  made  above  conceniing  the  regions  A  and  A ,  and  the 
formulie  (16),  let  us  consider  a  funution  F(x,  y)  which  is  continuous 
in  the  region  A.  To  any  subdivision  of  tlie  region  J,  into aubregions 
(ti,  ((„•■-,«,  corresponds  a  subdivision  of  the  region  .4  into  aub- 
regions A],  a,,  "  ■,  u,.  Let  ai;  and  tri  be  the  areas  of  the  two  corre- 
sponding subregions  a,  and  R,,  respectively.    Ttieu,  by  formula  (17), 

where  u^  and  Uj  are  the  coordinates  of  some  point  in  the  region  a,. 
To  tliis  point  {»,,  v,)  corresponds  a  point  x,  =f(ui,  i-,),  .i/,.  =  <(if",,  i\) 
of  tlie  region  «,.  Hence,  setting  *(«,  v)  =  F[/(u,  c),  <^(w,  c)],  we 
may  write 


:F(.r, 


'/,)«.  =X*'"-'"'' 


ZJ(«i,  o,) 


whence,  passing  to  the  limit,  we  obtain  the  formula 
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HencA  to  perform  a  transformation  in  a  double  integral  x  and  ij  ahonld 
be  replaced  hi/  their  valves  as  fitnctions  of  the  new  variables  v  and  v, 
and  da: dj/  should  be  replaced  by  \L^\dudv.  We  have  seen  already 
how  the  new  field  of  integration  is  determined. 

In  order  to  find  the  limits  between  which  tlie  integrations  should 
be  performed  in  the  calculation  of  the  new  double  integral,  it  is  in 
general  unnecessary  to  construct  the  contour  Ci  of  the  new  field 
of  integration  .li-  For,  let  us  consider  ii  and  r  as  a  system  of 
curvilinear  coiirdinatea,  and  let  one  of  the  variables  u  and  v  in  the 
formulae  (16)  be  kept  constant  while  the  other  varies.  We  obtain 
in  this  way  two  systems  of  curves  u  =  const,  and  v  =  const.  By 
the  hypotheses  made  above,  one  and  only  one  curve  of  each  of  these 
families  passes  through  any 
given  point  of  the  region  A. 
Let  us  suppose  for  detinite- 
ness  that  a  curve  of  the 
family  v  =  const,  meets  the 
contour  C  in  at  most  two 
points  M^  and  M^  whicli  cor- 
respond to  values  u,  and  u, 
of  u  (u,  <  wj),  and  that  each 
of  the  (m)  curves  which  meets 
the  contour  C  lies  between 
the  two  curves  i'  =  a  and 
V  =  b  {a<b).  In  this  case 
we  should  integrate  first 
with  regard  to  u,  keepijig  j' 
to  u„  where  Ui  and  c,  are  in 
grate  this  result  betwi 

The  double  integral 


constant  and  letting  m  vary  from  «, 
general  functions  of  i',  and  then  inte- 

.  the  limits  a  and  b. 

therefore  equal  to  the  expression 


jT^J'nyt",  !•).*(",  .ojiii*'. 


A  change  of  variables  amounts  essentially  to  a  subdivision  of  the 
field  of  integration  by  means  of  the  two  systems  of  curves  (u)  and  (r). 
Let  w  be  the  area  of  the  curvilinear  quadrilateral  bounded  by  the 
curves  (u),  (h  +  dii),  (w),  (i'  +  i/c).  where  du  and  dv  are  positive. 
To  this  quadrilateral  corresponds  in  the  uv  plane  a  rectangle  whose 
sides  are  (2u  and  (/(r.  Then,  by  formula  (17),  ui  =  |A(£,  i;){  i/ut^v,  where 
i  lies  between  v  and  u  +  du,  and  ij  between  o  and  v  +  dv.  The  expres- 
■ion  |A(u,  v)\dudv  is  called  the  element  of  area  in  the  system  of 


268  DOUBLE  INTEGRALS  [VI.  §129 

coordinates  (u,  v).  The  exact  value  of  o>  is  »  =  ||  A(u,  v)\'\-€\du dv, 
where  c  approaches  zero  with  du  and  dr.  This  infinitesimal  may  be 
neglected  in  finding  the  limit  of  the  sum  l,F(x,  y)  »,  for  since  A(iiy  v) 
is  continuous,  we  may  suppose  the  two  {u)  cunres  and  the  two 
(u)  curves  taken  so  close  together  that  each  of  the  c's  is  less  in  ab- 
solute value  than  any  preassigned  positive  number.  Hence  the  abso- 
lute value  of  the  sum  %F{x,  y)€dudv  itself  may  be  made  less  than 
any  preassigned  positive  number. 

129.  Examples.  1)  Polar  coordinates.  Let  us  pass  from  rectangu- 
lar to  polar  coordinates  by  means  of  the  transformation  x  =  p  cos  », 
y  =^  P  sin  01.  We  obtain  all  the  points  of  the  xy  plane  as  p  varies 
from  zero  to  +  oo  and  oi  from  zero  to  27r.  Here  A  =  p ;  hence  the 
element  of  area  is  p  dia  dp,  which  is  also  evident  geometrically.  Let 
us  ti;y  first  to  evaluate  a  double  integral  extended  over  a  portion  of 
the  plane  bounded  by  an  arc  AB  which  intersects  a  radius  vector  in 
at  most  one  point,  and  by  the  two  straight  lines  OA  and  OB  which 
make  angles  oii  and  012  with  the  x  axis  (Fig.  17,  p.  189).  Let 
R  =  ^(01)  be  the  equation  of  the  arc  A  B.  In  the  field  of  integration 
<a  varies  from  <ui  to  o>2  and  p  from  zero  to  R.  Hence  the  double  inte- 
gral of  a  function  f(x,  y)  has  the  value 


da.  I 


f(  p  COS  01,  p  sin  ia)pdp. 


If  the  arc  ^4^  is  a  closed  curve  enclosing  the  origin,  we  should 
take  the  limits  oi^  =  0  and  012  =  27r.  Any  field  of  integration  can 
be  divided  into  portions  of  the  preceding  types.  Suppose^  for 
instance,  that  the  origin  lies  outside  of  the  contour  C  of  a  given 
convex  closed  curve.  Let  OA  and  OB  be  the  two  tangents  from 
the  origin  to  this  curve,  and  let  Ri  =/i(oi)  and  Ra  =f^{ia)  be  the 
equations  of  the  two  arcs  ANB  and  A  MB,  respectively.  For  a 
given  value  of  01  between  oi^  and  0)3,  p  varies  from  Rx  to  i?,,  and 
the  value  of  the  double  integral  is 


t\  p  cos  01,  p  sin  to)  pdp. 


2)  Elliptic  courdinates.    Let  us  consider  a  family  of  confocal  conies 
(19)  -  +  -^-  =.  1 , 


CHANGE  OF   VARIABLES 


where  \  denotes  an  arbitrary  parameter.     Through  eTery  point  of  the  plane  pass 
two  ooulcs  of  this  family,  —  an  ellipse  and  an  hyperbola,  —  for  the  equation  (19) 


has  one  root  "K  greater  than  e*,  and  another  pOHiUve  root  /i  jesa  tban  f^,  for  an; 
valuea  of  z  and  >/.  From  (19)  and  from  the  analogous  equation  where  X  is 
replaced  by  m  we  find 

(20)       x.^".       ,.vl>-'^<"-rt,       „<.<^j,. 


To  avoid  ambiguity,  we  shall  consider  only  the  first  quadrant  in  the  z^  plane 
This  region  coireHpoudA  |)oint  for  poiiit  in  a  one-U)-one  manner  to  the  region  o 
the  Xf(  plane  which  ia  bounded  by  the  straight  lines 


II  is  evident  from  the  formulie  (20)  that  when  the  point  (X,  /t)  describes  the 
boundary  of  this  region  In  the  direction  indicated  by  the  arrows,  the  point  (z,  vj 
deKribea  the  two  axes  Ox  and  Oy  in  the  sense  indicated  by  the  arrows.  The 
transIbmiatiDU  is  therefore  inverse,  which  is  verified  by  calculating  A : 


I 


I    V\h(X-csKc" 


■") 


130.  Transfonnation  of  double  integrals.  Second  method.  We  shall 
now  derive  tlie  general  formula  (18)  by  another  method  which 
depends  solely  upon  the  rule  for  calculating  a  double  integral.  We 
shall  retain,  however,  the  hypotheses  made  above  concerning  the 
correspondence  between  the  points  of  the  two  regions  A  and  Ai- 
If  the  formula  ia  correct  for  two  particular  transformations 


(.'/=</■ 


'■). 


it  is  evident  that  it  ia  also  correct  for  the  transformation  obtained 
by  carrying  nut  the  two  transformations  in  succession.  This  follows 
ftt  once  from  the  fundamental  jiroperty  of  functional  determinants 


c(>,',  «5 


^(g,  y)   

"2)(,.,  >0J)(«',  «') 
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Similarly,  if  the  formula  holds  for  several  regions  Ay  By  C,  •  •  •,  Z, 
to  which  correspond  the  regions  Ai,  Hi,  Cu  •••,  Li,  it  also  holds  for 

the  region  .1  -\-  li  +  C  -\ h  L.     Finally,  the  formula  holds  if  the 

transformation  is  a  change  of  axes : 

x  =  Xfi-\-  x'  COS  it  —  y'  sin  a,         y  =  y©  +  ^'  sin  a  -f  y'  cos  a. 

Here  A  =  1,  and  the  equation 


J  J(A) 


F(Xy  y)  dx  dy 


J  JiA') 


F(j-o  +  x'  COS  a  —  y'  sin  a,  y^  +  x*  sin  a  +  y'  cos  a)dx'dy' 


is  satisfied,  since  the  two  integrals  represent  the  same  volume. 

We  shall  proceed  to  prove  the  formula  for  the  particular  trans- 
formation 


(21) 


^  =  *(-^',  y") » 


y  =  y\ 


which  carries  the  region  A  into  a  region  A '  which  is  included  between 
the  same  parallels  to  the  x  axis,  y  =  yo  and  y  =  y^.  We  shall  sup- 
pose that  just  one  point  of  .1  corresponds  to  any  given  point  of  .4'  and 

conversely.    If  a  paral- 


y 


o 


~^^' 


Fio.  L^J 


lei  to  the  X  axis  meets 
the  boundary  C  of  the 
region  A  in  at  most  two 
points,  the  same  will  be 
true  for  the  boundary 
C  of  the  region  ^ '.  To 
any  pair  of  points  wi© 

and  7»i  on  C  whose  or- 

dinates  are  each  y  cor- 
respond two  points  m'o 
and  vi[  of  the  contour  C".  But  the  correspondence  may  be  direct  or 
inverse.  To  distinguish  the  two  cases,  let  us  remark  that  if  d^/dx^  is 
positive,  x  increases  with  x\  and  the  points  mo  and  mx  and  m^  and 
m[  lie  as  shown  in  Fig.  29 ;  hence  the  correspondence  is  direct.  On 
the  other  hand,  if  c4>/dx*  is  negative,  the  correspondence  is  inverse. 
I>et  us  consider  the  first  case,  and  let  0*0,  Xi,  Xq,  x[  be  the  abscissae 
of  the  points  ttiq,  Wi,  twq,  mj,  respectively.  Then,  applying  the  for- 
mula for  change  of  variable  in  a  simple  integral,  we  find 

r  F{x,  y)dx=f  F[^{x\  y'),  y']  |^,rfx', 


) 


» 
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where  y  and  y'  are  treated  as  constants.     A  single  integration  gives 
the  formula 

j  dyj  'f(x,  y)  dx  ^J  dy'£  'F[*(a:',  y'),  y.']  |^  dx'. 

But  the  Jacobian  A  reduces  in  this  case  to  8ip/dx',  and  hence  the 
preceding  formula  may  be  written  in  the  form 

This  foimula  can  he  established  in  the  same  manner  if  b^/bx'  is 
negative,  and  evidently  holds  for  a  region  of  any  form  whatever. 

In  an  exactly  similar  manner  it  can  be  shown  that  the  trans- 
formation 

(22)  X  =  x;         y  =  ,^t^',  y') 
leads  to  the  formula 

[  irhere  the  new  field  of  integration  .1'  corresponds  point  for  point  to 
'  the  region  A. 

Let  us  now  consider  the  general  formulae  of  transformation 

(23)  y^A^u!/,),    ,   y=/,(^.,j,). 

'  where  for  the  sake  of  simplicity  (j;,  y)  and  (k,,  y,)  denote  the  coor- 

,    dinates  of  two  corresponding  points  in  and  M^  with  respect  to  the 

'   game  system  of  axes.     Let  .1  and  .1 1  Ije  the  two  corresponding  regions 

bounded  by  contours  C  and  Ci,  respectively.     Then  a  third  point  m', 

whose  coordinates  are  given  in  terms  of  those  of  m  and  3f,  by  the 

relations  x'  =  Xi.  y'  =  y,  will  describe  an  auxiliary  region  A',  which 

for  the  moment  we  shall  assume  corresponds  point  for  point  to  each 

;  of  the  two  regions  A  and  -l,.     The  six  quantities  x,  y,  x^,  y„  x',  y' 

satisfy  the  four  equations 

=A^uy\)'      y=/i(«i,i/i).       x'  =  x^y      y'  =  }/, 

\  whence  we  obtain  the  relations 

(24)  x'  =  x„        y'=fi(x„yi), 

I  nrhioh  define  a  transformation  of  the  type  (22).  From  the  equation 
=A(x',  y,)  we  find  a  relation  of  the  form  y,  =ir(x',  y')\  benoe 
\  we  may  write 

(25)  j-=/(y,  „)=*(''.  rt,      y-if- 
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The  given  tranaformation  (23)  amounts  to  a  comb  mat  ion  of  the  two 
tranaformations  (24j  and  (25),  for  each  of  which  the  genera!  formula 
holds.  Therefore  the  same  formula  holds  for  the  transformation  (23). 
Remark.  We  assumed  above  tliat  the  region  described  by  the 
point  m'  corresponds  point  for  point  to  each  of  the  regions  .1  and 
.1,.  At  least,  this  can  always  be  brought  about.  For,  let  us  con- 
sider the  curves  of  the  region  .4,  which  correspond  to  the  straight 
lines  parallel  to  the  t  axis  in  A.  If  these  curves  meet  a  parallel  to 
the  y  axis  in  just  one  point,  it  is  evident  that  just  one  point  m'  of 
A'  will  correspond  to  any  given  point  m  of  A.  Hence  we  need 
merely  divide  the  region  .1,  into  parts  so  small  that  this  condition 
is  satisfied  in  each  of  them.  If  these  curves  were  parallels  to  the 
If  axis,  we  should  begin  by  making  a  change  of  axes. 

131.  Area  of  a  curved  surface.  Let  >S  be  a  region  of  a  curved  sur- 
face free  from  singular  points  and  bounded  by  a  contour  r.  Let  .S 
be  subdivided  in  any  way  whatever,  let  jt,.  be  one  of  the  subregions 
bounded  by  a  contour  y,,  and  let  m,  be  a  point  of  «,.  Draw  the  tan- 
gent plane  to  the  surface  5  at  the  point  ni,,  and  suppose  s^  taken  so 
small  that  it  is  met  in  at  most  one  point  by  any  perpendicular  to 
this  plane.  The  contour  y,  projects  into  a  curve  y,'  upon  this  plane ; 
we  shall  denote  the  area  of  the  region  of  the  tangent  plane  bounded 
by  y',  by  (t,  .  As  the  number  of  subdivisions  is  increased  indefinitely 
in  such  a  way  that  each  of  them  is  infinitesimal  in  all  its  dimensions, 
the  sum  Str^  approaches  a  limit,  and  this  limit  is  called  the  area  of 
the  region  S  of  the  yiven  surface. 

Let  the  rectangular  coordinates  x,  j/,  «  of  a  point  of  S  be  given  in 
terms  of  two  variable  parameters  u  and  v  by  means  of  the  equations 

(26)         x=f(u,v),      ■   y  =  ^(u,v),         z  =  ^(u,v), 

in  such  a  way  that  the  region  .s'  of  the  surface  corresponds  point  for 
point  to  a  region  R  of  the  un  plane  bounded  by  a  closed  contour  C. 
We  shall  assume  that  the  functions/,  i^,  and  ip,  together  with  their 
first  partial  derivatives,  are  continuous  in  this  region.  Let  R  be 
subdivided,  let  r^  be  one  of  the  subdivisions  bounded  by  a  contour  (r,, 
and  let  m,  be  the  area  of  r,.  To  r,  corresponds  on  .V  a  subdivision  s^ 
bounded  by  a  contour  y^.  Let  o-,  be  the  corresponding  area  upon  the 
tangent  plane  defined  as  above,  and  let  us  try  to  find  an  expression 
for  the  ratio  tr,/«,-. 

Let  IT,,  j3,',  y,  be  the  direction  cosines  of  the  normal  to  the  surface  A' 
at  a  point  mt{Xf,  iji,  x^  of  «,  which  corresponds  to  a  point  (u^,  Vf) 
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of  rj.  Let  us  take  the  point  m^  as  a  new  origin,  and  as  the  new  axes 
the  normal  at  m,  and  two  perpendicular  Hnea  m,  A'  and  m,  V  in  the 
tangent  plane  whose  direction  cosines  with  respect  to  the  old  axes  are 
tt',  ff,  y'  and  a",  p".  y",  respectively.  I*t  A',  i',  Z  be  the  coordinates 
of  a  point  on  the  surface  S  with  respect  to  the  new  axes.  Then, 
by  the  well-known  formulie  for  transfonitation  of  coordinates,  ws 
shall  have 

Y=c-\z-  «■,)  +  /S"(y  -  K)  +  ,>  - 1,) , 

^  =  ",(*-»,) +A(y-»)  + T.  ("-«.)• 

The  area  tr,  is  the  area  of  that  portion  of  the  KY  plane  which  is 

bounded  by  the  closed  curve  which  the  point  iX,  Y)  describes,  as 

the  point  («,  V)  describes  the  contour  c,.     Hence,  by  §  127, 

_      z)(.v,  y) 

'■-"'Idw,.;)!- 

where  i<|  and  m\  are  the  coordinates  of  some  point  inside  of  r, .  An 
easy  calculation  now  leads  us  to  the  form 

z)(»i, ,.;)     ('■i'     ""c(«j,  .1) 


i-(y'""- 


-V)7 


!-(»' 


P(.Y.  Y) 


Applying  the  general  formula  (17),  i 


' D(«;, .;)  ■ '  '^     "-'CO,;,-:.)' 

or,  by  the  well-known  relations  between  the  nine  direction  cosines, 

e  therefore  obtain  the  equation 

where  nj  and  c,-  are  the  coordinates  of  a  point  of  the  region  r;  in  the 
w>  plane.  If  this  r^ion  is  very  small,  the  point  (u,',  vj)  is  very  near 
the  point  (M(,  c,),  and  we  may  write 

D(y,z)    ^   D(y,z)  Djz,  r)    _    D{z, 

D{y,  i 


Sa|:=  Saif  Oi 


-yi*J'|. 


where  the  absolute  value  of  B  does  not  exceed  unity.     Since  the 
derivatives  of  the  functions  /,  ^,  and  ^  are  continuous  in  the 
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* 
region  R,  we  may  assume  that  the  regions  r,  have  been  taken  so 
small  that  each  of  the  quantities  c,,  cj,  cj'  is  less  than  an  arbitrarily 
preassigned  number  i;.  Then  the  supplementary  term  will  certainly 
be  less  in  absolute  value  than  SrjQ,  where  Q  is  the  area  of  the 
region  R.  Hence  that  term  approaches  zero  as  the  regions  «, 
(and  r^)  all  approach  zero  in  the  manner  described  above,  arid  the 
sum  So-j  approaches  the  double  integral 


^  DQj,  z)   ^   p  D{z,  X)   ^    ^  n(x,  y) 


dudv, 


where  a,  p,  y  are  the  direction  cosines  of  the  normal  to  the  surface  ^ 
at  the  point  (u,  i^). 

Let  us  calculate  these  direction  cosines.     The  equation  of  the 
tangent  plane  (§  39)  is 

^  ^  D{u,  v)       ^  ^^  D(u,  v)       ^  '  D(u,  v)         ' 

whence 

a       _       P       _       y        _  :^1 

D(Uy  v)       D(u,  v)       D{u,  v)       y  LD{Uy  v)J 

Choosing  the  positive  sign  in  the  last  ratio,  we  obtain  the  formula 

Z)(y,  z)  D(z,  X)  D(x,  y) 

D(Uy  v)       ^  D{Uy  v)      ^  D{u,  v) 


= ^/f^^^-  "HV  f''^"-  ^nv  r^^g^- 

The  well-known  identity 

(ab'  -  bay  +  {be'  -  cby  +  (ca'  -  ac^ 

=  {a^  +  b^-\-  c'){a'^  +  b'^  -f  c'^)  -  (aa'  +  bb'  +  ccy, 

which  was  employed  by  Lagrange,  enables  us  to  write  the  quantity 
under  the  radical  in  the  form  EG  —  F\  where 

m   B^si^ij.   -^Iflf.   «-^(|f)' 

the  sjrmbol  S  indicating  that  a;  is  to  be  replaced  by  y  and  z  succes- 
sively and  the  three  resulting  terms  added.  It  follows  that  the  area 
of  the  surface  5  is  given  by  the  double  integral 

(28)  A  =  /   r  -y/EG-F^dudu. 

J  J(R) 
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The  fiinctioDS  R,  F,  and  G  play  an  important  part  in  the  theory 
of  surfaces.  Squaring  the  expressions  for  dx,  dy,  and  dz  and  adding 
the  results,  we  iind 

(29)        da*  =  dx*  +  dy*  +  ds^  =  E  du"  +  2Fdudv  +  G  dv\ 
It  is  clear  that  these  quantities  E,  F,  and  G  do  not  depend  upon 
the  choice  of  axes,  but  solely  upon  the  surface  S  itself  and  the  inde- 
pendent variables  u  and  c     If  the  variables  u  and  c  and  the  sur- 
face -S'  are  all  real,  it  is  evident  that  EG  —  F'  must  be  positive, 

132.  Surface  element.  The  expression  -^EG  —  F'dudv  is  called /Ae 
element  of  area  of  the  surface  S  iu  the  system  of  coordinates  (h,  ir). 
The  precise  value  of  the  area  of  a  small  ]>ortion  of  the  surface  bounded 
by  tlie  curves  (u),  {u  +du),  (u),  (.;  +dw)  is  {-\/eo  -  F''  +  t)du<iv, 
where  i  approaches  zero  with  du  and  dv.  It  is  evident,  as  above, 
that  the  term  t  du  du  is  negligible. 

t'ertain  considerations  of  differential  geometry  confirm  this  result. 
For,  if  the  portion  of  the  surface  in  question  be  thought  of  as  a  small 
curvilinear  parallelogram  on  the  tangent  plane  to  N  at  the  point  (m,  v), 
its  area  will  be  equal,  approximately,  to  the  product  of  the  lengths 
of  its  sides  times  the  sine  of  the  angle  between  the  two  curves  (u) 
and  (r).  If  we  further  replace  the  inerepient  of  arc  by  the  diifer- 
ential  ds,  the  lengths  of  the  sides,  by  formula  (29),  are  v£ du  and 
Vodv,  if  du  and  do  are  taken  positive.  The  direction  parameters  of 
the  tangents  to  the  two  curves  (u)  and  (c)  are  Sx/i>ii,  Sy/du,  dzjdu 
and  cx/dv,  oyfdv,  dz/dv,  respectively.  Hence  the  angle  a  between 
them  is  given  by  the  formula 

^dxdx 
"  du  dr  F 


^si^S^^' 


whence  sin  n  =  Veg  —  F'/V^EG.  Forming  the  product  mentioned, 
we  find  the  same  expression  as  that  given  above  for  the  element  of 
area.  The  formula  for  cos  a  shows  that  F  =  0  when  and  only  when 
the  two  families  of  curves  (u)  and  (w)  are  orthogonal  to  each  other. 
When  the  surface  .S'  reduces  to  a  plane,  the  formulae  just  found 
reduce  to  the  formuUr.  fmmd  in  §  128.  For,  if  we  set  f(u,  f)  -  0, 
we  find 


E  = 


^m 


F=~- 


utlh 
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whence,  by  the  rule  for  squaring  a  determiriaDt, 


9y  dj/_ 


Hence  VfiG  —  F'  reduces  to  |i(. 

Examples.  1)  To  Jind  Ike  area  of  a  region  of  a  surface  whose  equa- 
tion M  a  —f(x,  y)  which  pntjeets  on  the  x\j  plane  into  a.  region  R  in 
which  the  function  f{x,  y),  together  with  itg  derivatives  p  =  Sf/dx  and 
q  =  dfjdi/,  is  cnntiniwua.  Taking  x  and  g  as  the  independent  vari- 
ables, we  find  £  =  1  -f  /)',  F  =  pq,  G  =  1  +  j',  and  the  area  in  ques- 
tion ii 


(30) 


'en  by  the  double  integral 

A  =  j  j    y/l  +  p'  +  q^dx dy  = 
s  the  acute  angle  between  the  x  a 


SL 


3  and  the  normal  to  the 


where  y 
surface. 

2)   To  calculate  the  area  of  the  region  of  a  surface  of  reaolutitm 
between  two  plane  sections  perpendicular  to  the  axis  of  revolution. 

Let  the  axis  of  revolution  be  taken  as  the  x  axis,  and  let  z  ~f(x) 
lie  the  equation  of  the  generating  curve  in  the  xz  plane.  Then  the 
coordinates  of  a  point  on  the  surfa'^e  are  given  by  the  equations 


=  p  cos  U), 


=  psmu, 


=Ap), 


where  the  independent  variables  p  and  u  are  the  polar  co6rdinates  of 
the  projection  of  the  point  on  the  xg  plane.    In  this  case  we  have 

E^l+f^ip),         F=0,  G  =  p\ 

To  find  the  area  of  the  portion  of  the  surface  bounded  by  two  plane 
sections  perpendicular  to  the  axis  of  revolution  whose  radii  are  pi  and 
Pt,  respectively,  p  should  be  allowed  to  vary  from  p,  to  pa  (pi<  p^)  and 
01  from  zero  to  2Tr.    Hence  the  required  area  is  given  by  the  integral 

A  =j"  dpj^    pVl  +  /"{p)rf«"  =  SttJ"  p^l+f\p)dp. 


and  can  therefore  be  evaluated  t 
the  arc  of  the  generating  (iurve, 


7  a  single  quadrature.     If  s  denote 

>v[i+/"(p)], 
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and  the  preceding  formula  may  be  written  id  the  form 


=  /     27rpds. 


The  geometrical  interpretation  of  thia  result  is  easy :  2vp  dg  is 
the  lateral  ai'ea  of  a  frustum  of  a  eone  whose  slant  height  ia  ds  and 
whose  mean  radius  is  p.  BepLacing  the  area  between  two  seotioDs 
whose  distance  from  each  other  is  infinitesimal  by  the  lateral  area 
of  such  a  frustum  of  a  cone,  we  should  obtain  precisely  the  above 
formula  for  A. 

For  example,  on  the  paraboloid  of  revolution  generated  by  revolv- 
ing the  parabola  a:'  =  2pz  about  the  z  axis  the  area  of  the  section 
between  the  vertex  and  the  circular  plane  section  whose  radius  is  r  is 


2-n- 


[(r'+i>')t-p']. 


in.   GESKRALIZATIONS  OF  DOUBLE  INTEGRALS 
IMPROPER  INTEGRALS      yURFACE  INTEGRALS 

133.  Improper  integirals.  Let  f(x,  y)  be  a  function  which  is  con- 
tinuous in  the  whole  region  of  the  plane  which  lies  outside  a  closed 
contour  T.  The  double  integral  of  f(x,  y)  extended  over  the  region 
between  r  and  another  closed  curve  C  outside  of  r  has  a  finite  value. 
If  this  integral  approaclies  one  and  the  same  limit  no  matter  how 
C  varies,  provided  merely  that  tlie  distance  from  the  origin  to  the 
nearest  point  of  C  becomes  infinite,  this  limit  is  defined  to  be  the 
value  of  the  double  integral  extended  over  the  whole  region 
outside  r. 

Let  us  assume  for  the  moment  that  the  function  f(x,  y)  has  a 
constant  sign,  say  positive,  outside  F.  In  this  case  the  limit  of  the 
double  integral  is  independent  of  the  form  of  the  curves  C.  For, 
let  Ci,  C,,  ■  ■  •,  r,,  •  ■  ■  be  a  sequence  of  closed  curves  ea^^h  of  which 
encloses  the  preceding  in  such  a  way  that  the  distance  to  the  nearest 
point  of  C„  becomes  infinite  with  n.  If  the  double  integral  /,  extended 
over  the  region  between  F  and  C„  approaches  a  limit  /,  the  same  Vill 
be  true  for  any  other  sequence  of  curves  C{,  CJ,  •■-,  C'^,  ■•-  which 
satisfy  the  same  conditions.  For,  if  l'„  be  the  value  of  the  double 
integral  extended  over  the  region  between  F  and  C'„,  n  may  be 
chosen  so  large  that  the  curve  C,  entirely  encloses  C^,  and  we 
shall  have  l'„<  1,<  I.     Moreover  Z^,  increases  with  m.     Hence  l'„ 
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has  a  limit  /'  ^  /.     It  follows  in  the  same  manner  that  /  ^  /'.    Hence 
/'  =  /,  i.e.  the  two  lijnits  are  equal. 

Aa  an  example  let  us  consider  a  function  f(x.,  y),  which  outside  a 
circle  of  radius  r  about  the  origin  as  center  is  of  the  form 


/(*.  y)  -- 


<(>{^yy)  , 


(^'  +  yy 

where  the  value  of  the  numerator  \p{x,  y)  remains  between  two  posi- 
tive numbers  m  and  M.  Choosing  for  the  curves  C  the  circles 
concentric  to  the  above,  the  value  of  the  double  integral  extended 
over  the  circular  ring  between  the  two  circles  of  radii  r  and  R  is 

given  by  the  iletinite  integral 

C'dm   f  '^(P™^'^-PSinm)prfp 

It  therefore  lies  between  the  values  of  the  two  expressions 

Jr       P"  J,       P""' 

By  §  90,  the  simple  integral  involved  approaches  a  limit  as  R 
increases  indefinitely,  provided  that  2a—l>l  or  a>l.  But  it 
becomes  infinite  with  /(  if  irjl. 

If  no  closed  curve  can  be  found  outside  which  the  function  _/(x,  y) 
has  a  constant  sign,  it  can  be  shown,  as  in  g  89,  that  the  integral 
ff/{x,  y)  dx  di/  approaches  a  limit  if  the  integral  // 1  f(r,  y)  \  dx  dy 
itself  approaches  a  limit.  But  if  the  latter  integral  becomes  iuHnite, 
the  former  integral  is  indeterminate.  The  following  example,  due 
to  Cay  ley,  is  interesting.  Let  ^a:,  ^)  =  sin(3r'  +  y*),  and  let  uh  inte- 
grate this  function  first  over  a  square  of  side  n  formed  by  the  axes 
and  the  two  lines  x  =  a,  y  —  a.    The  value  of  this  integral  is 


M- 


(x'  -1-  t)dy 

=  I    sina;'rfx  x    (    cosy'rfy-f-  I    v.a&x'dx  x    (    ainy^dy. 

As  ft  increases  indefinitely,  each  of  the  integrals  on  the  right  has 
a  limit,  by  §  91.  This  limit  can  be  shown  to  be  V7r/2  in  ea«h  case; 
hence  the  limit  of  the  whole  right-hand  side  is  tt.  On  the  other 
hand,  the  double  integral  of  the  same  function  extended  over  the 
quarter  circle  boimded  by  the  axes  and  the  circle  x*  -(-  y  =  if'  is 
equal  to  the  expression 
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r-f' 


lp=*/p  =  -  -[C0Sp'']J=  j[l-COBif»]. 


which,  as  II  becomes  infinite,  oscillates  between  zero  and  7r/2  and 
'does  not  approai'h  any  limit  whatever. 

We  should  define  in  a  similar  manner  the  double  integral  of  a 
function  f(.r,  i/)  which  becomes  infinite  at  a  point  or  all  along  a  line. 
First,  we  slioidd  remove  the  point  (or  the  line)  from  the  field  of 
integration  by  surrounding  it  by  a  small  contour  (or  by  a  contour 
very  close  to  the  line)  which  we  should  let  diminish  indefinitely. 
For  example,  if  the  function /(x,  y)  can  be  written  in  the  form 


/('.  'J)  - 


*<■'■  y) 


[('-«)■+&-»)■:- 

in  the  neighborhood  of  the  point  (a,  h),  where  ^(ar,  y)  Hea  between 
two  positive  numbers  m  and  ^f,  the  double  integral  of  /(x,  y) 
extended  over  a  region  about  the  point  (a,  i)  which  contains  no 
other  point  of  discontinuity  has  a  finite  value  if  and  only  if  a  is 
less  than  unity. 

134.  The  fanction  B(p,  q).  We  have  U8umed  above  that  the  contour  C. 
lecedes  iu'lellnitely  in  every  direction.  But  it  is  evident  Ibat  we  may  also  sup- 
pose tliat  nnly  a  certain  portion  recedes  to  iiiftnity.  Thia  ia  the  case  In  tiie  above 
example  of  Cajley's  and  also  io  Uie  followiJig  example.    Lei  ue  take  the  function 

/(I,  i/)  =  4i»)'-'i/*i-'e-''-»', 

where  p  and  q  are  eaeh  positive.  This  function  la  continuoua  and  positive  in  tbe 
Srat  (juodmnt.  Integrating  lirst  over  tiie  square  of  side  a  bounded  by  the  axes 
and  tbe  iines  x  =  a  aud  ir  =  a,  we  find,  for  tlie  value  of  tbe  double  inlegral, 


r  2r'J'-'r'''tr  X  /""2v^«-ie-»*(I|/. 


Eacb  of  tlieee  integrais  appmacbes  n  limit  as  a  beivmies  inflnil^.     For.  by  the 
definition  ot  tbe  function  r(p)  iu  $  »2, 

r(p)=_£*V-ie-M(. 
wlienoe,  setting  t  =  z*.  we  find 

(31)  r(P)=f    ''iz'^>--U-^dx. 

Henct  the  double  integral  approaclie«  tbe  limit  r(p)  Vifi)  u  a  becomea  Inflnile. 
Let  us  DOW  Integrate  over  the  quarter  circle  bounded  by  tbe  axes  and  tbe 
circle  a3  +  v*  =  B'-     Tlie  value  of  the  double  integral  in  polartoijrdi nates  in 


'"dpAfh 
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Ab  S  becomea  infinite  this  product  approaches  tha  limit 

np  +  q)Bip.g). 
where  we  have  ut 

(32)  Bip.  g)=f*2 CO*"!-- 1* 8iii'«-i f, d-p . 

Eipreasing  lUe  (act  that  these  two  limita  mual  be  the  Baine,  we  fiaii  the  equition 

(33)  r{p)r{q)  =  np  +  q)B{p.q). 

The  Integral  B[p,  q)  'm  called  Euler'a  inlegral  of  the  first  kind.    Setting  I  =  sin"  #. 
it  mfty  be  written  in  the  furm 

(34)  B(p,  g)=_£'(v-i{l-t).-'LU. 
p.  q)  tu  the  cbIcu- 


The  formula  (33)  reduces  tbe  calculation  of  the  (uni 
Ifttion  of  the  fmiolion  r.     For  example,  setting  p  =  q  - 


1/2,  ^ 


whence  r{l/2)  =  Vn.     Hence  the  fonunla  (31)  give* 

In  general,  setting  q  =  \  -  p  and  taking  p  between  0  aud  1 .  we  find 

r(p)r(i-p)-B(p.  i-p)=  j    ('"r)''    7 

We  shall  see  later  ibat  the  value  of  this  integral  is  ir/sln  pir. 

ISS.  Surfaca  integula.  The  di^fiiiltlon  of  aarfiire  inUgrals  Is  analogons  to  that 
of  line  inlegralB.  Let  N  be  a  regiuii  of  a  surface  bounded  by  one  or  more  curves  r. 
We  shall  aanume  that  the  xiirface  has  two  distinct  sides  in  aueh  a  way  that  it  one 
side  be  painted  red  and  the  other  blue,  tor  iuslance,  it  will  be  impossible  to  pass 
from  the  red  side  to  the  blue  side  along  a  continuous  path  which  lies  on  the  sur- 
face and  which  does  not  cross  one  of  the  bounding  curves."  Let  us  think  of  S  as 
a  material  surface  having  a  certain  thickness,  and  let  m  and  m'  be  two  points 
near  each  other  on  opposite  sides  of  the  surface.  At  m  let  us  draw  that  half  of 
the  normal  rnn  to  the  surface  which  does  nut  pierce  the  surface.  The  direction 
thus  defined  upon  the  normal  will  be  said,  for  brevity,  to  correspond  to  that  side 
of  the  surface  on  which  nt  lies.  The  direction  of  the  noruial  which  corresponds 
W  the  other  side  of  the  surface  at  the  point  in'  will  be  opposite  to  the  direction 
just  defined. 

Let  I  =  #(z,  y)  be  the  equation  of  the  given  surface,  and  let  5  be  a  region  of 
this  surface  bounded  by  a  contour  r.  We  shall  assume  that  the  .surface  is  met 
In  at  most  one  point  by  any  parallel  io  the  z  bxIh.  atid  that  the  funciion  ^(x,  j/) 

•  It  is  very  easy  to  toriu  a  surface  which  does  not  satisfy  this  conilillou.  Wa  noed 
only  <lef  arm  a  recta n);ular  sheet  u(  paper  ABCli  by  paatiuK  the  side  BC  to  the  aide  AD 
Id  such  a  way  that  the  point  C  coincides  with  A  and  the  puint  IS  with  IJ. 
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!■  conlinuoiw  inside  the  region  A  of  the  xy  plane  which  (s  boundeil  hj  Ihe  curve  C 
into  which  r  projects.  It  is  evident  that  this  surface  has  two  eides  for  which 
the  torreBpoiiding  directions  of  the  normal  make,  reflpectively,  acute  and  obtuse 
angles  with  the  positive  directioD  of  the  i  axis.  We  ahaU  call  that  aide  whose 
carre«ponding  nnrmal  makes  an  acute  angle  with  tlie  positive  z  axis  the  upper 
aidt.  Now  let  P{z,  |/.  t)  be  a  function  ot  the  three  variables  x,  j/i  ^"^  '  which 
is  continuous  In  a  certain  region  ot  space  which  contuins  the  region  S  of  the  sur- 
face. If  z  be  replaced  in  this  function  by  0(z.  y),  there  results  a  certain  function 
/"[■c,  y.  #(Zi  y)]  of  z  and  y  alone  ;  and  It  is  natural  by  analogy  with  line  integrals 
to  call  the  double  integnU  of  this  fiutcUoo  extended  over  the  region  .^1. 


(36) 


ff  F[x,y,1,{z.y)]iixdy, 


the  tvrfact  inUgral  of  the  function  P(x,  y,  z)  taken  over  the  region  .S  of  the  given 
surface.  Suppuae  the  coiirdinates  z,  y,  and  i  of  a  point  of  .S  given  In  terms  ot  two 
auxiliary  variables  u  and  n  in  such  a  way  that  the  portion  S  of  the  surface  corre- 
sponds point  for  point  in  a  i>ne-to-one  manner  to  n  region  R  ot  the  ud  plane.  Let 
dc  be  the  surface  element  uf  the  surface  S,  and  y  the  acute  angle  between  the  posi- 
tive I  axis  and  the  normal  to  the  upper  side  of  S.  Theu  the  preceding  double 
integral,  by  §g  131-132,  is  equal  to  the  double  integral 


(36) 


ILr^- 


V,  *)cr 


where  z,  y,  and  z  are  to  be  expressed  in  terniH  of  u  and  i.  This  new  expression 
is,  however,  rooie  general  than  the  former,  for  cosv  may  take  on  either  ot  two 
values  according!  to  which  aide  of  the  surface  is  chosen.  When  the  acute  angle  y 
is  chosen,  as  above,  the  double  integral  (36)  or  (36)  is  called  the  surface  integral 


(37) 


JfF{x,v,z)dxdy 


extended  over  the  tipper  side  of  the  surface  .S.  Rut  it  7  be  t&ken  as  the  obtuse 
angle,  every  element  uf  the  double  integral  will  be  changed  in  sign,  and  the  new 
double  integral  would  be  called  the  surface  integral  ffPtlxdy  extended  over  the 
touin'Sideof  &*.  In  general,  the  surface  integral//  PiLcdy  in  equal  ti)  ±  the  double 
integral  (3&)  according  as  it  ts  extended  over  the  upper  or  the  lower  side  of  S. 

This  definition  enables  us  to  complete  the  analogy  between  simple  and  double 
integrals.  Thus  a  simple  integral  changes  sign  when  the  limits  are  interchanged, 
while  nothing  similar  has  been  developed  fi>r  double  integrals.  With  the  gen- 
eralized definition  of  double  integrals,  we  may  say  that  the  inl«gral///(i,  y)dxdy 
previously  considered  is  the  surface  integral  extended  over  the  upper  aide  of  the 
ly  plane,  while  the  same  integral  with  lis  sign  changed  represents  the  surface 
integral  taken  over  llie  under  side.  The  two  senses  ot  motion  for  a  simple  Inte- 
gral thus  correspond  to  the  two  sides  of  the  xy  plane  for  a  double  integral. 

The  expression  (36)  for  a  surface  integral  evidently  does  not  require  that  the 
surface  should  be  met  In  at  moat  one  point  by  any  parallel  to  the  2  axis.  In  the 
same  tuaiinei  we  might  define  the  surface  integrals 


ffi^x.y,i)dydt.       fftix. 
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P(x,y,z)i!xay+Q{t.  tf,  «) dff (ij  +  K(z,  v,  t) d* 4r . 


This  latter  integral  may  also  be  written  in  the  form 


m- 


where  a,  p,  y  are  the  direction  angles  of  the  direction  of  the  normal  which  a 
responds  to  the  Bide  oE  the  aurfi^e  selected. 

Surface  integrals  are  especially  important  in  Mathematical  Physics. 

136.  Stolies'  theorem.    IiSt  L  be  a  skew 
P{£,  S,  i),  Q{i,  y.  zh  fii'>  tf.  I)  are  oonlinuoi 

f  Pdc  +  Qdu  +  Rdt 

J  at 

taken  along  the  line  L  is  similar  to  that  given  in  §93  for  a  line  integral  taken 
along  a  plane  curve,  and  we  shall  not  go  into  the  matter  in  detail.  If  the  curve  L 
is  closed,  the  integral  evidently  may  be  broken  up  into  the  sum  of  three  line  inW- 
gralg  taken  over  closed  plane  curves.  Applying  Green's  theorem  to  each  of  these, 
it  is  evident  that  we  may  replace  the  line  integral  by  the  sum  of  three  double 
integrals.  The  introduction  of  surface  integrals  enables  las  to  state  this  result  in 
very  compact  form. 

I^et  us  consider  a  two-sided  piece  S  of  a  surface  which  we  shall  suppose  for 
dellnilenesa  to  be  bounded  by  a  sicigle  curve  F.  To  each  aide  of  the  surface 
correiponds  a  definite  sense  of  direct  motion  along  the  contour  T.  We  shall 
assume  the  following  convention :  At  any  point  M  ai  the  contour  let  ua  draw 
that  half  of  the  normal  Afn  which  correapoods  to  the  side  of  the  surface  under 
eouai deration,  and  letusimagiueaiiohaerver  withhiaheadatnandhisfeet  at  AT ; 
we  shall  aay  that  that  la  the  positive  sense 
of  motion  which  the  observer  must  take  in 
order  to  have  the  region  S  at  his  left  hand. 
Thus  to  the  two  sides  of  the  surface  cwrre- 
o  oppoaite  senses  of  motion  along 


Let  ua  first  consider  a  region  S  of  a  sur- 
face which  is  mot  in  at  most  one  point  by 
any  parallel  to  the  z  axis,  and  let  us  suppose 
the  trihedrou  Oiyz  place<l   as  in  Fig.  30, 
where  the  plane  of  the  paper  is  the  yt  plane 
and  the  z  aiia  extends  toward  the  observer. 
To  the  boundary  r  of  £  will  correepond  a 
closed  contour  G  in  the  xy  plane ;  and  these 
two  curves  are  described  simultaneously  in 
sense   indicated   by   the   arrowa.     Lei 
surface,  and  let  I'{z,  t/,  z)  be  a  functiun 
which  conlttins  S.     Then  the  line  ints- 


' 


z  =/(x,  y)  be  the  equation  of  the  gi' 
which  it  continuous  in  a  region  uf  si 
gral  f^j.^ F(x,  y,t)dxia  Ideutiuai  with  the  line  integral 


^ k 


taken  along  ilie  plane  c 
latter  Integral.    SetUng 
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nrve  C.    Let  aa  apply  Green's  ibeorem  (g  126)  to  Ihis 


for  definlteness. 


vefind 

ePjx,  V)  _  ^  ,  ^^_^_  PFcoaff 
Sy  ctf       0*  5y       t^       (J  C0S7 

where  a,  ff,  y  are  the  direction  angles  of  the  normal  to  tliu  upper  aide  of  S. 
Heoce,  b;  Green's  theorem, 

r   -e: r^        r  r    f^P        =      3P  \dxdy 

I    Pix,v)dx=  I    I      ( —  DosS eoef] ', 

J.O   *       '         jJu}\^'  ^         /"'"'■' 

where  the  double  integral  is  to  be  taken  over  tfae  region  A  of  Ibe  xy  plane 
bounded  by  the  contour  C.  But  the  righl^hand  side  is  aimply  the  surface 
integral 


im 


extended  over  tbe  upper  eide  of  8;  and  bence  we  may  write 

fp(x,y,z)dx=    {  (   —dzdx-  —  dxdi/. 

This  formula  evidently  holds  also  when  the  surface  integral  is  taken  over  the 
utiier  aide  of  S,  if  the  line  integral  is  taken  in  llie  other  direction  along  r.  And 
it  also  holds,  as  does  Green's  theorem,  no  matter  what  the  form  of  the  surface 
ma;  be.  By  cyclic  permutation  oE  x,  y,  and  z  we  obtain  tbe  following  analogous 
formutie : 

f^^iHx,  y,  z)dy  =    Cr^d^dy-^^di/dz, 

Adding  the  three,  we  obtain  Stokes'  theorem  in  itt  general  form: 

if    P{x,  y,  z)dt.  +  fHx,  y,  t)dy  +  R(i,  j,  z)dz 

The  lenge  in  which  T  is  described  and  the  side  of  the  surface  over  which  the 

double  integral  Is  taken  correspond  according  to  the  convenlion  uiade  above. 


UOUBLK  INTEGRALS 


IV.    ANALYTICAL  AND  GEOMKTRXCAL  APPLICATIONS 

137.  Volumes.  Let  us  consider,  as  above,  a  region  of  space  bounded 
by  the  r.y  plane,  a  surface  S  above  that  plane,  aud  a  cylinder  whose 
generat^jrs  are  parallel  to  the  x  axis.  We  shall  suppose  that  the 
section  of  the  cylinder  by  the  plane  z  —  d  is  a  contour  similar  to 
that  drawn  in  Fig.  25,  composed  of  two  parallels  to  the  y  axis  and  two 
curvilinear  aruB  APBa-nA  A'QB'.  If  =  =f{x,y)  is  the  equation  of  the 
surface  S,  the  volume  in  question  is  given,  by  1 124,  by  the  integral 


=J_  -/'J  A*.  y)''y- 


Now  the  integral  j''f{x,  y)dy  represents  the  area  A  of  a  section  of 
this  volume  by  li  pluiie  parallel  to  the  y^  plane,  Heuce  the  preceding 
formula  may  be  written  in  the  form 


(39) 


'X'*'^- 


The  volume  of  a  solid  bounded  in  any  way  whatever  is  equal 
to  the  algebraic  sum  of  several  volumes  bounded  as  alwve.  Kor 
instance,  to  find  the  volume  of  a  solid  bounded  by  a  convex  closed 
surface  we  should  circumscribe  the  solid  by  a  cylinder  whose  gen- 
erators are  parallel  to  the  e  axis  and  then  find  the  dilTerence  between 
two  volumes  like  the  preceding.  Hence  the  formula  (39)  holds  for 
any  volume  which  lies  between  two  parallel  planes  x  =  •>  and  a-  =  t 
(a  <  b)  and  which  is  bounded  by  any  surface  whatever,  where  A 
denotes  the  area  of  a  section  made  by  a  plane  parallel  to  the  two 
given  planes.  Let  us  suppose  the  interval  («,  A)  subdivided  by  the 
points  a,  X,,  J-,,  ■--,  3;,_|,  6,  and  let  Ao,  Ai,  ■- -,  A^,  •  ■  ■  be  the  areas 
of  the  sections  made  by  the  planes  x  =  a,x—Xi,--,  respectively. 
Then  the  definite  integral  f  Adx  ii  the  limit  of  the  sura 


Ao{^, 


«)  +  A,  (r,  -  x,)  +  ■  ■  ■  +  A*-i(*-  -  if--.)  ■  ■ 


The  geometrical  meaningof  this  result  is  apparent.  For  A, _,(*(— *,_,), 
for  instance,  represents  the  volume  of  a  right  cylinder  whose  base  is 
the  section  of  the  given  solid  by  the  plane  J'  =  j:,_,  and  whose  height 
is  the  distance  between  two  consecutive  sections.  Hence  the  volume 
of  the  given  solid  is  the  limit  of  the  sum  of  such  infinitesimal  cylin- 
ders.    This  fact  is  in  conformity  with  the  ordinary  crude  notion  of 


VI,  SI38J 


APPLICATIONS 


285 


If  the  value  of  the  area  A  be  known  as  a.  function  of  x,  the  vol- 
ume to  be  evaluated  may  be  fuund  by  a  single  ([uadrature.  As  an 
example  let  ua  try  to  find  the  volume  of  a  portion  of  a  solid  of  revo- 
lution between  two  planes  perpendicular  to  the  axis  of  revolution. 
Let  this  axis  be  the  x  axis  and  let  2  =f{x)  be  the  equation  of  the 
generating  curve  iu  the  xz  plane.  The  section  made  by  a  plane  par- 
allel to  the  i/x  plane  is  a  circle  of  i-adius  /(j;)-  Hence  tlie  required 
volume  is  given  by  the  integral  ■rrf^[_f(i)ydx. 

Again,  let  us  tiy  to  find  the  volume  of  the  portion  of  the  ellipsoid 


-1 


boimded  by  the  two  planes  x  =:  x^,  r  =  X.  The  section  made  by  a 
plane  parallel  to  the  plane  x  —  0  is  an  ellipse  whose  semiaxes  are 
i  Vl  —  ic'/a*  and  e  Vl  —  x^a^     Hence  the  volume  sought  is 

V  .jr'.».(i-  5-)* = ri.(..  -..-  ^) 

To  find  the  total  volume  we  should  set  x  =  —  a  and  .V  =  a,  which 
gives  the  value  giraftc. 

ISB.  Rulid  BOrfsce.  Priimoldal  foimula.  Wben  the  area  A  is  an  integral 
function  o{  the  second  degree  in  7,  the  volume  may  be  expressed  very  simply 
in  torniH  of  the  areas  B  and  Jl"  of  iho  bomuling  BPciinns,  thn  area  6  of  the  mean 
section,  nnd  the  distance  k  between  the  two  bounding  sections.  If  the  mean 
uction  be  the  plane  of  yx,  we  have 

dx  =  2l—  +  2na, 
Bui  we  aJso  have 

h  =  2a,        b  =  n,         B  =  la?  +  2ma  +  n,         B"  =  la"  ~  2>na  +  n . 
whence  n  =  b,n  =  A/2,  2JaS  =  B  +  B"  -Sb.    These  equations  lead  to  the  formula 

which  is  called  the  priimoidal  formula,. 

This  formula  holds  in  particular  for  any  solid  bounded  by  a  ruled  surface  and 
two  parallel  planes,  including  as  a  special  case  the  so-called  prismold.*  For, 
let  V  =  oz  -f  p  and  z  =  bz  +  g  be  the  equations  of  a  variable  Btraigbt  line,  where 
a,  h,  p,  and  q  are  continuous  functionH  of  a  variable  parameter  t  which  resume 
their  initial  values  when  I  Increasea  from  (g  to  T.     Thin  straight  line  describes 


V  =  C*'(lz*  +  -Imx  +  n)cL 
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a  ru]ed  Burbce,  and  the  area  of  the  Bcctio 
z  =  0  is  given,  b;  {  S4,  by  the  lategrai 


made  by  a  plane  parallel  to  the  p)ai: 


^/> 


+  pWx.  +  g')dt 


where  a',  b',  c',  d'  denote  the  derivatives  of  a,  b,  c,  d  with  respact  to  (.  These 
derivatives  may  even  be  dlacontinaoua  for  »  flnil«  number  of  valueii  between  (g 
and  T,  which  will  be  the  cane  when  the  lateral  boundary  coiuUts  of  portions  of 
several  ruled  surfaces.     The  expression  for  A  may  be  written  in  the  form 

A  =  af= J"  ab'dt  +  zf  {aq-  +  pb')dt  +  f  pq'dl, 

where  the  Integrale  on  the  right  are  evidently  independent  ol  x.  Hence  the 
formula  (40)  holda  for  the  volume  of  the  given  aolid.  It  ie  worthy  of  notice  that 
the  tamefurmula  also  givta  the  volumra  of  mi>«t  of  the  aolidi  nfctemaiCar]/  geovtetry. 

139.  Viviani-s  piablem.  Let  C  be  a  circle  deecribed  with  a  radius  OA  (=  R) 
al  a.  given  sphere  as  diameter,  and  let  ub  try  to  find  the  volume  of  the  portion 
of  the  sphere  inside  a  circular  cylinder  whose  right  section  is  the  circle  C. 
Takin;-  the  origin  at  the  center  of  the  sphere,  one  fourth  the  required  volume 
is  given  by  the  doable  integral 


r=  /"J'v'BS-K'-tf'didi/ 


extended  over  a  semicircle  described  on  OA  as  diameter.    Passing  to  polar  coiir- 
dinales  p  and  w,  the  angle  w  varies  from  0  to  it/2,  and  p  from  0  to  R  cos  w.    Hence 


hfSr 


-p^C(«- . =.•]„- 


!=•  ^'^R.-i^.sinMi"  =  ^Y---V 
If  this  volume  and  the  volnnie  inside  the  cylinder 
which  is  syminetrical  to  this  one  with  respect  to 
the  z  axis  be  subtracted  from  the  volume  of  the 
whole  sphere,  the  remainder  is 


-nfP 


%B*j 


3/       9 


Agwn,  the  area  1)  of  the  portion  of  the  sur- 
face of  the  sphere  inside  the  given  cylinder  la 


Replacing  p  and  q  by  their  values 
polar  coordinates,  we  find 


x/t  and  —  y/x,  respectively,  and  phasing  tc 
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>7?CO«Cl> 


or 


0        Jo  VR^-P'        Jo  ^  0  » 

Q  =  4«2  r*(l  _  sin «)dw  =  4/f2  ( -  -  1 ) • 

Subtracting  the  area  enclosed  by  the  two  cylinders  from  the  whole  area  of  the 
sphere,  the  remainder  is 

4jtR^  -  8/ea/-  -  1  j  =  8^2. 

140.  Evaluation  of  particular  definite  integrals.  The  theorems  estab- 
lished above,  in  particular  the  theorem  regarding  differentiation 
under  the  integral  sign,  sometimes  enable  us  to  evaluate  certain  defi- 
nite integrals  without  knowing  the  corresponding  indefinite  integrals. 
We  proceed  to  give  a  few  examples. 

Setting 

the  formula  for  differentiation  under  the  integral  sign  gives 

xdx 


da  1+  a^       "^  Jo 


(1  +  ax)(l  +  x^ 
Breaking  up  this  integrand  into  partial  fractions,  we  find 


X 


__       1      /x  -\-  a  ^     \ 


{l  +  ax)(l-{- 
whence 

JC  a:  (fa  _  _  log  (1  +  a^)  a 

0    (l-\-ax){l-\-x^)-      .2(l+a^)    +  i  ^  ^.  ^rc  tan  a. 

It  follows  that 

dA  a  ,  .  log(l+a^ 

T~  =  1  .     a  arc  tan  a  +   ^..  , — ^y 
da        1  -f-  a-*  2(1 -f-  a^) 

whence,  observing  that  A  vanishes  when  a  =  0,  we  may  write 

r*  log (!+«')  ,      r'  « 

^=1       0/1   . — ir^^^+  /     i~; — ^arctanarfa. 
Jo      2(1+  «^)  Jo    l+a^ 

Integrating  the  first  of  these  integrals  by  parts,  we  finally  find 

-4  =  -  arc  tan  a  log  (1  -f-  a^) . 
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Again,  consider  the  function  x^.  This  function  is  continuous 
when  X  lies  between  0  and  1  and  y  between  any  two  positive 
numbers  a  and  b.     Hence,  by  the  general  formula  of  §  123, 


I    dx  j    x^dy  =  I    dy  j    x^dx, 

0  ft/a  «/a  «/o 

But 

hence  the  value  of  the  right-hand  side  of  the  previous  equation  is 


On  the  other  hand,  we  have 

►6  r-     -   -i6 


X^''^=[i|-Jr 


«*  —  «• 


logxj^       logx 
whence 

In  general,  suppose  that  P(a5,  jr)  and  Q(x,  y)  are  two  functions 
which  satisfy  the  relation  dP/dy  =  dQ/dx,  and  that  a^o,  Xi,  yo,  yi  are 
given  constants.  Then,  by  the  general  formula  for  integration 
under  the  integral  sign,  we  shall  have 


or 


'      [P(aj,  yi)  -  P(x,  yo)]^  =^  I      [Q(aJi,  y)  -  Q(aro,  y)'\dy. 

Cauchy  deduced  the  values  of  a  large  number  of  definite  inte- 
grals from  this  formula.  It  is  also  closely  and  simply  related  to 
Green's  theorem,  of  which  it  is  essentially  only  a  special  case. 
For  it  may  be  derived  by  applying  Green's  theorem  to  the  line 
integral  jPdx  H-  Qdy  taken  along  the  boundary  of  the  rectangle 
formed  by  the  lines  x  =  Xq,  x  =:Xi,  y  ^y^^  y  =  y^. 

In  the  following  example  the  definite  integral  is  evaluated  by  a 
special  device.     The  integral 


F{ 


a)=  \     log  (1  —  2a  cos  x  -\-  a^dx 
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has  a  finite  value  if  |nr|  is  different  from  unity.     This  function 
lF(a)  has  the  following  properties. 

1)  F(-a)  =  F(a),     For 

F(— a)=/    log(l-\-2aco8x-\-a^dx, 
or,  making  the  substitution  x  =  ir  —  y, 

F(-a)==l    log(l-2aoo8y-{-a^dy  =  F(a). 

2)  F(a^  =  2F(a).     For  we  may  set 

2F(a)  =  F(a)-f  F(-a), 


whence 

ir 


2F(a)  =  /    [log(l  -  2a  cos  a  +  a*)  -f  log  (1  +  2a  cos  x  -f  a^)]  dx 

=  /     log(l  -  2a«  cos  2x  +  a*)flte. 
If  we  now  make  the  substitution  2x  =  y,  this  becomes 

2F(a)  =  ^J     log(l-2a«cosy  +  a*)rfy 

1    f 

+  2  J     log  (1  -  2a«  cos  y  +  «*)  rfy . 

Making  a  second  substitution  y  =  2^  —  z  in  the  last  integral,  we 
find 

log(l-2a^cosy-f  ar*)rfy=  /    log(l- 2a=cos«  +  a*)^«» 

which  leads  to  the  formula 

2F{a)  =  I  F(a')  +  i  F(««)  =  F{a*) . 

From  this  result  w'e  have,  successively, 

F(a) = I  F(««) = i  n«o  ^ ^  ii<^)- 

If  I  a  I  is  less  than  unity,  a^  approaches  zero  as  n  becomes  infinite. 
The  same  is  true  of  F(a^),  for  the  logarithm  approaches  zero. 
Hence,  if  | a|  <  1,  we  have  F(a)  =  0. 
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If  I  a  I  is  greater  than  unity,  let  us  set  a  =  1/p.     Then  we  find 
w  V       r'l      A      2  cosaj  .    1  \  , 

=  /    log{l-2pcosx-{-  ^dx-irlogfi!^, 

where  |/3|  is  less  than  unity.     Hence  we  have  in  this  case 

F(a)  =  —  TT  log  fi!^  =  'ir  log  a^. 

Finally,  it  can  be  shown  by  the  aid  of  Ex.  6,  p.  205,  that  F(±  1)  =  0 ; 
hence  F(a)  is  continuous  for  all  values  of  a. 

141.  Approximate  value  of  logr(n  +  1).  A  great  variety  of  devices  may  be 
employed  to  find  either  the  exact  or  at  least  an  approximate  value  of  a  definite 
integral.    We  proceed  to  give  an  example.     We  have,  by  definition, 


r(n  +  l)=  f      2^e-'dz, 
Jo 


+  00 

'0 

The  function  x"  e-*  assumes  its  maximum  value  n**  e-  "  for  x  =  n.  As  x  increases 
from  zero  to  n,  x"c-*  increases  from  zero  to  n"c-"  (ii>0),  and  when  x  increases 
from  n  to  +  go,  x"c-*  decreases  from  n"e-"  to  zero.  Likewise,  the  function 
n»e-"c~**  increases  from  zero  to  n"e-"  as  t  increases  from  —  go  to  zero,  and 
decreases  from  n"e-**  to  zero  as  t  increases  from  zero  to  +  oo.  Hence,  by  the 
substitution 

(42)  x^c-^rrn^e-^e-**, 

the  values  of  x  and  t  correspond  in  such  a  way  that  as  t  increases  from  —  oo 

to  +  00,  X  increases  from  zero  to  +  oo. 

It  remains  to  calculate  dx/dt.    Taking  the  logarithmic  derivative  of  each  side 

of  (42),  we  find 

dz       2tx 


dt      X  —  n 
We  have  also,  by  (42),  the  equation 


t^  =  x  —  n  —  nlogf-j 


For  simplicity  let  us  set  x  =  n  +  «,  and  then  develop  log  (1  +  z/n)  by  Taylor's 
theorem  with  a  remainder  after  two  terms.  Substituting  this  expansion  in  the 
value  for  t^,  we  find 


•P 


[a* 


where  $  lies  between  zero  and  unity.    From  this  we  find,  successively. 


'h'^'M-'l^*^'-"'']' 


2tx 

X 
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whence,  applying  the  formula  for  ch&nge  of  variable, 

r(n  +  1)  -  2n"e- -^5  j^*  V''<a  +  2n"e-"  J^^'e'-'O  -  #)««. 
The  lirBt  iniegral  is 

Am  for  ihe  second  iniegral,  though  we  cannoi  evaliute  it  exactly,  Hince  w 
not  know  e,  we  can  at  leuet  locate  iu  value  between  certain  lixed  limits, 
all  lis  elements  are  negative  Iwtween  —  so  and  zero,  and  tbey  are  all  poe 
between  zero  and   +  co.     Moreover  each  of  the  integrals  j"^,  j*"  is  lej 
absolute  value  than  /„**  l^^cU  =  1/2,     11  follows  that 


(43)  r(n 


l)  =  V2-nn.^.(vi  +  -J.). 


where  u  Uoa  between  —  1  and  +  1. 

If  n  is  very  large,  u/ V2a  is  very  imall.     Hence,  if  we  take 


as  an  approximate  value  of  r(n  4- 1),  our  error  is  relatively  small,  though  the 
actual  error  may  be  considerable.  Taking  the  logarithm  of  each  side  of  {iZ),  we 
find  the  formula 

(M)  logr(n  4-  I)  =  (n  +  D'ogn  -  n  +  ilog(2T)  +  ,, 

where  «  is  very  small  when  n  la  very  large.  Neglecting  t,  we  have  an  eipression 
which  is  called  the  asymptotic  value  of  logr(n  +  1>.  This  formula  is  inter- 
esting as  giving  us  an  idea  of  the  order  of  magnitude  of  a  factorial. 

112.  D'Alembert's  thsorenu  The  formula  for  integration  under  the  integral 
sign  applies  lo  any  function /(i,  y)  which  la  continuous  in  the  rectangle  of  inte- 
gration. Hence,  if  two  different  results  are  obtained  by  two  different  methods 
of  integrating  the  tDnction/(z,  y),  we  may  conclude  that  the  function  /(z,  y)  is 
discontinuous  (or  at  least  one  point  in  the  Held  of  integration.  Gauss  deduced 
from  this  fact  an  elegant  demonstration  of  d'Aleinbert's  theorem. 

Let  F(t)  be  an  integral  polynomial  of  degree  m  in  t.     We  shall  assume  for 
definiteneMs  that  all  lis  coefficients  are  real.     Replaciug  «  by  ^(cosu  -f  (lino), 
and  separating  the  real  and  the  imaginary  parts,  we  have 
F(«)=P4-i«, 

P  =  AntTcDBvia  +  Aip""* eos(m  -l)u  +  ■  ■•  +  X_, 
Q  =  ^up"8inm«  +  .i4ip"-'  8in(m  -  l)u.  +  •  ■■  +  J„-ip 
If  we  set  V  =  arc  Un  <P/Q),  we  shall  have 


dpB«    <p»  +  (?)' 
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ivliere  U  \b  a,  continuous  Cunclion  of  p  and  w.  This  Eecond  derivalive  can  onlj 
be  discontinuaiis  for  raluea  of  p  and  w  for  which  F  and  (J  vanisJi  HimulItmeoUBly, 
Ihftt  IE  to  Bay,  for  the  roots  of  the  equation  Fiz)  =  0.     Keiiue,  if  ne  uau  sbon  that 


/     d«  /    —dp.  f  dp  f    —A 


are  unequal  fnr  a  given  value  of  R,  we  may  conclude  that  tlie  equation  F{t)  =  0 
has  at  least  one  root  whose  abaoluW  value  is  lesa  than  B.  But  the  second  inte- 
gral ifi  always  zi 


J^      SpS«  L^Z-J— " 


and  SV/ip  is  a  periodic  function  of  n>,  of  period  3v.    Calculating  the  first  inte- 
gral in  a  similar  manner,  we  find 


and  it  IB  easy  to  show  that  BV/Bu  Is  of  the  form 

BV^  -mAlp"'+--. 
B"  ~      Jjp'~+--- 

where  the  degree  of  the  terina  not  written  down  is  less  than  2m  in  p,  and  where 
the  numerator  contains  no  term  which  does  not  involve  p.  As  p  increases  indeR- 
niteiy,  the  righi-hand  aide  approaches  —  m.  Hence  S  may  be  chosen  so  large 
that  the  value  of  BV/Ew.  for  p  =  E,  is  equal  to  —  m  +  c.  where  i  is  less  than  m 
in  absolute  value.  The  integral  j^''''<— m  +  e)diii  is  evidently  negative,  and 
hence  the  first  of  the  integrate  <4&J  cannot  be  zero. 


1.  At  any  point  of  the  catenary  defined  in  rectangular  coordinates  by  the 
equation 


let  us  draw  the  tangent  and  extend  It  until  it  meets  the  z 
Revolving  the  whitle  figure  about  the  a;  axis,  find  the  difference  bet w( 
described  by  the  arc  ,■(  M  o!  the  catenary,  where  A  is  the  vertex  of  the  catenary, 
and  that  described  by  the  tangent  MT  (1)  as  a  function  of  the  abscissa  of  the 
point  M,  (2)  as  a  function  of  the  abaeissa  of  the  point  T. 

[Licence,  Paris,  1 

2.  Using  the  usual  system  of  irireclangular  coiirdinales,  let  a  ruled  surface 
be  formed  as  follows :  The  plane  2OA  revolves  about  the  x  axis,  while  the  gen- 
erating line  D,  which  lies  in  this  plane,  makea  with  the  z  axis  a  constant  angle 
whose  tangent  is  \  and  cuts  oS  on  OA  on  intercept  OC  equal  to  Xoff,  wherv  a 
ia  a  given  length  and  9  is  the  angle  between  the  two  planes  cOz  and  tOA. 
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1)  Find  ihe  volume  of  tha  solid  bounded  b;  the  ruled  surface  uid  the  pluiea 
xOy,  iOz,  and  lOA,  wliere  tlie  angle  0  between  the  last  two  is  less  Ihan  2x. 

2)  Find  the  area  of  the  portion  of  the  surface  bounded  by  the  planes  zOv, 
xOx,  lOA. 

[Lieence.  Paris,  July,  1882.] 

3.  Find  the  volume  of  the  solid  bounded  by  the  xy  plane,  the  cylinder 
ifix^  +  afy-  =  u'b^,  and  the  elliptic  paraboloid  whose  equation  in  rectangular 
coitrdinates  Is 


4.  Find  the  area  of  the  curviliuuar  quadrilateral  bounded  by  the  four  o 
focal  conies  of  the  family 


which  are  determiu 


G.  Consider  the  c 


1  by  giving  X  the  values  c?/3, 2c«/S,  id'/S,  5cV3,  respectively. 
'  [Licence,  Besan;on,  1BS5.] 

y  =  V5  (sin  X  —  cos  x) , 
nhere  x  and  y  are  the  rectangular  coUrdinaiea  of  a.  point,  and  where  x  varies 
from  n/4  to  5jr/4,     Find : 

1)  the  area  between  this  curve  and  the  x  axis; 

2)  the  volume  of  the  solid  generated  by  revolving  the  curve  about  the  x  axia ; 

3)  the  lateral  area  of  the  same  solid. 

[Licence,  Moutpellier,  18()8.] 

6.  In  an  ordinary  rectangular  coiirdlnate  plane  let  A  and  B  be  any  two 
points  on  the  tf  uiIh.  and  Int.  AMU  be  any  curve  joining^  and  B  which,  together 
with  the  line  AB,  forms  the  boundary  of  a  region  AMBA  whose  area  is  a  pre- 
assigned  qiiantily  S.  Find  the  value  of  the  following  definite  integral  taken 
over  the  curve  ^.WBt 

fWv)^  -  my]iix  +  [*'(?)*•  -  m.-\dv. 

id  where  the  function  *{i^),  together  with  its  derivative 

[Licence,  Nancy,  1895.] 

7.  By  calculating  the  double  integral 

r    "  r      e-'»sina!tdsi(te 
in  two  different  ways,  show  that,  provided  that  a  is  not  zero. 


#'(v)>  is  continuous. 


r-^^ 


B.  Wnd  the  area  of  the  lateral  surface  of  the  portion  of  an  ellipsoid  of  revo- 
lution or  uf  an  hyperboloid  of  revolution  which  ia  bounded  by  two  planes  perpen- 
dicular to  the  axis  of  revolution. 
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9*.  To  And  the  area  of  an  ellipsoid  with  three  unequal  axes.   Half  of  the  total 
area  A  is  given  by  the  double  integral 

extended  oyer  the  interior  of  the  ellipse  6^2*  +  a^  y>  =  a>6>.  Among  the  methods 
employed  to  reduce  this  double  integral  to  elliptic  integrals,  one  of  the  simplest, 
due  to  Catalan,  consists  in  the  transformation  used  in  §  125.  Denoting  the 
integrand  of  the  double  integral  by  v,  and  letting  v  vary  from  1  to  +  oo,  it  is 
easy  to  show  that  the  double  integral  is  equal  to  the  limit,  as  I  becomes  infinite, 
of  the  difference 

This  expression  is  an  undetermined  form ;  but  we  may  write 


I.  n/(-- 3(--^ 


rv(^-..g)(--ug)- 

en       L  V 

r  (-s(-g)- 


and  hence  the  limit  considered  above  is  readily  seen  to  be 

+  00 


'■I 


""^'^    ' 


V('^-^+S)('^ 


1  + 


10*.  If  from  the  center  of  an  ellipsoid  whose  semiaxes  are  a,  6,  c  a  perpen- 
dicular be  let  fall  upon  the  tangent  plane  to  the  ellipsoid,  the  area  of  the  surface 
which  is  the  locus  of  the  foot  of  the  perpendicular  is  equal  to  the  area  of  an 
ellipsoid  whose  semiaxes  are  5c/a,  ac/6,  ab/c. 

[William  Kobbrts,  Journal  de  LiouviUe,  Vol.  XI,  1st  series,  p.  81.] 
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11.  Evaluate  the  double  integral  of  the  expression 

(X  -  yYf(y) 

extended  over  the  interior  of  the  triangle  bounded  by  the  straight  lines  y  =  Zo* 
y  =  X,  and  X  =  X  in  two  different  ways,  and  thereby  establish  the  formula 


f''dxC\x^y)-f(y)dy=  f    ^.^—^llf(y)dy. 


From  this  result  deduce  the  relation 


f'dx  f'dx . . .  f'f{x)dx=  —1—  fix  -  y)-f(y)dy. 


In  a  similar  manner  derive  the  formula 


f'xdx  f'xdX"  .  f'xdx  f'f(x)dx  =  -— —  f'{x^  -  l/^)^f{y)dy, 

and  verify  these  formulae  by  means  of  the  law  for  differentiation  under  the 
integral  sign. 


CHAPTER  Vri 


MULTIPLE  INTEGRALS 
IHTEGRATION  OF  TOTAL  DIFFERENTIALS 


I.  MULTIPLE  INTEGRALS      CHANGE  OF  VARUBLES 

143.  Triple  integralB.  Let  F{x,  y,  e)  be  a  function  of  the  three 
variables  x,  y,  z  which  is  continuous  for  all  points  -V,  whose  rec- 
tangular coordinates  are  (jt,  y,  s),  in  a  finite  region  of  space  (E) 
bounded  by  one  or  more  closed  surfaces.  Let  this  region  be  sub- 
divided into  a  number  of  subregions  (f*,),  if%),  ■■■,  («,),  whose  vol- 
umes are  Vi,  "i-  '--,  i',,  and  tet  ((,,  i;,.,  j;^)  be  the  coordinates  of  any 
point  rRj  of  the  subregioo  (e,).     Then  the  sum 


(1) 


Xm.,  1,. «», 


approaches  a  limit  as  the  number  of  the  subregions  (e,)  is  increased 
indetinit^ly  in  such  a  way  tliat  the  maximum  diameter  of  each  of 
them  approaches  zero.  This  limit  is  called  the  triple  integral  of 
the  function  h\x,  y,  x)  extended  throughout  the  region  (E),  and 
is  represented  by  the  symbol 


(2) 


ffir<^ 


'x,  y,  z)  dx  dy  dx . 


The  proof  that  this  limit  exists  is  practically  a  repetition  of  tlie 
proof  given  above  in  the  case  of  double  integrals. 

Triple  mtegrals  arise  in  various  problems  of  Mechanics,  for 
instance  in  finding  the  mass  or  the  center  of  gravity  of  a  solid 
body.  Suppose  the  region  (B)  filled  with  a  heterogeneous  sub- 
stance, and  let  fi(x,  y,  e)  be  the  density  at  any  point,  that  is  to  say, 
the  limit  of  the  ratio  of  the  mass  inside  an  infinitesimal  sphere  about 
the  point  (x,  y,  z)  as  center  to  the  volume  of  the  sphere.  If  /i,  and  ^ 
are  the  maximum  and  the  minimum  value  of  ^  in  the  subregion  (e,), 
it  is  evident  that  the  mass  inside  that  subregion  lies  between  fi,v, 
and  /i^Vo  hence  it  is  equal  U>  v,n((„  ij,,  I,),  where  (£,,  i;^,  {^)  is  a 
suitably  chosen  point  of  the  subregion  (e^).    It  follows  that  the  total 
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mass  is  equal  to  the  triple  integral  ////a  ''.t  dy  dz  extended  through- 
out the  region  (£'), 

The  evaluation  of  a  triple  integral  may  be  reduced  to  the  buc- 
cessive  evaluation  of  three  simple  integrals.  Let  us  suppose  first 
that  the  region  {K)  is  a  reetangular  parallelopiped  bounded  by  the 
six  planes  j-  =  ^oi  ^  =  'V,  j/  =  yoi  tf  =  I'l  *  =  'oi  s  =  if.  Let  (f) 
be  divided  into  smaller  paraUelopipeds  by  planes  parallel  to  the 
three  coordinate  planes.  The  volume  of  one  of  the  latter  ia 
(i,  —  a:^_,)(j/j.  —  y^.i)  (s,  —  z,_i),  and  we  have  to  find  the  limit  of 
the  sum 

(3)  s  -X2S '■'*"'  •'•"  W''  -  '•-''I'-''  -  »•-''<"'  -  '■-■'■ 

where  the  point  (f,„,  >),,.,.  {,„)  is  any  point  inside  the  corresponding 
parallelopiped.  Let  us  evaluate  first  that  part  of  .S'  whiuh  arises 
from  the  column  of  elements  bounded  by  tlie  four  planes 

taking  all  the  points  (fj^,  17,,,,.  fu,)  upon  the  straight  line  x  =  a;,._,, 
y  =  i/i^i .     This  column  of  parallelopipeds  gives  rise  to  the  sum 

(«,  - ",-,)(»  -  s,-,)[f('.-i.  ».^..  W(«.  -«.)  +  ■■■], 

and,  as  in  §  123,  the  i's  may  be  chosen  in  such  a  way  that  the 
quantity  inside  the  bracket  will  be  equal  to  the  simple  integral 


*('!-„  !/,-,)=  f' 


H'. 


>)&. 


It  only  remains  to  find  the  limit  of  the  sum 


But  this  limit  is  precisely  tlie  double  integral 

jj*[x,y)dxdy 

extended  over  the  rectangle   formed   by  the  lines  x  =  Xo,  i 
y  =  yo.  y  =  y-     Hence  the  triple  integi'al  is  equal  to 

j<lxj^(x.y)dy, 

or,  replacing  *(j;.  y)  by  its  value, 

(4)  J  dxj  dyj  F(x,  y,  z)dz. 
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The  meaning  of  this  symbol  is  perfectly  obvious.  During  the  first 
integration  x  and  y  are  to  be  regarded  as  constants.  The  result  will  be 
a  function  of  r  and  y,  which  is  then  to  be  integrated  between  the  limits 
yo  and  >',  x  being  regarded  as  a  constant  and  y  as  a  variable.  The 
result  of  this  second  integration  is  a  function  of  i  alone,  and  the  last 
step  is  the  integration  of  this  function  between  the  limits  x^  and  A'. 

There  are  evidently  as  many  ways  ef  performing  this  evaluation 
as  there  ai'e  permutations  on  three  letters,  that  is,  six.  For  instance, 
the  triple  integral  is  equivalent  to 

J   dzi   dxj    F(x,  y,  z)dy  =J    *(s)de, 

where  *{z)  denotes  tlie  double  integral  of  F(x,  y,  e)  extended  over 
the  rectangle  formed  by  the  lines  x  =  Xa,x  =  X,  y  =  y^,  V  —  !'■  ^^e 
might  rediscover  this  formula  by  commencing  with  the  part  of  the 
sum  .S  whicli  arises  from  the  layer  of  parallelopipeds  bounded  by  the 
two  planes  z  =  3,_,,  z  =  z,.  Choosing  the  points  (£,  ij,  £)  suitably, 
the  part  of  S  which  arises  from  this  layer  is 

and  the  rest  of  the  reasoning  ia  similar  to  tliat  above. 

144.  Let  us  now  consider  a  region  of  space  bounded  in  any 
manner  whatever,  and  let  us  divide  it  into  subregions  such  that  any 
line  parallel  to  a  suitably  chosen 
fixed  line  meets  the  surface  which 
bpunds  any  aubregion  in  at  most 
two  points.  We  may  evidently 
restrict  ourselves  without  loss  of 
generality  to  the  case  in  which  a 
line  parallel  to  the  z  axis  meets 
the  surface  in  at  most  two  points. 
The  points  upon  the  Imunding 
surface  project  upon  the  xy  plane 
into  the  points  of  a  region  A 
bounded  by  a  closed  contour  C. 
To  every  point  (x,  y)  inside  C  cor- 
respond two  points  on  tlie  bound- 
ing surface  whose  coordinates  are 
z,  =  <^,(x,  y)  and  Zi  =  ^](x,  y).  We  shall  suppose  that  the  functions 
^1  and  ^  are  continuous  Inside  C.  and  that  ^i  <  ^;.     Let  us  now 
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divide  the  region  under  consideration  by  planes  parallel  to  the  coor- 
dinate planes.  Some  of  the  subdivisioua  will  be  portions  of  paral- 
lelepipeds. The  part  of  the  sum  (1)  which  arises  from  the  colunm 
of  elements  bounded  by  the  four  planes  x  =  a^,-.,,  x  =  X;,  y  =  y^.,, 
ff  =  j/tia  equal,  by  §  124,  to  the  expression 


(', 


«,-,)&.  - 


4fy. 


,y,.,,2)rf2  +  c.. 


where  the  absolute  value  of  c,^  may  be  made  less  than  any  preaseigned 
number  c  by  choosing  the  parallel  planes  sufficiently  near  together. 
The  sum 


approaches  zero  as  a  limit,  and  the  triple  integral  i 
therefore  equal  to  the  double  integral 


question  i 


Si 


*{^i  y)  ^  ^!f 


extended  over  the  region  (.4)  bounded  by  the  contour  C,  where  t 
fuuotion  4>(x,  y)  is  defined  by  the  equation 


*(j 


'  ^*  "X  '^^''  ^'  ''^'^''' 


If  a  line  parallel  to  the  y  axis  meets  the  contour  C  In  at  most  two 
pointfl  whose  coordinates  are  i/  =  ^,  (;r)  and  i/  =  fi(x),  respectively, 
while  X  varies  from  x,  to  a^,  the  triple  integral  may  also  be  written 
in  the  form 


(6) 


I     dx  j    rfy  I     F(x,  y,  z)de. 


The  limits  x^  and  e,  depend  upon  both  x  and  y,  the  limits  yi  and  y^ 

are  functions  of  a;  alone,  and  finally  the  limits  a',  anda;Bare  constants. 
We  may  invert  the  order  of  the  integrations  as  for  double  inte- 
grals, but  the  limits  are  in  general  totally  different  for  different 
orders  of  integration. 

Note.    If  *(i)  be  the  function  of  x  given  by  the  double  integral 
*(r)=   /    "</;/ j      F(x,y,x)dz 
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exteuded  over  the  sectioD  of  the  given  region  by  a  plane  parallel  to 
the  yz  plane  whose  abaciBsa  \a  x,  the  formula  (5)  may  be  written 


i: 


■*{x)dx. 


ThU  is  the  result  we  abould  have  obtained  by  starting  with  the 
layer  of  subregions  bounded  by  the  two  planes  j  =  j^_,,  i  —  x,. 
Oliooaing  the  points  (£.  ij.  0  suitably,  thia  layer  contributes  to  the 
total  sum  the  quantity 

Example.  Let  as  evaluate  the  triple  integral///!  dxd^dz  extended  Ihrougli- 
out  that  eighth  of  the  sphere  x"  +  i/*  +  »'=  IP  which  lies  in  the  flrat  octant.  If 
we  integrate  flrat  with  regard  to  c,  then  with  regard  to  n,  and  finally  with  regard 
to  I,  the  limits  are  as  toUoWB:  x  and  y  being  given,  z  may  vary  (rum  lero  to 
V/f  —  i^  ~  y';  X  being  given,  j/  may  vary  from  aero  to  y/IP  -  i' ;  and  z  itself 
may  vary  from  zero  to  B.     Hence  tbe  integral  in  question  has  the  value 


and  it  merely  renutltiB  to  calculate  the  definite  integral  \f^  {IP  -  x^^dx,  which, 
by  the  substitution  i  —  B  cos#,  takes  the  fnrui 

I  /"'R«ain**<i* 

Hence  the  value  of  the  given  triple  integral  is,  by  5  11(1,  jtif/W. 


145.  Change  of  variables.    Let 


(«) 


be  formulffi  of  transformation  which  establish  a  one-t(M)ne  corre- 
spondence Ijetween  the  points  of  the  region  (/i)  and  those  of  another 
region  (E,).  We  shall  think  of  «,  v,  and  w  as  the  rectangular  coflr- 
a  point  with  respect  to  another  sy.stein  of  rectangular 
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coordinates,  in  general  dilferent  from  the  first.     If  F(x,  y,  z)  is  a 
Gontiauoim  function  throughout  the  region  (£),  we  shall  always  have 


(') 


\\\   F(x,y,x)diedt/d» 


dadvdu!, 


where  the  two  integrals  are  extended  throughout  the  regions  (E) 
and  (El),  respectively.  This  is  the  formulfi  for  change  of  variables 
in  triple  integrals. 

In  order  to  show  that  the  formula  (7)  always  holds,  we  shall 
commence  by  remarking  that  if  it  holds  for  two  or  more  particular 
transformations,  it  will  hold  also  for  the  transformation  obtained  by 
carrying  out  these  transformations  in  succession,  by  the  well-known 
properties  of  the  functional  determinant  (§  29).  If  it  is  applicable 
to  several  regions  of  space,  it  is  also  applicable  to  the  region  obtained 
by  combining  them.  We  shalt  now  proceed  to  show,  as  ^^  did  for 
double  int^rals,  that  the  formula  holds  for  a  transformation  which 
leaves  all  but  one  of  the  independent  variables  unchanged,  —  for 
example,  for  a  transformation  of  the  form 


(8) 


=  ^{x',y;z'). 


We  shall  suppose  that  the  two  points  M{x, .'/,  *)  and  M'(x'.  y',  z')  are 
referred  to  the  same  system  of  rectangular  axes,  and  that  a  parallel 
to  the  z  axis  meets  the  surface  which 
bounds  the  region  (E)  in  at  most  two 
points.  The  formulae  (8)  establish  a  corre- 
spondence between  this  surface  and  another 
surface  which  bounds  the  region  (£'),  The 
cylinder  circumscribed  about  the  two  sur- 
faces with  its  generators  parallel  to  the 
t  axis  cuts  the  plane  t:  —  0  along  a  closed 
curve  C.  Every  point  m  of  the  region  A  / 
inside  the  contour  C  is  the  projection  of  V^^(.' 

two  points  w,  and  m,  of  the  tirst  surface, 

whose  coordinates  are  3,  and  z^,  respectively,  and  also  of  two 
points  m|  and  m^  of  the  second  surface,  whose  coordinates  are  x\ 
and  zj,  respectively.  Let  us  choose  the  notation  in  such  a  way 
that  si<z,,  and  x[<z',.  The  formulse  (8)  transform  the  point  m, 
into  the  point  m{,  or  else  into  the  point  mj.  To  distinguish  the 
two  oases,  we  need  merely  consider  the  sign  of  Sijf/Sz'.    If  dij//dz'  is 
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positive,  E  increases  with  z',  and  the  points  mi  and  m^  go  into  the 
points  vi',  and  mi,  respectively.  On  the  other  hand,  if  ciji/dz'  is 
negative,  s  decreases  as  2'  increases,  and  m,  and  m,  go  into  m^  and 
nt\ ,  respectively.    In  the  previous  case  we  shall  have 

j^  F(x,  y,  *)rf«  =      j^  Fix,  !,,  4'{x,  y,  ;.■)}  |^  d«', 
whereas  in  the  second  case 

JV(ir,  y,  X!)rf=:  =  -fj'n^.  y.  ^(^,  y.  ^')1  %  d^'- 

In  either  case  we  may  write 

(9)      jy(x,y,,)dz=     J^'V[i,  ,,  «x,  y,  •■):||i|&'. 

If  we  now  consider  the  double  integrals  of  the  two  sides  of  this 
equation  over  the  region  A,  the  double  integral  of  the  left-hand  side, 


/  /    dxdy  I    'f(x,  y,  ie)dz, 


ia  precisely  the  triple  integral///F(3:,y,  a)  dj-rf^'is  extended  through- 
out the  region  (E).  Likewise,  the  double  integral  of  the  right-hand 
side  of  (9)  is  equal  to  the  triple  integral  of 

extended  throughout  the  region  (B'),  which  readily  follows  when 
J-  and  1/  are  replaced  by  x'  and  y',  respectively.  Hence  we  have  in 
this  particular  case 


fll/^-" 


-ISL 


F[3:',y',^(x',y',s')]|^|,£«'dy'rf^'. 


But  in  this  case  the  determinant  7)(i,  y,  s)/D(x',  y',  z")  reduces  to 
dili/bz'.     Hence  the  formula  (7)  holds  for  the  transformation  (8). 

Again,  the  general  formula  (7)  holds  for  a  transformation  of  the 
type 


(10) 


=f('^;y'.^-), 


=  *(^',y', '!'), 
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where  the  variable  x  remains  unchanged.  We  shall  siippoac  that 
the  forinulsB  (10)  establish  a  one-to-one  correspondence  between 
the  points  of  two  regions  (E)  and  (£'),  and  in  particular  that  the 
sections  R  and  II'  made  in  (K)  and  (K'),  respectively,  by  any 
plane  parallel  tc)  the  xij  plane  correspond  in  a  one-to-one  manner. 
Then  by  the  formuUe  for  transformation  of  double  integrals  we 
shall  have 


The  two  members  of  this  equation  are  functions  of  the  variable 
z  —  s'  alone.  Integrating  hoth  sides  again  between  the  limits  ^i 
and  x,,  between  which  z  can  vary  in  the  region  (£),  we  find  the 
formula 


(12) 


fill    F(x,  !/,  z)  dx  dy  ds 


But  in  this  case  D{x,  y,  z)/D(x',  y',  a')  =  /)(*,  y)/D{x\  y').     \ 
the  formula  (1)  holds  for  the  transformation  (10)  also. 

We  shall  now  show  that  any  change  of  variables  whatever 


(13) 


=/(^, 


^0- 


=  ,\,{x„y,,z^). 


=  <A(ir„   >Ju  2.) 


may  be  obtained  by  a  combination  of  the  preceding  transformation  a. 
For,  let  us  set  x'  =  x^,  y'  —  y,,  s'  =  s.  Then  the  last  equation  of 
(13)  may  be  written  x'  =  \}i(x',  y',  z,),  whenue  »,  = 'jr(r',  y',  z"). 
Hence  the  equations  (13)  may  be  replaced  by  the  six  equations 


(14)  x=f[x'.  y',  nrix',  y\  z')], 
(Ifi)  x'  =  x^,         y'^Vu 


y  =  ^[x' 


-'Pi' 


The  general  formula  (7)  holds,  as  we  have  seen,  for  each  of  the 
transformations  (14)  and  (15).  Hence  it  holds  for  the  transforma- 
tion (13)  also. 

We  might  have  replaced  the  general  transformation  (13),  as  the 
reader  can  easily  show,  by  a  sequence  of  three  transformations  of 
the  type  (8), 
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146.  Element  of  volume.    Setting  F{x,  y,  z)=l  in  the  formula  (7), 
we  find 


fCfdxdydz=^  fff    I 


D(Uy    Vf  w) 


dudvdw. 


The  left-hand  side  of  this  equation  is  the  volume  of  the  region  (E). 
Applying  the  law  of  the  mean  to  the  integral  on  the  right,  we  find 
the  relation 


(16) 


V  = »', 


/>(/,  ».  ^) 


l){u,  V,  w) 


(^1|.o 


where  Vi  is  the  volume  of  (/^i),  and  (,  rjy  (  are  the  coordinates  of  some 
point  in  (^A).  This  formula  is  exactly  analogous  to  formula  (17), 
Chapter  VI.  It  shows  that  the  functional  determinant  is  the  limit 
of  the  ratio  of  two  corresponding  infinitesimal  volumes. 

If  one  of  the  variables  u,  v,  w  in  (6)  be  assigned  a  constant  value, 
while  the  others  are  allowed  to  vary,  we  obtain  three  families  of 
surfaces,  u  =  const.,  v  =  const.,  w  =  const.,  by  means  of  which  the 
region  (E)  may  be  divided  into  subregions  analogous  to  the  paral- 
lel opipeds  used  above,  each  of  which  is  bounded  by  six  curved  faces. 
The  volume  of  one  of  these  subregions  bounded  by  the  surfaces 
(tt),  (u  -f  du),  (v)y  (v  -f  dr)y  (w),  (w  +  die)  is,  by  (16), 


AF 


={ 


-\-€ 


r  du  dv  dw , 


where  du,  dr,  and  dir  are  positive  increments,  and  where  c  is  infini- 
tesimal with  duy  dv,  and  dw.  The  term  e  du  dv  div  may  be  neglected, 
as  has  been  explained  several  times  (§  128).    The  product 


(17) 


rfF  = 


JHf.  <!>,  ^) 


l)(u,  V,  w) 


du  dv  dw 


is  the  principal  part  of  the  infinitesimal  AT,  and  is  called  the  element 
of  i^olume  in  the  system  of  curvilinear  coordinates  (u,  v,  w). 

Let  ds^  be  the  square  of  the  linear  element  in  the  same  system  of 
coordinates.     Then,  from  (6), 


df         cf  ,       df  ,       a^ 

dx  =  .*    du  -\-  T-  dv  -\-  -~  dw,     du  =  -r-  du  -\- 
Cu  dv  ow  ou 

whence,  squaring  and  adding,  we  find 

ds^  =  dx^  +  dif  -f  dz^ 


<i.  =  'J 


du 


du-\ , 


<!»){  :J 


du^'\-H^dv'^+Hj,dw^-\-2h\dvdw'{-2F^dudW'\-2h\dudv, 
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the  notation  employed  being 


a  the  Bjinbol  O  n 


=  -S©"' 


'  3«  c 


i  usuai,  that  a:  ia  to  be  replaced  by  y 
and  z  success i rely  and  the  resulting  terms  then  added. 

The  formula  for  dV  is  easily  deduced  from  this  formula  for  rfa'. 
For,  squaxing  the  functional  determinant  by  the  usual  rule,  we  find 


dx 

»!l 

f^ 

» 

du 

8u 

8u 

//[ 

F3 

l-\ 

Sx 

^y 

Sz 

t\ 

w, 

dv 

8v 

Of 

^ 

''' 

h\ 

Fj 

//, 

8j- 

3y 

dz 

dw 

dw 

dw 

whence  the  element  of  volume  is  equal  to  -s/Mdiidvdw. 

Let  us  consider  in  particular  the  very  important  case  in  which 
the  coordinate  surfaces  (w),  (n),  (if)  form  a  triply  orthogonal  system, 
that  is  to  say,  in  which  the  three  surfaces  which  pass  through  any 
point  in  space  intersect  in  pairs  at  right  angles.  The  tangeuts  to 
the  thi-ee  curves  in  whioh  the  surfaoes  intersect  in  pairs  form  a  tri- 
rectangular  trihedron.  It  follows  that  we  must  have  F,  =  0,  F,  =  0, 
F,  =  0 :  and  these  conditions  are  also  sufficient.  The  formulie  for 
dV  and  da^  then  take  the  simple  forms 

(20)    di'  =  JIidu''  +  Ilfdi''  +  Iltdw'^,      dV  =  ^HJijH,dudvdw. 

These  formulae  may  also  be  derived  from  certain  considerations  of 
infinitesimal  geometry.  Let  us  suppose  du,  dv,  and  dw  very  small, 
and  let  us  substitute  in  plar«  of  the  smalt  subregion  defined  above  a 
small  parallelopiped  with  plane  fa«es.  Neglecting  infinitesimals  of 
higher  order,  the  three  adjacent  edges  of  the  parallelopiped  may  be 
taken  to  be  ^_/W,dit,  -JJlidu,  and  ^/lltdw,  respectively.  The  for- 
mulae (20)  express  the  fact  that  the  linear  element  and  the  element  of 
volume  are  equal  to  the  diagonal  and  the  volume  of  this  parallelo- 
piped, respectively.  The  area  ^If,  Wj  dit  dv  of  one  of  the  faces  repre- 
sents in  a  similar  manner  the  element  of  area  of  the  surface  (w). 

As  an  example  consider  the  transformation  to  polar  coordinates 


(31) 


=  psin  tf  cos^, 


>/  —  p  sin  fl  sin 
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where  p  denotes  the  distanue  of  the  point  M(r,  y,  z)  from  the  origin, 
&  the  angle  between  OM  and  the  positive  7  axis,  and  ^  the  angle 
which  the  projection  of  OM  on  the  xy  plane  makes  with  the  positive 
X  axis.  In  order  to  reach  all  points  in  space,  it  is  sufficient  to  let  p 
vary  from  zero  to  +  eo,  tf  from  zero  to  tt,  and  ^  from  zero  to  2it. 
From  (21)  we  find 

(22)  rfs'*  =  (;p'  +  p'rfe"  + p'3in-flrf<^S 
whence 

(23)  dV  =  p*  sin  flrfp  rffl  rf*. 

These  formulae  may  be  derived  without  any  calculation,  however. 
The  three  families  of  surfaces  (p),  (fl),  (i^i)  are  concentric  spheres 
about  the  origin,  cones  of  revolution 
about  the  z  axis  with  their  vertices 
at  the  origin,  and  planes  through 
the  ;  axis,  respectively.  These 
surfaces  evidently  form  a  triply 
orthogonal  system,  and  the  dimen- 
sions of  the  elementary  subregion 
are  seen  from  the  figure  to  be  rfp, 
p  d&,  p  sin  fl  rf^  i  the  formulas  (22) 
and  (23)  now  follow  immediately. 
To  calculate  in  terms  of  the  va- 
riables p,  0,  and  i^  a  triple  integral 
extended  throughout  a  region  bounded  by  a  closed  surface  S,  which 
contains  the  origin  and  which  is  met  in  at  most  one  point  by  a  radius 
vector  through  the  origin,  p  should  be  allowed  to  vary  from  zero  to  R, 
where  II  =/(&,  <^)  is  the  equation  of  the  surface  ;  0  from  zero  to  w; 
and  i^  from  zero  to  2Tr,     For  example,  the  volume  of  such  a  surface  is 

f  =  I     d4,  I   dB  j    p^  am  6  dp. 
The  first  integration  can  always  be  performed,  and  we  may  write 

Occasional  use  is  made  of  cylindrical  codrdinates  r,  a,  and  z  defined 
by  the  equations  x  =  r  cos  ui,  y  =  r  sin  lu,  s  —  2.     It  is  evident  that 


Fio.  M 


and 


dr  = 


r  dw  dr  dz , 
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117.  Elliptic  codidinatsB.    The  surfaces  represented  by  the  e<|Utillon 


(24) 


where  X  la  a  variable  parameter  and  a>b>c>f),  fnrm  a  family  of  confocal 
coniua.  Through  every  point  in  space  Lhero  pass  three  surCace-j  of  thia  family, — 
an  ellipsoid,  a  parted  hyperboloid,  and  an  unparted  hyperboloid.  For  the  equa- 
tion (24)  always  has  one  root  X|  which  lies  between  b  and  e,  another  root  Xg 
betneen  a  ami  b.  and  a  third  root  \i  greater  than  a.  These  three  roota  Xg,  Xg,  X) 
are  called  the  elliptic  cuijrdinotes  of  the  point  whose  rectanguliLr  codrdioates  are 
{X,  s<  z).  Any  two  surfaces  of  the  family  intersect  at  right  angles:  if  \be  given 
the  values  X,  and  Xi,  for  instance,  in  (24),  and  the  resulting  equations  be  sub- 
tracted, a  diviaion  by  X[  -  Xi  gives 


-a)(X,-a)      (X,-6)(X,-61      (X,  -  <r)(X,  -  c) 

which  shows  that  the  two  surfaces  (Xi)  and  (Xg)  are  orthogonal. 

In  order  to  obtain  z,  y,  and  z  as  functions  of  Xi ,  Xi ,  Xj ,  we  may  note  that  the 
relation 

.  ~  r'(X  -  b){\  -  c)  -  i('(X  -  c)(X  -  a)  -  e*(X  -  a){\  -  b) 

=  (X  -  Xi)(X  -  X,)(X  -  X.) 


_  (X.  -  n)(ii  -  X|)(q  -  X,) 


^(X. -ft)(X,-6)(6-Xi) 
(a  -  6)(6  -  c)  ' 


whence,  taking  the  logarithmic  derivatives, 

_  I  /   dX|    ,        dX,  dx,   \ 

~  2  \Xi  -  a      X»  -  a      \,~a/' 

"      2\\,~b^\i-b      l^t-b) 

■i\\i-c       X,  -  c       X,  -  c/ 

n  of  the  squares,  the  terms  in  dX|dX],  dXjdXi,  dXidXi  u 

IS  of  (25)  and  similar  relations.     Hence  the  coefficient  of  dxj|  is 

« „'r  ''   I   ""  I  ''  1 

'      4L(>i-«)"      (»■-»)■      ("l-'ij'j 
y,  z  by  tbeir  values  and  eljnpUI;Jiig, 
_  1       (>■  -  X.l(>i  -  >l) 
'      4  (»,  -  «)(X,  -  i)(\,  -  C)' 
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Tbe  coefficient*  jV»  and  M,  of  dxj  and  dxj,  respectively,  may  be  obtained  from 
Ihia  expression  hy  cyclic  permutation  of  the  lettera,  The  element  of  Toliime  is 
therefore  V.Wi-ifjMi  d\,d\id\t. 

148.  Diclclilat'i  Intigtali.    ConBlder  the  triple  integral 

f  f  fi''l/^f(l-  X  -y  -  zydzdydz 

taken  thronghout  the  interior  of  the  tetrahedron  formed  by  the  four  planes 
I  =  0,  y  =  0,  «  =  0,  I  +  »  +  s  =  1.     Let  UH  set 

*  +  y  +  «  =  t,         i/  +  i  =  ffl,         i  =  £>if, 

where  f,  ij,  f  are  three  new  variables.    Thene  fortiiuliG  may  be  written  in  the  form 

z+y+t  B+t 

and  the  inverse  transformation  is 


=  i(l-i). 


=  ti(l-0. 


=  iif- 


When  X,  y,  and  i  are  all  positive  and  x  +  y  +  i  is  less  tlian  unity,  (,  i;,  and  (  all 
lie  between  zero  and  unity.  Conversely,  if  £,  i,  and  f  all  lie  between  zero  and 
unity,  X,  y,  and  z  are  all  positive  and  x  +  y  + 1  ii  less  tlian  unity.  The  tetra- 
hedron therefore  goes  over  Into  a  cube. 

In  order  to  calcul&te  the  functional  delfrminant,  let  us  introduce  the  auxiliary 
tnnsformatlon  A' =  f ,  r  =  £jj,  Z  =  {jif,  which  gives  x  =  X ~  Y,  y=¥-Z, 
z  =  Z.     Hence  the  functional  determinant  haa  tbe  value 

Djx,  y,  z)  ^    D{z.  s,  z)     DjX,  Y,  Z)  ^ 


'd-nj'-rti-fi'df. 


and  the  given  triple  integral  becomes 

Tbe  integrand  is  the  product  of  &  function  of  (,  a  function  of  i|,  and  a  func- 
tion of  i-     Hence  the  triple  integral  may  be  wrltUn  in  the  form 

or.  Introducing  r  functions  (see  (33),  p.  2S0), 

r(p-f  g  +  r+3)r(«  +  ii  ^  r(7  +  r  +  2)r(p+i)  ^  r(r  +  i)r(g+ii 

r(p-l-g+r  +  «  +  4)  rip  +  q  +  r  +  3)  r(g  +  r  +  a) 


r(p  +  i)T{q  +  i)r(r  +i)r(«  +1) 
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148.  Gieeo'i  theorem."  A  formula  entirely  analogous  to  (16),  }  126,  may  be 
deriTed  fur  triple  integvala.  Let  uk  llrst  consider  a  closed  surface  S  irhich  is 
niut  ill  at  moat  two  points  by  a  parallel  to  the  t  axis,  and  a  fuuction  R{z,  y,  z) 
which,  together  with  SH/dz,  is  continuous  throughout  ihe  interior  of  this  surface. 
All  the  points  of  the  surface  S  project  into  poinu  of  a  region  A  of  the  xy  plane 
which  1h  bounded  by  a  closed  contour  C,  To  every  poin(  of  A  Initide  C  corre- 
spojid  two  points  ut  S  whose  coordinates  are  z,  =  /piii.  s)  and  zi  =  ^{x.  y). 
The  surface  S  !h  thus  divided  into  two  distinct  portions  ^i  aud  Si ,  We  shall 
suppose  that  si  is  less  than  tj. 

Let  us  now  consider  the  triple  integral 


fsr^ 


dxdydz 


taken  throughout  the  region  hounded  by  the  closed  surface  5.  A  first  integra- 
tion may  be  performed  with  regard  to  *  between  tlie  limitfl  zi  and  z,  (|  144), 
which  gives  IHz,  y,  z,)  -  I{(z,  y,  z,).  The  given  triple  integral  is  liierefore 
equal  Id  the  double  integral 

JJ[fl(«,  V.  «i)  -  R{x.  y,  i,)}dxdy 

over  the  region  A.  But  the  double  integra,)  //ff(x,  y,  ti)dxdii  \»  equal  to  the 
surface  Integral  (|  Vi'i) 

ff^     Riz,  y.  t)dzdy 

taken  over  the  upper  side  of  the  surface  Sj.  Likewise,  the  double  integral  of 
R(z,  y,  2i)  witii  its  sign  changed  is  the  surface  integral 

jy    mx,y,i)da.du 

taken  over  the  lower  side  of  5, .     Adding  these  two  Integrals,  tre  may  write 

^dxdydz=j'J'Rix.y,  z)dxdy, 

where  the  surface  integral  is  to  be  extended  over  the  whole  ezlerior  of  the  aur- 

By  the  iiietlioda  already  used  several  times  iiL  similar  cases  this  formula  may 
be  extended  lo  the  case  of  a  region  bounded  by  a  surface  of  any  form  whatever. 
Again,  permuting  the  letters  x,  i/.  and  z,  we  obtain  the  analogous  formulie 


im 


*  Occasionally  vailed  OntroffrailttTi'ii  ihwrem.   The  theorem  of  { 126  li  u 
wiled  Bitmana't  Iheorviii.   But  ttie  title  Onen')  theorem  In  more  clearl]'  Kstabtinhpii 
and  Hems  to  be  the  more  filthig.     See  Krtcy.  der  Math.  Witu.,  II,  A.  7,  li  and  c.— 
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Adding  these  three  foriQuliB,  we  Bnally  Sad  the  general  Gre 
triple  integralH : 


I  =//   P{x,V~x)dy<U  + iHz,v,z)diilx  + B{i,y.z)dxdy, 

where  the  surface  integrals  are  to  be  taken,  aa  before,  orer  the  exterior  of  the 
bounding  surface. 

If,  for  example,  we  set  P  =  x,  Q=B  =  OoiQ  =  y,  P  =  fi  =  OorK  =  j, 

p  =  ^  —  0 ,  it  is  evident  tbnt  the  vulume  of  tlit  solid  bounded  by  S  is  equal  to 
any  one  of  the  surface  iulegrais 


(390 


ff  xdydz,        JJ   ydzdx,        JJ   zdxdy. 


180.  Maltl;le  Integtali.  The  purely  imnlytical  definitions  which  have  been 
given  for  double  and  triple  Integrals  may  be  extended  to  any  number  of  vari- 
ables.    We  aliall  restrict  ourselves  to  a  sketch  of  the  general  process. 

Let  Xi,  X'i,  ■  ■  -,  x„  tie  n  independent  variablea.  We  shall  say  for  brevity 
that  a  system  of  values  z".  xj.  -  '  •.  z^  of  these  variables  represents  a  point  in 
space  of  niliiiiensious.  Any  equation  ^(zi,  j^,  -- ',  x,)  =  0,  whose  first  jueuiber 
is  a  continuous  function,  will  be  said  ui  represeut  a  mir/aee;  and  if  F  is  of  the 
first  degree,  the  equation  will  be  said  to  represent  a  plane.  Let  us  consider  the 
totality  of  all  points  wiioee  coordinates  satisfy  certain  inequalities  of  the  form 


(30) 


^;(z,,z,,  ..■,«»)5U. 


:  1,  2,  . 


We  shall  say  that  the  totality  of  these  points  forms  a  dotnain  D  in  spnce  of  n 
dimensions.  If  for  all  the  poinia  of  this  domain  the  absolute  value  of  each  of 
the  coordinates  z,  is  less  than  a  fixed  number,  we  shall  say  that  the  domain  D  Is 
finite.     If  the  inequalities  which  defiue  D  are  of  the  form 


(31) 


S.xi<x. 


>5S«.<«i. 


a5<i, 


we  shall  call  the  domain  apnimobl,  and  we  shall  say  that  the  n  positive  quan- 
tities Xf  —  ^  are  the  dimension*  of  this  priamoid.  Finally,  we  shall  say  that  a 
point  of  the  domain  D  lies  on  tbe/rontier  of  the  domain  it  at  least  one  of  the 
functions  ^^  in  (30)  vanishes  at  that  point. 

Now  let  D  be  a  finile  domain,  and  let/(zi,  Zi,  ■■  ,  x.)  be  a  function  which 
is  continuous  in  that  domain.  Suppose  2>  divided  into  subdomains  by  planes 
parallel  to  the  planes  Xi  -  0  ^i  =  I,  2,  ■  ■  ■ ,  n),  and  consider  any  one  ot  the  pris- 
moids  deiennined  by  these  planes  which  lies  entirely  inside  the  domain  D. 
Let  Azi,  Azt,  •• ',  Ax,be  the  dimensions  of  this  prismoid,  and  let  fi,  fj,  ---,  {, 
be  the  eoOrdiuates  of  some  point  of  the  prismoid.     Then  the  sum 

(S2)  S=  S/(f„  Jj,  .  ■  ■,  WAxiAz,..  -Az,, 

formed  for  oil  the  priamoids  which  lie  entirely  inside  the  domain  D,  approaches 
a  limit  I  as  the  number  ot  tlie  prismoids  Is  increased  indefinitely  in  such  a  way 
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that  at)  of  the  dimenslona  of  each  of  them  approach  zero.  We  shall  ca,\l  this 
limit  I  the  n<tup1e  integni]  of/{Z|,  z*,  -  ■ ',  x,)  taltea  in  Ibe  domain  i)and  shall 
deuote  it  by  the  tiymbol 


'^//■•//<'. 


x^)dxidx2---  dx,. 


The  evaluation  ot  an  n-tuple  integral  may  be  reduced  to  tlie  eniluatioii  of 
n  BQccesHlve  aimple  integrals.  In  order  to  show  this  in  general,  we  need  only 
show  that  if  it  is  true  for  an  (n  —  l}-tuple  integral,  it  will  also  be  true  for  ed 
n-taple  integral.  For  this  purpose  let  us  consider  any  point  (zi,  Xi,'  ",  z.) 
of  D.  Discardiiigtlievarialileinforlheinoiiienl,  the  point  (Xi,Xj,-  ■-,  i,_i)eTi- 
dently  describes  a  domain  1/  in  space  of  (n  —  I)  dimensions.  We  shall  suppose 
that  to  any  point  (zg ,  Zg,  '-,  z.-i)  ioside  of  If  there  correspond  just  two 
points  on  the  frontier  ol  D,  whose  coi^rdlnales  are  (x,.  x^,-  ■  -,  x^-i;  z*,")  and 
{Xi,  Zai  ■  ■  p-Zk-i;  ^l"),  where  the  coiJrUinales  i',"  and  xf^'  are  continuous  Iudc- 
tiona  o(  the  n  —  1  variables  ii.  ij,  .■  -.  i__i  inside  the  domain  D".  II  this  con- 
dition were  not  satisfied,  we  sliould  divide  the  domain  D  into  domains  so  small 
that  the  condition  would  be  met  by  each  of  the  partial  domains.  Let  us  now 
consider  l!ie  column  of  prisinoids  of  the  domain  D  which  correspond  to  the 
same  point  (Xi,  Zj,  -  ■ ',  x„-i).  It  is  easy  to  show,  aa  we  did  in  the  similar  case 
treated  in  g  124,  that  the  part  of  S  which  arises  from  tills  colunm  of  prismolds  is 


•UP'"'-'- 


■,z,)(te.-t-« 


where  {<[  may  be  made  smaller  than  any  positive  number  whatever  bj  ohoot- 
ing  the  quantities  &Xi  sufficiently  small.     It  we  now  set 


(33) 


*(Z,,Zs,. 


/(Zi,  z,,      ■■,  I,)  til,, 


it  is  clear  that  the  integral  I  will  be  equal  to  the  limit  of  the  mm 

S*(zi.zj,  ■.■,x.^,)iiXiiiXf&x.-,, 

that  is,  to  the  (n  —  t)-taple  integral 

<34)  I  =  jj'j.jt{xuzt,  ■    ■,3L,.,)dx,.--dx,-i, 

in  the  domain  IT.     The  law  having  been  supposed  U)  bold  For  an  (n  —  l)-tuple 
integral,  it  is  evident,  by  mathematical  induction,  that  it  holds  in  general. 

We  niiKht  have  proceeded  differently.  Consider  the  Uitality  of  points 
<Zi.  Z],  -'•,  Xn)  for  which  the  coitrdinate  x,  ha.s  a  llxed  value.  Then  the 
point  <Z|,  zi,  •- ',  z,-i)  descrlties  a  domain  S  in  space  of  (n  —  I)  dimensions, 
ud  It  is  easy  to  show  that  the  n-tuple  integral  I  is  also  equal  to  the  expression 


(35) 


=  y^'fl(z.)dz., 


where  8(1.)  is  Uie  (n  -  l)-tuple  integral ///•■  //dji  •■■  dz,  _i  extended  through- 
out the  domain  }.  Wliatever  be  the  niethodof  carrying  out  the  process,  the  limits 
for  the  various  integrations  depend  upon  the  nature  of  the  domain  D,  and 
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vary  in  general  for  tlilTerent  orders  of  integralion.     An  exc«ptioc 
D  is  a  prlsmiiid  deiliiieil  by  inequallllua  of  tlie  form 

Tlte  multiple  integral  is  then  of  the  (oim 


=/>'X:'''^--Xr-"''" 


and  ilie  order  In  which  the  integratious  are  [lerformed  uiay  be  permuted  in  any 
way  whatever  without  altering  the  limits  which  correspond  to  each  of  the 
varioblua. 

The  formula  for  change  of  variables  also  may  ba  exteiidid  to  »i-tuple  Integrals. 
Let 


(36) 


.*y. 


;1,  2,  . 


be  formulte  of  transformation  which  establish  a  one-to-one  corresponden 
the  points  {jC'i.  xi  .,■■-,  x',)  of  a  domain  C  and  the  poluta  (zi,  zj,  ■  ■ 
domain  D.     Then  we  shall  have 


i  between 
I,)  of  a 


fl-L""- 


^ffl 


Fl-Pi, 


D{xl, 


The  proof  Is  similar  to  that  given  in  analogons  cases  above.     A  sketch  of  the 
argument  ia  all  that  wo  sliall  attempt  here. 

1)  If  (37)  holds  for  each  of  two  tranaformaiiona,  it  also  holds  for  the  li 
formation  obtained  by  carrying  out  the  two  in  succession. 

2)  Any  change  of  variables  nay  be  obtained  by  combining  two  tranafonna- 
tlons  of  the  following  types : 

<38)     x,=zi,      Zt  =  xi,      -■•,     n._i  =  i;_i,     i,  =  *,(z{,  z}.  . 

(39)  ii  =  ^i(2i,  ••-,*;),  ••-.  i,-,  =  ^„-i(ii,  ..-,i;),  2.= 

3)  The  formula  (37)  holda  for  a  transformation  of  the  type  (: 
given  n-tuple  integral  may  be  written  in  the  form  (34).  It  also  holds  for  any 
transf on  nation  of  the  form  (US),  by  the  second  form  (35)  in  which  the  multiple 
integral  may  be  written.  These  conclusions  are  based  on  the  assumption  that 
(37)  holds  for  an  (n  -  l)-tuple  integral.  The  usual  reasoning  by  mathematical 
Induction  establiahea  the  formula  in  general. 

As  an  example  let  us  try  to  evaluai«  the  deHnite  Integral 


'=//--/<'^°*'<"(l- 


-z„ydzi<kct.. 


where  ai,  «a,  ■  ■  ■,  a„,  p  are  certain  positive  constanls,  and  the  integral  is  to  be 
extended  througliout  tlie  domain  D  defined  by  the  inequalities 

0<z,,         0<z^,         ■■■.        0<x.,        I,  +!,  +  ... -I- X.  51. 
The  trangformatlou 
I. +*!  +  ■■--)-*.  =  £..        1,,  + .-■ +i.  =  (iss,        ....       x.  =  E,fs-..f. 
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carries  D  into  a  new  domain  1/  deHned  by  the  ineijualilies 

0<ti  S  1,         0^(s  £  1.         ■■   .         0<(,  S  t, 
and  it  ia  easy  to  show  as  in  §  148  tbal  ths  value  of  the  functional  deUrminant  ie 

'"'■■-■■■■'•',;;-'(,—  ■(-,■ 
J)(i..it,  ■■.£.)      '      ■ 

Tlie  new  iut«grand  ia  therefore  of  Uie  form 

j.,,........-ig,..,.*^..-,,.j,.H_j_,,|,_ 

and  the  given  integral  may  be  expremed,  a»  before,  in 


IB  of  r  fiiuctiuna 


(«) 


/='-' 


r(.t|  + 1)  r(.r«  +  !)■■■  r(.i.  + 1)  r»i  + 1) 


r(a,  +  a,  +  ■ 


:.  +  3  + 


11.    INTEGRATION  OF  TOTAL   DIFFERENTIALS 

151.  General  method.    Let  P{x,  y)  and  Q.{r,  //)  be  two  functions  of 
the  two  independent  variables  x  and  y.     Then  the  expression 

Pdx  +  Qdi/ 
is  not  i)i  general  the  total  differential  of  a  single  function  of  the  two 
variables  jt  and  //.     For  we  have  seen  that  the  equation 

(41)  du  =  Pdx  +  Qdy 

is  equivalent  to  the  two  distinct  equations 


-n^,!/), 


"y 


=  «(»,y)- 


DitTerentiating  the  tirat  of  these  equations  with  respect  to  y  and  tlie 
sei^ond  witli  respect  to  x,  it  appears  that  iii,x,y)  must  satisfy  eacJi 
of  the  equations 

_  dP{x,y)  S*u   _  dQ(x,  y) 

8tf  dy  dx  8x 

A  necessary  condition  that  a  function  u(x,y)  should  exist  which 
satisfies  these  requirements  is  that  the  equation 


should  be  identically  satisfied. 

Tliis  condition  is  also  ajiffieient.  For  there  exist  an  infinite 
number  of  functions  h{x,  y)  for  whieli  the  tirat  of  equations  (42) 
is  satisfied.     All  these  functions  are  given  by  the  formula 


< 


/•(X,  ^)dj:  +  y, 


« 


•/a« 
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where  Xq  is  an  arbitrary  constant  and  F  is  an  arbitrary  function  of  y. 
In  order  that  this  function  u(xy  y)  should  satisfy  the  equation  (41), 
it  is  necessary  and  sufficient  that  its  partial  derivative  with  respect 
to  X  should  be  equal  to  Q{x,  y),  that  is,  that  the  equation 

should  be  satisfied.     But  by  the  assumed  relation  (43)  we  have 

J    %        J    ^^«  =  Q(«»y)"-Q(«o,  y), 

whence  the  preceding  relation  reduces  to 

dY      ^, 

^  =  Q(^o,y). 

The  right-hand  side  of  this  equation  is  independent  of  x.      Hence 
"there  are  an  infinite  number  of  fimctions  of  y  which  satisfy  the 
equation,  and  they  are  all  given  by  the  formula 

Q(xo,  y)  dy  i- C , 


where  y©  is  an  arbitrary  value  of  y,  and  C  is  an  arbitrary  constant. 
It  follows  that  there  are  an  infinite  number  of  functions  u(xy  y) 
which  satisfy  the  equation  (41).     They  are  all  given  by  the  formula 

(44)  M  =  j    P(x,  y)dx  +  /    Q(xo,  y)dy  +  C, 

and  differ  from  each  other  only  by  the  additive  constant  C 
Consider,  for  example,  the  pair  of  functions 

^^x-\-my  ^^y-ma;^ 

x^  -\-y^'  x^  ■\-y'^' 

which  satisfy  the  condition  (43).  Setting  a^o  =  0  and  yo  =  1>  ^^e 
formula  for  u  gives 

whence,  performing  the  indicated  integrations,  we  find 

w  =  -  [log(a;^  +  3^)]^  -f  7»     arc  tan  ~      -\-\o%y  -\-  Cy 

or,  simplifying, 

1  X 

u  =  -  log(x^  -\-  y^)-{-  m  arc  tan  -  4-  C . 

^  y 
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The  preofiding  method  may  be  estendetl  to  any  number  of  inde- 
pendent variables.     We  shall  give  the  reasoning  for  three  variables. 
Let  P,  Q,  and  Ji  be  three  functions  of  x,  y,  and  s.     Then  tlie  total 
differential  equation 
(45)  du  =  Pdx  +  Qdt/  +  Rdz 

is  equivalent  to  the  three  distinct  equations 


du 


(47) 


(46) 

Calculating  the  three  derivatives  c'u/Sxdy,  d^u/cyce,  d*u/dxdx  in 
two  different  ways,  we  find  the  three  following  equations  as  neces- 
sary conditions  for  the  existence  of  the  function  u : 
dl^_dji  ^_^  dR_dP 

dy       dx  dt       dy  dx     ,  dz 

Conversely,  let  ua  suppose  these  equations  satisfied.  Then,  by  the 
first,  there  exist  an  iutiuite  number  of  functions  u{x,  y,  z)  whose 
partial  derivatives  with  respect  to  x  and  y  are  equal  to  P  and  Q, 
respectively,  and  they  are  all  given  by  the  formula 

u  =J    P{x,  y,  z)dx  +J     Q(x„,  y,  z)dy  +  Z, 

where  Z  denotes  an  arbitrary  function  of  z.  In  order  that  the  deriva- 
tive Sit/d«  should  be  equal  to  R,  it  is  uecessary  and  sullicieiit  that 
the  equation 


rif--x" 


should  be  satisfied.     Making  use  of  the  relations  (47),  which  were 
assumed  to  hold,  this  condition  reduces  to  the  equation 

K(i,  J,,  =)  -  «(»„  J,  =)  +  «(»„  y.  =)  -  H(x.,  J.,  «)  +  1^  -  K(j^,  ,,  j) , 


It  follows  that  an  infinite   number  of  functions  u{x,  y,  «)  exist 
which  satisfy  the  equation  (45).     They  are  all  given  by  the  formula 


'<' 


^f.> 


+X'""""" 


x)dz  +  C, 


where  lo,  ya,  »,.  are  three  arbitrary  numerical  values,  and  C 
arbitrary  constant 
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152.  The  integral  Jl^; J', Pdx  +  Qdy.  The  same  subject  may  be 
treated  from  a  different  point  of  view,  which  gives  deeper  insight 
into  the  question  and  leads  to  new  results.  Let  P(x,  y)  and  Q{x,  y) 
be  two  functions  which,  together  with  their  first  derivatives,  are 
continuous  in  a  region  A  bounded  by  a  single  closed  contour  C. 
It  may  happen  that  the  region  A  embraces  the  wLoie  plane,  in 
which  caae  the  contour  C  would  be  supposed  to  have  receded  to 
intioity.     The  line  integral 


/ 


Pdx+  Qdy 


taken  along  any  path  D  which  lies  in  .4  will  depend  in  general  upon 
the  path  of  integration.  Let  us  first  try  to  find  the  conditions  under 
which  this  integral  depends  only  upon  the  coordinates  of  the  exti'emi- 
ties  (a:,,  yj)  and  (.r,  ,.y,)  of  the  path.  Let  .1/  and  JV  be  any  two  points 
of  region  A,  and  let  L  and  L'  be  any  two  paths  which  connect  these 
two  points  without  intersecting  each  other  between  the  extremities. 
Taken  together  they  form  a  closed  contour.  In  order  that  the  values 
of  the  line  integral  taken  along  tliese  two  paths  L  and  L'  should  be 
equal,  it  is  evidently  necessary  and  suflicient  that  the  integral  taken 
around  the  closed  contour  formed  by  tlie  two  curves,  proceeding 
always  in  the  same  sense,  should  be  zero.  Hence  the  question  at 
issue  is  exactly  equivalent  to  the  following :  }Vliat  are  the  conditions 
under  which  the  line  integral 


!'■ 


taken  around  ajii/  elvaeil  i-oiilour  whaleva 
thoiild  uanish  ?     - 

The  answer  to  this  question   is  an  ii 


which  lir^  in  the  region  A 


uediate  result  of  Green's 


theorem : 

(49)  jf  /M^  +  <i  J,  =  JJ(^g  ~  1^)  ii  rfj., 

where  C  is  any  closed  contour  which  lies  in  A,  and  where  the  double 
integral  is  to  be  extended  over  the  whole  interior  of  C.  It  is  dear 
that  if  the  functions  P  and  il  satisfy  the  equation 


I 


(130 


the  line  integral  on  the  left  will  always  vaiK^'-     i  ..i^  .....u.viui  ». 
also  necessary.     For,  if  ipjotj  —  dQ/dx  were  not  identically  zero 
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in  the  region  A,  since  it  is  a  continuous  function,  it  would  surely  be 
posBible  to  find  a  region  a  so  small  that  its  sign  would  be  (constant 
inside  of  a.  But  in  that  case  the  line  integral  taken  around  the 
boundary  of  a  would  not  be  zero,  by  (49). 

If  the  condition  (43')  is  identically  satisfied,  the  values  of  the 
integral  taken  along  two  patlis  L  and  L'  between  the  same  two 
points  M  and  A'  are  equal  provided  the  two  paths  do  not  intersect 
between  .1/  and  N.  It  is  easy  to  see  that  the  same  thing  is  true 
even  when  the  two  paths  intersect  any  number  of  times  between  .1/ 
and  N.  For  in  that  case  it  would  be  necessary  only  to  compare 
the  values  of  the  integral  taken  along  the  paths  L  and  /,'  with  its 
value  taken  along  a  third  path  L",  which  intersects  neither  of  the 
preceding  except  at  M  and  N. 

Let  us  now  suppose  that  one  of  the  extremities  of  the  path  of 
integration  is  a  hxciL  point  (j:,„  y„),  while  the  other  extremity  is  a 
variable  point  (x,  y)  of  .!.     Then  the  integral 


(50) 


I'dx  ■¥Q,dtj 


taken  along  an  arbitrary  path  depends  only  upon  the  cobrdinates 
{x,  y)  of  the  variable  extremity.  The  partial  derivatives  of  this 
function  are  precisely  i'(x,  y)  and  (lix,  y).     For  example,  we  have 


F{x  +  £^,y) 


for  ve  may  suppose  that  the  path  of  integration  goes  from  (r^,  y^ 
to  {x,  y),  and  then  from  (x,  y)  to  (i  +  Ax,  y)  along  a  line  parallel  to 
the  X  axis,  along  which  dy  =  0.  Applying  the  law  of  the  mean,  we 
may  write 

"'-'^'"■'^-""^""^'Pi'  +  f'-'.y).      o<»<i. 

Taking  the  limit  when  ^x  approaches  zero,  this  gives  F^  =  P. 
Similarly.  F,  =  Q.  The  line  integral  F{x,  y),  therefore,  satisfies  the 
total  differential  equation  (41),  and  the  general  integral  of  this 
equation  is  given  by  adding  to  F{r,  y)  an  arbitrary  constant. 

This  new  formula  is  more  general  than  the  formula  (44)  in  that 
the  path  of  integration  is  still  arbitrary.  It  ia  easy  to  deduce  (44) 
from  the  new  form.  To  avoid  ambiguity,  let  (x^.  //„)  and  (x„  yi)  be 
the  coordinates  of  the  two  extremities,  and  let  the  path  of  integra- 
tion be  the  two  straight  lines  x  =  x„,  y  ~  i/,.     Along  the  former. 
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!  =  Zo,  dx  =  0,  and  ij  varies  from  i 
I  =  ^1,  dy  =  0,  and  x  varies  from  x^  tt 
a  equal  to 


to  y,.     Along  the  second, 
xi.    Hence  the  integral  (50) 


j    ii{x^,!/)d!/+f    'p{x,y,)di 


whicli  differs  from  (44)  only  In  notation. 

But  it  might  be  more  advantageous  to  consider  another  path  of 
integration.  Let  x  =  /{(),  y  =  ^(/)  be  the  equations  of  a  curve 
joining  (j"o,  Jo)  and  (j-„  i/i),  and  let  t  be  supposed  to  vary  con- 
tinuously from  t„  to  (,  as  the  point  (x,  y)  describes  the  curve 
between  Its  two  extremities.     Then  we  shall  have 

J^    '   'l'dx-\-<id.j=J^\r{x,y)f(t)+Q{x,y)4.\t)-]dt, 

where    there   remains  but  a  single  quadrature.      If   the   path    be 

a  straight    line,   for   example,   we    should    set   x  =  x„-\-  ((a-,  —  a\,), 
y  =  !/q  +  i(!/i  —  yn),  and  we  should  lot  t  vary  from  0  to  1. 

Conversely,  if  a  particular  integral  ♦(r.  ;/)  of  the  equation  (41) 
be  known,  the  line  integral  is  given  by  the  formula 


£ 


/'dx  +■  Qdy  =  ^x,  y)  -  *(a^,  y„), 
which  is  analogous  to  the  equation  (6)  of  Chapter  IV. 


contoura.     Let  u 


153.  Periods.  More  general  cases  may  be  investigated.  In  the 
first  place,  Green's  theorem  applies  to  regions  bounded  by  several 
i  consider  for  definiteness  a  region  .'I  bounded  \^ 
an  exterior  contour  C  and  two  contoura  V  and 
1,  C"  which  lie  inside  the  first  (Fig.  35).  Let  P 
and  Q  be  two  functions  which,  together  with 
3  their  first  derivatives,  are  continuous  in  thia 
region.  (The  regions  inside  the  contours  C 
and  C"  should  not  be  considered  as  parts  of 
the  region  A,  and  no  hypothesis  whatever  is 
made  regarding  P  and  Q  inside  these  regions.) 
Let  the  contours  C  and  C"  be  joined  to  the  contour  C  by  trans- 
versals ab  and  rrf.  We  thus  obtain  a  closed  contour  abmcdndcpbaqa, 
or  r,  which  may  be  described  at  one  stroke.  Applying  Green's 
theorem  to  the  region  bounded  by  this  contour,  the  line  integrals 
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which  arise  from  the  transversals  nh  and  cd  cancel  out,  since  each 
of  them  is  described  twice  iii  opposite  directioas.     It  follows  that 


/— ^-iJ(lf-lf) 


where  the  line  integral  is  to  be  taken  along  the  whole  boundary  of 
the  region  .-1,  i.e.  along  the  three  contourH  C,  C',  and  C",  in  the  senses 
indicated  by  the  arrows,  respectively,  these  being  such  that  the 
region  A  always  lies  on  the  left. 

If  the  fuiictioua  /'  and  y  satisfy  the  relation  dQ/dx  =  dP/di/  in 
the  region  A,  the  double  integral  vanishes,  and  we  may  write  the 
resulting  relation  iu  the  form 


(SI)  _£,' 


-I 


Ir 


Pdx -{- Qd'j  =  i    Pdx  +  Qd!/+j     Pdx  +  qdy, 


where  each  of  the  line  integrals  is  to  be  taken  in  the  sense  desig- 
nated above. 

Let  us  now  return  to  the  region  A  bounded  by  a  single  contour 
C,  and  let  P  and  (t  be  two  tunetiona  which  satisfy  the  equation 
dP/dy  =  dQ/dx,  and  which,  together  with  their  first  derivatives,  are 
continuous  except  at  a  finite  number 
of  points  of  A,  at  which  at  least  one  of 
the  functions  P  oi  Q  is  discontinuous. 
We  shall  suppose  for  definiteness  that 
there  are  three  points  of  discontinuity 
a,  6,  c  in  .^.     Let  us  surround  each  of   ■ 
these  points  by  a  small  circle,  and  then 
join  each  of  these  circles  to  the  contour 
C  by  a  cross  cut  (Fig.  36).    Then  the 
integral  fpdx  +  Qdy  taken  from  a  fixed 
point  (xo,  t/a)  f*  *  variable  point  (x,  y)  pi,o  3g 

along  a  curve  wliinh  does  not  cross  any 

of  these  cuts  has  a  definite  value  at  every  point  For  the  contour  C, 
the  circles  and  the  cuts  form  a  single  contour  which  may  be  described 
at  one  stroke,  just  as  in  the  case  discussed  above.  We  shall  call 
Buch  a  path  dirert,  and  shall  denote  the  value  of  the  line  integral 
taken  along  it  from  Ma(xo,  i/o)  to  ^H.^!  ,'/)  by  P{^^  !/)■ 

We  shall  call  the  path  composed  of  the  straight  line  from  M^  to 
a  point  a',  whose  distance  from  a  is  infinitesimal,  the  circumference 
of  the  circle  of  radius  aa'  about  a,  and  the  straight  line  a'M^,  a  loop- 
eireuit.    The  line  integral  jPdx  +  Qdy  taken  along  a  loop-circuit 
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reduces  to  the  line  integral  taken  along  the  circumference  of  the 
circle.  This  latter  integral  is  not  zero,  in  general,  if  one  of  the 
functions  P  or  Q  is  infinite  at  the  point  a,  but  it  is  independent  of 
the  radius  of  the  circle.  It  is  a  certain  constant  i:  A.  the  double 
sign  corresponding  to  the  two  senses  in  which  the  circumference 
may  be  described.  Similarly,  we  shall  denote  by  ±  B  and  ±  C  the 
values  of  the  integral  taken  along  loop-circuits  drawn  about  the  two 
singular  points  h  and  c,  respectively. 

Any  path  whatever  joining  Mg  and  M  may  now  be  reduced  to  a 
combination  of  loop-circuits  followed  by  a  direct  path  from  Ma  to  .1/, 
For  example,  the  path  MgmdefM  may  be  reduced  to  a  combination 
of  the  paths  M^m-dM^,  M^deM^,  MotfMo,  and  M^fM.  The  path 
MginiiMa  may  then  lie  reduced  to  a  loop-circuit  about  the  singular 
point  n,  anrl  similarly  for  the  other  two.  Finally,  the  path  Afg/Af 
is  equivalent  to  a,  direct  path.  It  follows  that,  whatever  be  the  path 
of  integration,  the  value  of  the  line  integral  will  be  of  the  form 

(52)  F(x,  y)  =  F(^  +mh+nB  +  pC, 

where  m,  n,  and  p  may  be  any  positive  or  negative  integers.  The 
quantities  A,  B,  C  are  called  the  periods  of  the  line  integral.  That 
integral  is  evidently  a  function  of  the  variables  x  and  y  which 
admits  of  an  infinite  number  of  different  determinations,  and  the 
origin  of  this  inde termination  is  apparent. 

Remark.  The  function  F(x,  y)  is  a  definitely  defined  function 
in  the  whole  region  A  when  the  cuts  aa,  bff,  ey  have  been  traced. 
Bat  it  should  be  noticed  that  the  difference  F(m)  —  F(m.')  between 
the  values  of  the  function  at  two  points  m  and  m'  which  lie  on 
opposite  sides  of  a  cut  does  not  necessarily  vanish.     For  we  have 

which  may  be  written 

But/^  is  zero;  hence 

It  follows  that  the  difference  F(ni.)  -  F(w')  is  constant  and  equal 
to  A  all  along  aa.  The  analogous  proposition  holds  for  each  of 
the  cuts. 
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Example.    The  line  integral 


i: 


has  a  single  critical  point,  the  origin.  In  order  to  find  the  corre- 
sponding period,  let,  us  integrate  along  tlie  circle  j-°  +  y'  =  p'. 
Along  this  circle  we  have 


whence  the  period  is  equal  to  j^   dui  =  2nr.     It  ia  easy  to  veri^ 
this,  for  the  integrand  is  the  total  differential  of  arctany/ie. 

1B4.  ConuDon  roots  af  two  eqnatiaDB.  Lee  X  and  T  be  two  fiinctiODB  o(  the 
variables  i  and  y  wliich,  togetUer  with  tbeir  first  pariial  derivallves.  are  con- 
tiniioiiG  in  a  tegion  A  bounded  b;  a  Hingle  closed  contour  C.  Then  the  expres- 
sion (XdY  -  YAX)/(X^  +  Y")  (ULtiaflea  the  condition  of  integrabiiitj,  for  It  is 
the  derlTative  o[  arc  tan  Y/X.     Hence  the  liuB  integral 


(63) 


X 


XdY  -YdX 


taken  along  Die  contour  C  in  the  positive  sense  vaDiahea  provided  the  coeffi- 
cienu  of  dz  and  dy  in  the  integnnd  remain  cuntinuotis  innide  C,  i.e.  if  the  two 
curves  A'  =  0,  Y  =Q  have  no  common  polnl  inside  that  contour.  But  if  tlieae 
two  curves  have  a  certain  number  of  common  points  a,  6,  c, .  ■  ■  inside  C,  the  value 
of  the  integral  will  be  equal  to  the  sum  of  the  values  of  the  same  integral  taken 
along  itie  circumfereDcee  of  small  circles  described  about  the  points  a,  b,  c,  • ' .  aa 
centers.  I/H  {a,  ^)  be  the  coordinates  of  one  of  the  comuioD  points.  We  shall 
suppose  that  the  functional  determinant  D(X,  Y)/D(x,  y)  is  not  zero,  i.e.  that 
the  two  curvea  X  -0  and  I"  =  0  are  not  tangent  al  the  point.  Then  it  is  pos- 
sible to  draw  about  the  point  (it,  p)  as  center  a  circle  c  whose  radius  Is  so  small 
that  the  point  IX.  Y)  describes  a  small  plane  region  about  the  point  (0.  0) 
which  is  bounded  by  a  contour  7  and  which  corresponds  point  for  point  to  the 
circle  c  (S5  25  and  127). 

As  the  point  (x,  y)  describes  the  circumference  of  the  circle  c  in  the  positive 
sense,  the  point  (,T,  Y)  describes  the  contour  y  in  the  positive  or  in  the  negative 
sense,  according  sa  the  sign  of  the  functional  determinant  inside  the  circle  c  is 
positive  or  negative.  But  the  deflnile  integral  along  the  circumference  of  c  is 
equal  to  the  change  in  arc  tan  Y/X  in  one  revolution,  that  is,  ±  2ir.  Slmllat 
reuoning  for  all  of  the  roots  shows  that 


(M) 


X 


xdY~  Yax 


27riP-  N), 


where  P  denotes  the  number  of  poinM 
D(X,  Y)/D(x,  y)  ifl  positive,  and  N  the  n 
determinant  is  negative. 
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The  definite  integral  on  llie  left  is  also  equal  to  the  variation  in  arc  tan  Y/X 
In  going  aruuiid  c,  liiat  Is,  to  the  index  of  tlie  func:lion  Y/X  an  llie  point  (x,  y) 
dascribta  the  contour  C.  If  the  funciioiia  -T  and  Y  are  polynomials,  and  if  the 
contour  O  Ih  oomposed  of  a  finite  number  of  arcs  of  uiiicureal  curves,  we  are  led 
Id  calculate  the  index  of  ouo  or  more  rational  functions,  which  involves  only 
elementary  operations  {%  TT).  Moreover,  wUatever  be  the  fuoctlous  X  and  J*, 
we  can  always  evaluate  the  definite  iiiiegral  (>'>4)  approximately,  with  an  error 
less  than  le,  which  ia  all  that  Is  necessary,  siuce  the  ilghl-haiid  side  is  always  a 
multJple  of  2 It. 

The  fiirmiila  (54)  does  not  give  the  exact  iiumlxT  of  points  common  lo  the 
two  ciirveN  unlesH  the  fuDctioiinl  determinant  has  a  constant  sign  iiiKide  of  C 
Picard's  recent  work  has  completed  the  results  of  this  investigatiou.* 

IBS.  GcusraliistJoa  of  the  preceding.  The  results  of  the  preceding  paragraphs 
niity  be  extended  nittiout  eeseniial  alteration  to  line  integrals  in  apace.  Let  P, 
Q,  and  R  be  three  functions  which,  together  with  their  first  partial  derivatives, 
are  continuous  in  a  region  (S)  of  space  bounded  by  a  single  closed  surface  8. 
Let  us  seek  Srst  to  determine  the  uoaditions  under  which  tlie  line  integral 

(55)  17=  /■"^■''■"p(fa+Qdi/  +  ftdj 

•'('g.'lj.V 

itremlties 

ig  any  clot 
e<)ual  to  tl 

//(l?4:)""(a^-S)*-f|-SH 

extended  over  a  surface  Z  which  is  bounded  by  the  contour  V.  In  order  that 
this  surfnce  integral  should  be  zero.  It  Is  evidently  necessary  and  sufBcient  Ihal 
the  equations 

0P    5Q        i^_iR^       aR_0P 

Bg       dx  dt       Bd  Sx        Bt 


depends  only  upon  the  extremities  (Xo,  yv,  ^o)  and  (z,  y,  z)  of  the  path  of  inle- 
gration.  This  amounts  lo  Inquiring  under  what  conditions  the  same  integral 
vanishes  when  taken  along  any  closed  patii  r.  But  by  Stokes'  theorem  {i  130) 
the  above  line  integral  is  e<)ual  to  the  surface  integral 


(56) 


should  be  satisfied.  If  these  conditions  are  satislled,  17  is  a  function  of  the  vari- 
ables x,  V,  andz  whose  total  differential  Is  Fttx  +  Qdy  +  Rdz,  and  which  is  single 
valued  in  the  region  {E).  In  onler  to  iind  Uie  value  of  U  at  any  point,  the  path 
of  integration  may  be  chosen  arbitrarily. 

If  the  functions  P,  Q,  and  if  satisfy  the  equations  (66).  hut  at  least  one  of 
them  becomes  inflnile  at  alt  the  points  of  one  or  more  curves  In  {£!),  resulla 
analogous  to  those  of  g  153  may  be  derived. 

If,  for  example,  one  of  the  functions  P,  Q,  R  becomes  inflnile  at  all  the  points 
of  a  closed  curve  7,  the  integral  U  will  admit  a  period  equal  to  the  value  of  the 
line  integral  taken  along  a  closed  contour  which  pierces  once  and  onl;  once  a 
surface  r  bounded  by  7. 

We  may  also  consider  questions  relating  to  surface  integrals  whictj  are  exaottj 
analogous  to  the  questions  proposed  above  for  line  intecrals.  Let  A,  S,  and  G 
be   three  functions   which,   together   with   their   first   partial   derivatives,  are 
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continuous  in  a.  region  (E)  of  apAce  bounded  b;  a  single  closed  surface  S.  Let  Z 
be  a  surface  inside  of  (E)  bounded  by  a  conkiur  I'  of  anj  form  ntiatever.  Then 
the  surface  integral 

(67)  ^=ff    ■A'^!/dz  +  Bdzdx  +  Cdxdy 


depends  in  genersil  upon  the  surface  S 

that  the  integral  should  depend  only  upon 

cient  thai  iu  value  ivhen  taken 

Green's  theorem  (|  149)  gives  al 

For  we  know  that  the  given  double  integral  extended 

equal  to  the  triple  iniegml 


upon  the  contour  r.    In  order 

a  evideuttj  nece.ssary  and  auffi- 

any  closed  surface  in  {E)  sliuuld  vanish. 

the  conditions  under  which  this  is  true. 

any  closed  surface  ii 


fffCi^'^*'^^ 


extended  throughout  the  region  bounded  by  the  surface.  In  order  that  this  latter 
integral  should  vanish  for  any  region  inside  (£),  It  is  evidently  necessary  that  the 
lunctioDs  A,  B,  and  C  should  satisfy  the  e<|Uatian 


^^^■^'-- 


tv 


it 


This  condition  is  also  sufficient. 

Stokes'  theorem  affords  an  easy  verification  of  this  fact.  For  if  A,  B,  and  C 
are  three  functions  which  saLisfy  the  eqiuilion  (69),  it  is  always  possible  to  deter- 
mine in  an  infinite  rminber  of  ways  three  other  functions  P,  U,  and  R  such  that 


(59) 


Vi  -13.- 


pp 


BQ      0P_ 


In  the  first  placi 
lUmber,  for  tliey  ri 


if  these  equations  admit  solutions,  they  admit  a 
nain  unchanged  if  P,  Q,  and  B  be  replaced  by 


respectively,  where  \  is  an  arbitrary  function  of  x,  jf,  and  ( 
K  =  0,  the  Srst  two  of  equations  (58)  give 


=  f'Blx,y,z)dz  +  ^(x,y), 


-f'^f- ' 


where  0(z,  y)  and  ^(z,  y)  are  arbitrary  functions  of  x  and 
values  in  the  last  of  equations  (&9),  we  find 


z)dz  +  n^s), 

/.    Substituting  these 


-B 


or,  making  use  of  (68), 


^-^.c,.,,,^,. 


ftt 


One  of  the  functions  ^  or  ^  may  still  be  chosen  at  random. 

The  functions  P,  (^,  and  H  having  been  determined,  the  surface  integral,  by 
Stokes'  theorem,  is  equal  to  the  line  integral  J^^,Plix  +  Qdy  +  lidz,  which 
evidently  depeuds  only  upon  the  contour  T. 
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BXERCISS8 

1.  Find  the  value  of  the  triple  integral 

fff[^(^  -  V)^  +  SaZ'-Aa^]dxdydz 

extended  throughout  the  region  of  space  defined  by  the  inequalities 

2*  +  y*  -  <w <0,       x«  +  y«  +  z«  -  2a«<0. 

[Licence,  Montpellier,  1806.] 

2.  Find  the  area  of  the  surface 

and  the  volume  of  the  solid  bounded  by  the  same  surface. 


3.  Investigate  the  properties  of  the  function 
considered  as  a  function  of  X,  F,  and  Z.     Generalize  the  results  of  §  125. 


IT  V  S^ 

F(X,Y,Z)=  f  dxf  dy  f '/(x,  y,  z)dz 

•'au        •/|f«        •/*„ 


4.  Find  the  volume  of  the  portion  of  the  solid  bounded  by  the  surface 

(x^  +  y2  +  2S)»  =  Sa^xyz 
which  lies  in  the  first  octant. 

6.  Reduce  to  a  simple  integral  the  multiple  integral 

f  ["•  r«f*  Xj«  •  •  •  XJ["F(Xi  +  Xj  H \-  Xn)dXidXi"  '  dXn 

extended  throughout  the  domain  D  defined  by  the  inequalities 

0<xi,        0<xs,        •••,        0<Xn,        XiH-X3  + l-Xn<a. 

[Proceed  as  in  §148.] 

6.  Reduce  to  a  simple  integral  the  multiple  integral 

r  r  •  r^' »^'' •••  c  ^[  (^y* +•••+(  J)'"]  <to,  dx, ...  dx^ 

extended  throughout  the  domain  D  defined  by  the  inequalities 
7*.  Derive  the  formula 


I  I  j  ' ' '  j  dxi  dxs  •  •  •  dXn  =  — ^ 


n 
71^ 


r(5+i) 


vn,  EiB.] 


where  the  multiple  integral  u 
inequality 
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ixtended  throaglunit  the  domain  D  defined  by  the 

aJ  +  ij  +  . . .  +  aj  <  1 . 

8".  Derive  the  formula 

f'de  f  'Flac'jsO  +  6smflcoa*  +  cHinflsin^)Hinfld^  =  ^*/      F(fli)dti, 

where  a,  6,  and  c  are  three  arbitrary  constants,  and  where  B  =  Va'  +  6*  +  A 

[Po:siOM,] 
[First  observe  that  the  given  double  integral  is  equal  to  a  certain  aurfftce  inlA- 
gi-ai  taken  over  the  surface  of  the  sphere  i^  +  t"  +  e'  =1.    Then  take  the  plane 
Bi  +  by  +  c«  =  U  as  the  plane  of  xy  iii  a  new  ayalem  of  coitrdinales.] 

B*.  Let  fi  =  FIB,  4i)  be  the  equation  In  polar  coordinates  of  a  closed  surfaoe. 
Show  that  the  volnine  of  the  solid  bounded  by  the  surface  is  equal  lo  the  doable 
integral 


I//" 


extended  over  the  whole  surface,  where  dtr  repreMiits  the  element  of  area,  and  7 
the  angle  which  the  radius  vector  makes  with  the  exterior  uormaL 


10*.  Let  us  consider  a 


whose  equation  ia 


and  let  us  deflne  the  positiona  of  any  point  on  its  surface  by  the  elliptic  cottrdi- 
natea  r  and  p.  that  is,  by  the  roots  which  the  above  equation  would  have  it  fi 
were  regarded  as  unknown  (cf.  g  147).  The  application  of  the  formola:  (29)  to 
the  volume  of  this  ellipsoid  leads  to  the  equation 


M'^ 


P»lV(C-p')(e'-^)^ 


V((i»  -  ,>«)(H  -  6^ 
Likewise,  the  Formula  {a)  gives 


M 


V(6»  -  p'x^'  -  p^(^  -  (^(c"  -A)     a 


11.  Determine  the  functions  P{x,  j/)  and  Q(z,  y)  which,  together  with  their 
partial  derivatives,  are  oontinuous,  and  for  which  the  line  integral 


/'■i.+»,i 


Uken  along  any  closed  contour  whatever  ia  Independent  of  the  constant!  a  and 
p  and  depends  only  upon  the  contour  itaell 

[Lkma,  Paris,  July.  1900.] 
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12*.  Consider  the  point  transformation  defined  by  the  equations 

y  =  0(35',  y',  zT) , 
z  =  ^(x',  y\  z') . 

As  the  point  (x',  y'^  z^  describes  a  surface  S%  the  point  (x,  y,  z)  describes  a  sur- 
face 8.  Let  a,  /3,  7  be  the  direction  angles  of  the  normal  Xjo  8\  a<,  ^,  7'  the 
direction  angles  of  the  corresponding  normal  to  the  surface  8^ ;  and  da  and  da^ 
the  corresponding  surface  elements  of  the  two  surfaces.     Prove  the  formula 

C087ci<r  =±  d<r'i^<?Llicosa'  +  -^?'-i?>  cos^  +  #<'^-4cosy{  . 

\l>(y',  2O  ^(2^*  ^1  -D(x',  lO  ) 

13*.  Derive  the  formula  (10)  on  page  304  directly.  • 
[The  volume  F  may  be  expressed  by  the  surface  integral 

F=  r  «cos7dfl', 

and  we  may  then  make  use  of  the  identity 


i>(«', y",  zT)    dxrr  Dft^, zT))    iVl   T>(zf, X'))     ez^r  D(x^  vo 

which  is  easily  verified.] 


CHAPTER  VIII 

INFINITE   SERIES 

I.    SERIES  OF   REAL  CONSTANT  TERMS 
GENERAL  PKOI'ERTIES      TESTS  FOR  CONVERGENCE 

156.  Definitions  and  general  principles.  Sequences.  The  elementary 
properties  of  series  are  discussed  in  all  texts  ua  College  Algebra 
and  on  Elementary  Calculus.    We  shall  review  rapidly  the  principal 

points  of  these  elementary  discussions. 

First  of  all,  let  us  consider  an  infinite  se-^uence  of  quantities 

(1)  «.,  '„  ■,.  ■■■.  >.,  ■■• 

in  which  each  quantity'  has  a  defiuiU^  place,  the  order  of  precedence 
being  Jix^d.  Such  a  sequence  is  said  to  be  convergent  if  s,  approaches 
a  limit  as  the  index  n  becomes  infinite.  Every  sequence  which  is 
not  convergent  is  said  to  be  diveiyent.  This  may  happen  in  eitlier 
of  two  ways;  5,  may  finally  become  and  remain  larger  than  any 
preaasigued  quantity,  or  s„  may  approach  no  limit  even  though  it 
does  not  become  infinite. 

In  order  t/iiit  a  negiienee  tkoiild  be  convergent,  it  u  necessary  and 
sufficient  that,  eorrespondlng  to  any  preastigned  positive  number  e,  a 
positive  integer  n  should  exist  such  that  the  differejtce  s,*^  — s.  is 
lest  than  t  in  absolute  value  for  any  positioe  integer  p. 

In  the  first  place,  the  condition  is  necessary.  For  if  «„  approaches 
a  limit  «  as  n  liecomea  infinite,  a  nuuber  n  always  exists  for  which 
each  of  the  differeiiws  s  —  s,,  s  — s,  +  i,  •-■,  s  —  s,^.^,  -■-  is  less  than 
t/2  in  absolute  value.  It  follows  that  the  absolute  value  of  a,^.^  —  «. 
will  be  less  than  2t/2  =  (  for  any  value  of  p. 

In  order  to  prove  the  converse,  we  shall  introduce  a  very  impor- 
tant idea  due  to  Cauchy.  Suppose  that  the  absolute  value  of  each 
of  the  terms  of  the  sequence  (1)  is  less  than  a  positive  numljer  ff. 
Then  all  the  numbers  between  —  N  and  +  JV  may  be  separated  into 
two  classes  as  follows.  We  shall  say  that  a  number  belongs  to  the 
class  A  if  there  esist  an  infinite  number  of  terms  of  the  sequence  (1) 


328 


INFINTTK  SERIES 


[VIII.  I  ise 


wliii'h  are  greater  tlian  the  given  number.  A  number  belongs  to 
the  class  H  if  there  are  only  a  fiuite  number  of  terms  of  the 
sequence  (1)  which  are  greater  than  the  given  number.  It  is 
evident  that  every  number  between  —  .V  and  +  A'  belongs  to  one 
of  the  two  classes,  and  that  every  number  of  the  class  A  is  less 
than  any  number  of  the  class  B.  Let  .S  he  the  upper  limit  of  the 
numbers  of  the  class  A,  which  is  obviously  the  same  as  the  lower 
limit  of  the  numbers  of  the  class  B.  Cauchy  called  this  number  the 
■jreatest  limit  (la  plus  grande  dee  limitea)  of  the  terms  of  the 
sequence  (1).*  This  number  5  should  be  carefully  distinguished 
from  the  upper  limit  of  the  terms  of  the  sequence  (1)  (§  68).  For 
instance,  for  the  sequence 


1.     S' 


1     1 


1 


the  upper  limit  of  the  t£rms  of  the  sequence  is  1,  while  the  greatest 
limit  is  0. 

The  name  given  by  Cauchy  is  readily  justified.  There  always 
exist  an  infinite  number  of  terms  of  the  sequence  (1)  which  lie 
between  S  —  t  and  A'  +  t,  however  small  c  be  chosen.  Let  us  then 
consider  a  decreasing  sequence  of  positive  numbers  <,,  e,,  ■•-, 
(,,  '--,  where  the  general  term  i,  approaches  zero.  To  each  num- 
ber (j  of  the  sequence  let  us  assign  a  number  «,.  of  the  sequence  (1) 
which  lies  between  A' —  t,  and  .S  +  e,.  We  shall  thus  obtain  a 
suite  of  numbers  u,,  u,,  ■■■,  «.,  ■■■  belonging  to  the  sequence  (1) 
which  approach  S  as  tiieir  limit.  On  the  other  hand,  it  is  clear 
from  the  very  definition  of  S  that  no  paitial  sequence  of  the  kind  just 
mentioned  can  be  picked  out  of  the  sequence  (1)  which  approaches 
a  limit  greater  than  .S.  Whenever  the  sequence  is  convergent  its 
limit  is  evidently  the  number  S  itself. 

Let  us  now  suppose  that  the  difference  «,+,  —  *,  of  two  terms  of 
the  sequence  (1)  can  be  made  smaller  than  any  positive  number  t 
for  any  value  of  /)  by  a  proper  choice  of  n.  Then  all  the  terms  of 
the  sequence  past  ,i„  lie  between  »,  —  t  and  s,  +  t.  Let  i'  be  the 
greatest  limit  of  the  terms  of  tlie  sequence.  By  the  reasoning  just 
given  it  is  possible  to  pick  a  partial  sequence  out  of  the  sequence  (1) 
which  approaches  -S  as  its  limit.  Since  each  term  of  tlte  partial 
se(]uencp,  after  a  certain  one,  lies  between  a,  —  i  and  a,  +  t,  it  iB 


•  fiemmi?»  analvtiqua  d'  Turin,  ItWI  (Cnlteetfd  Work*.  2d  wrles.  Vol,  X,  p.  49). 
The  dsflultiuii  tuny  be  extended  to  any  asneinblaKi^  o'  niinibpn  vliluti  hu  an  upper 
Uull. 
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clear  that  the  absolute  value  of  .S  —  j>,  is  at  moat  equal  to  c  Now 
let  «„  be  any  term  of  the  sequence  (1)  whose  index  ?»  is  greater 
than  n.    Then  we  may  write 

«.-■••■-('.-*.)  +  (•. --5), 
and  the  value  of  the  right-hand  side  is  surely  lesB  than  2c.      Since  c 
is  an  arbitrarily  pi-easfiigned  positive  number,  it  follows  that  the 
general  term  s.  approaches  5  as  its  limit  as  the  index  m  increases 
indefinitely. 

Note.  If  .S'  is  the  greatest  limit  of  the  terms  of  the  sequence  (1), 
every  number  greater  than  .S'  belongs  to  the  c.laa.s  B,  and  every  num- 
ber less  than  ,S  belongs  to  the  class  .-I.  The  number  ,$  itself  may 
belong  to  either  class. 

157.  Passage  from  sequences  to  series.    Given  any  infinite  sequence 


the  seriei  formed  from  the  terms  of  this  setiuence, 

(2)  «o  +  "i  +  Wa  +  --+ ".  +  •■-, 

is  said  to  be  convergent  if  the  sequence  of  the  successive  sums 

S«  =  Wo,     .S"i  =  Mo  +  "i,     ■■■,     A'.  =  M(,-|-«i +  ■•■+«.,     ■•• 
is  convergent.     Let  A'  be  the  limit  of  the  latter  sequence,  i.e.  the 
limit  which  the  sum  a",  approaches  as  n  increases  indefinitely: 


=  iim5;»,. 


Then  .S  is  called  the  su»i  of  the  jj 
indicated  by  writing  the  symbolic  equation 

A'  =  «o  +  Wi  H +  «.  +  ■■■ 


=2».. 


A  series  which  is  not  convergent  is  said  to  be  divergent. 

It  is  evident  that  the  problem  of  determining  whether  the  series 
is  convergent  or  divergent  is  etjuivalent  to  the  problem  of  determin- 
ing whether  the  sequence  of  the  successive  sums  A'o,  S,,  S,,  -■  is 
convergent  or  divergent.     Conversely,  the  sequence 


will  be  convergent  or  divergent  according  as  the  s 
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is  convergent  or  divergent.    For  the  sum  S^  of  the  first  n  +  1  terms 
of  this  series  is  precisely  equal  to  the  general  term  s^  of  the  given 
sequence.     We  shall  apply  this  remark  frequently. 
The  series  (2)  converges  or  diverges  with  the  series 

(3)  Wp  -h  i*p+ 1  4-  •  •  •  -h  S+«  4-  •  •  • , 

obtained  by  omitting  the  first  p  terms  of  (2).  For,  if  S^(n  >/?) 
denote  the  sum  of  the  first  w  -|-  1  terms  of  the  series  (2),  and  2„_p 
the  sum  of  the  n  —  p  -\-l  first  terms  of  the  series  (3),  i.e. 

the  difference  -S^  —  S«-p  =  Wq  4-  Wi  H h  w^^^  is  independent  of  n. 

Hence  the  sum  S,_p  approaches  a  limit  if  S^  approaches  a  limit, 
and  conversely.  It  follows  that  in  determining  whether  the  series 
converges  or  diverges  we  may  neglect  as  many  of  the  terms  at  the 
beginning  of  a  series  as  we  wish. 

Let  S  be  the  sum  of  a  convergent  series,  »S„  the  sum  of  the  first 
u  + 1  terms,  and  R^  the  sum  of  the  series  obtained  by  omitting  tlie 
first  n  -f  1  terms, 

^n  =  u^  +  i  +  u^  +  2  H +  M,^^  H . 

It  is  evident  that  we  shall  always  have 

S  =  S,  +  Rn- 

It  is  not  possible,  in  general,  to  find  the  sum  5  of  a  convergent 
series.  If  we  take  the  sum  .S'  of  the  first  n  -\-l  terms  as  an  approxi- 
mate value  of  .S',  the  error  made  is  equal  to  R^.  Since  S^  approaches 
S  OS  n  becomes  infinite,  the  error  R^  approaches  zero,  and  hence  the 
number  of  terms  may  always  be  taken  so  large — at  least  theoret- 
ically —  that  the  error  made  in  replacing  S  by  S^  is  less  than  any 
preassigned  number.  In  order  to  have  an  idea  of  the  degree  of 
approximation  obtained,  it  is  sufficient  to  know  an  upper  limit 
of  R^.  It  is  evident  that  the  only  series  which  lend  themselves 
readily  to  numerical  calculation  in  practice  are  those  for  which 
the  remainder  R^  approaches  zero  rather  rapidly. 

A  number  of  properties  result  directly  from  the  definition  of  con- 
vergence.    We  shall  content  ourselves  with  stating  a  few  of  them. 

1)  If  each  of  the  terms  of  a  given  series  he  multiplied  by  a  constant 
k  different  from  zero,  the  new  series  obtahied  will  converge  or  diverge 
with  the  given  series ;  if  the  given  series  converges  to  a  sum  S,  the  sum 
of  the  second  series  is  kS. 
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2)  If  there,  be  givmi  two  ronenrifent  series 

»o  +  I'l  +  'H  + h  w,  H , 

"0  +  "i  +  w,  +  ■  ■  ■  +  y.  +  •  ■  - . 

whose  mtvis  are  S  and  S',  retpeetively,  the  new  se.rlex  olitained  bi/ 
adding  the  given  series  term  by  term,  namely, 

(Jh  +  «.)  +  («,  +  »',)+■■■+('«,  +  »',)+■•■. 
eovi'erges,  and  its  sum  is  S  +  S'.     The  anali^oua  theorem  holds  for 
the  term-by-term  addition  of  p  convergent  series. 

3)  The  eonuergenKe  or  divergenee  of  a  series  is  not  affected  if  the 
values  of  a  finite  number  of  the  terms  be  changed.  For  Buch  a  change 
would  merely  increase  or  decrease  all  of  the  sums  N„  after  a  certain 
one  by  a  constant  amount. 

4)  The  test  for  convergence  of  any  infinite  sequence,  applied  to 
series,  gives  Canchy's  general  test  fur  convergence:  • 

In  order  that  a  series  be  convergent  it  is  necessary  and  swffinient 
that,  corresponding  to  any  preassigned  positive  number  «,  an  integer 
n  should  exist,  such  that  the  sum  of  any  number  of  terms  what- 
ever, starting   with   it,  ^  ] ,   ia    less    than    t    In   absolute   value.      For 


In  particular,  the  general  term  w,+,  =  S,^[  —  .S'„  must  approach 
zero  as  n  becomes  infinite. 

Cauchy's  test  is  absolutely  general,  but  it  is  often  difficult  to 
apply  it  in  practice.  It  is  essentially  a  development  of  tlie  very 
notion  of  a  limit.  We  shall  proceed  to  recall  the  practiual  rules  most 
frequently  used  for  testing  series  for  convergence  and  divergence. 
None  of  these  rules  can  be  applied  in  all  cases,  but  together  they 
Bufflce  for  the  treatment  of  the  majority  of  cases  which  actually  arise. 

158.  Series  of  positive  terms.  We  shall  eommence  by  investigating 
a  very  important  class  of  series,  ^-  those  whose  terms  are  all  posi- 
tive. In  such  a  aeries  the  sum  S,  increases  with  n.  Heuce  in 
order  that  the  series  convei^e  it  is  sufficient  that  the  sum  S.  should 
remain  less  than  some  fixed  number  for  all  values  of  n.  The  most 
general  test  for  the  convergence  of  such  a  series  is  based  upon  com- 
parisons of  the  given  series  with  others  previously  studied.  The 
following  propositions  are  fundamental  for  this  process: 

•  Kteraueii  -le  MalhtmiUlquea.  1827.    (C'ttUsctoJ  Works,  Vol.  Vtl,  2d  Mriui).  p.  207.) 
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1)  If  each  of  the  terms  of  a  given  series  of  positive  terms  is  less 
than  or  at  -most  equal  to  the  corresponding/  term  of  a  known  convergent 
series  of  patitine  terms,  the  given  series  is  convergent.  For  the  sum 
S,  of  the  first  n  terms  of  the  given  series  is  evidently  less  than  the 
sum  A"  of  the  second  aeriea.  Hence  S,  approaches  a  limit  .S  which 
is  less  than  S'. 

2)  If  each  of  the  terms  of  a  given  series  of  positive  terms  is  greater 
than  or  equal  to  the  eorrtspanding  term  of  a  knou-n  divergent  series 
of  positive  terms,  the  given  serien  diverges.  For  the  sum  of  the  fijst 
n  terms  of  the  given  series  is  not  less  than  the  sum  of  the  first 
n  terms  of  the  second  series,  and  hence  it  increases  indefinitely 
with  n. 


We  may  compare  two  series  also  by   i 


,  of  the  following 


lemma.     Let 

{U)  «.  +  «,  +  «,  +  •■■  +  ",  +  ■•-. 

(K)  „„+„,+  !,,  +  .. .  +  „^+... 

be  two  series  of  positive  terms.  If  the  series  (IT)  converges,  and  if, 
after  a  certain  term,  vie  almays  have  i',^.,/u,  £  k,^,/w,,  the  series  (V) 
also  converges.  If  the  series  {U)  diverges,  and  if,  after  a  certain 
term,  we  always  have  u»+i/i',Sf|,-|.i/'',,  the  series  (I-')  also  diverges. 

In  order  to  prove  the  first  statement,  let  us  suppose  that 
",+1/",  = ",  +  [/",  whenever  nip.  Since  the  convergence  of  a 
series  is  not  affected  by  multiplying  each  term  by  the  same  con- 
stant, and  since  the  ratio  of  two  consecntive  terms  also  remains 
unchanged,  we  may  suppose  that  v^  <  «,,  and  it  is  evident  that  we 
should  have  i'j,  +  i5"j,  +  i,  Up+aS"p+,)  etc.  Hence  the  series  (T) 
must  converge.     The  proof  of  t}ie  second  stati^ment  is  similar. 

Given  a  series  of  positive  terms  which  is  known  to  converge  or 
to  diverge,  we  may  make  use  of  either  set  of  propositions  in  order 
to  determine  in  a  given  case  whether  a.  second  series  of  positive 
terms  converges  or  diverges.  For  we  may  compare  the  terms  of 
the  two  series  themselves,  or  we  may  compare  the  ratios  of  two 
consecutive  terms. 

139.  Cauchy's  test  and  d'Alembett's  test.  The  simplest  series  which 
can  lie  used  for  purpose.sof  comparison  is  a  geometrical  progression 
whose  ratio  is  r.  It  converges  if  r  <  1,  and  diverges  if  rSl.  The 
comparison  of  a  given  series  of  positive  terms  with  a  geometrical 
progression  leads  to  the  following  test,  which  is  due  to  Cauehy: 
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Iftkn  nth  root  Vk^  of  tli^  general  ienit  m,  of  a  aeries  of  poiitive 
terms  after  a  eeriuiti  term  is  uonstantly  less  than  a  fixed  nutnber  less 
than  unity,  the  series  ccnvergea.  If  "v«„  after  a  certain  term  is  con- 
stantly greater  than  unity,  the  series  diverijes. 

For  in  the  first  case  vu,  <A<1,  whence  u,  <)t".  Heuce  each 
of  the  terms  of  the  series  after  a  certain  one  is  less  tlian  the  uorre- 
aponding  term  of  a  certain  geometrical  progression  whose  ratio  is 
leas  than  unity.  In  the  second  case,  on  the  other  hand,  V».>1, 
whence  v,>l.  Hence  in  this  case  the  general  term  does  not 
approach  zero. 

This  t«st  is  applicable  whenever  "v'u^  approaches  a  limit.  In 
fact,  the  foUowing  proposition  may  be  stated : 

If  -Cu,  approarhes  a  limit  I  as  n  becomes  infinite,  the  series  will 
converge  if  I  is  less  than  unity,  and  it  will  diverge  if  I  is  greater  than 
unity. 

A  doubt  remains  if  I  =  1,  except  when  Vu,  remains  greater  than 
unity  as  it  approaches  unity,  in  which  case  the  series  surely  diverges. 

Comparing  the  ratio  of  two  consecutive  terms  of  a  given  series 
of  poeitive  terms  with  the  ratio  of  two  consecutive  terms  of  a 
geometrical  progression,  we  obtain  d'Alembert's  test; 

If  in  a  gioen  series  of  positive  terms  the  ratio  of  any  term  to  the 
preceding  after  a  certain  term,  remains  less  than  a  fiyed  numiter 
less  than  unity,  the  series  converges.  If  that  ratio  after  a  certain 
term  remains  greater  than  unity,  the  series  diverges. 

From  this  theorem  we  may  deduce  the  following  corollary : 

If  the  ratio  «.+i/«,  approaches  a  limit  I  as  n  becomes  infinite,  the 
series  converges  if  I  <.!,  and  diverges  if  l>\. 

Tlie  only  doubtful  ease  is  that  in  which  I  =  i\  even  tki-.n,  ifu.^i/u„ 
remains  greater  than  unity  as  it  approaches  unity,  the  series  is  divergent, 

Oeneral  eommenlarj/.  Ciiuchy's  teal  is  more  general  than  d'Alembert's.  For 
suppose  tbat  the  teruis  nt  a  given  series,  after  a  certain  one,  are  each  less  tban 
Che  correaponiiing  terms  o£  a  decreusing  geoinelrical  progression,  i.e.  thai  the 
general  term  u,  is  less  tbau  Ar'  for  all  values  of  n  greater  than  a  ftied  inte^rp, 
where  A  Is  a  certain  constant  and  r  is  lesstbaD  unity.  Hent!e  \'u^  <  r^"".  Anil 
tlie  secoud  member  ol  this  iuequalit;  approaches  unit;  as  n  beunnius  iiifltiite. 
Hence,  deu  01  ing  by  A:  a  fixed  number  between  rand  1,  we  shall  have  after  a  cer- 
tain term  v'uj^  <  k.  Hence  Caucby's  test  is  applicable  in  any  such  case.  But  it 
may  happen  that  the  ratio  Um-i/ii,  assumea  values  greater  than  unity,  however 
Car  out  in  the  aeries  we  may  go.     For  example,  conuder  the  series 


I  +  r|air.,i|  +  '*|8in2a|  + 


■+r«|B 
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wherer<l  and  where  a  is  an  arbitrary  consUnL  iDthiscaae  v'i(ii  =  rVI>tii"u| 
whereas  the  ralid 

u,..i_     |»in(n+l)<t| 
I      Binn«      I 
may  aasume,  In  general,  an  infinite  number  of  TAtues  greater  than  unity  a 
increases  Inde Unite] y. 

Nevertheless,  it  is  advaiitagEoiis  to  retain  d'Alemburt's  lust,  tot  it  is  n 
a  many  eases.     For  instance,  for  the  series 


1  +  7  + 


1.2       1.2.1 


o  of  any  term  to  the  preceding  is  x/{n  +  1],  which  approaches  zero  as  n 
lile ;  nheveiiB  some  consideration  Is  necessary  lo  determine  inde- 
pendently what  happens  to  V%,  =a;/v'i .  2-  ■  •«  as  n  become*  infinite. 

After  we  have  hIlowh  by  the  appllcalion  of  one  of  the  preceding  tests  tliat  each 
nf  tbe  terms  of  n  given  series  is  less  than  the  corresponding  term  of  a  decreasing 
geometrical  progression  A,  At,  Ar",  -  -  -,  .^r",  -  - . ,  it  is  easy  to  find  an  npper 
limit  of  tlie  error  made  when  the  sum  of  the  first  m  terms  is  taken  in  place  of 
the  Bum  of  the  serieH.  Fur  this  error  U  certainly  less  than  the  sum  of  the 
geometrical  progression 

Jr'+  jlr'+i  +j1»"+*  +  ...  =  — — .. 

When  each  of  the  two  expressions  -ifu,  and  u„  +  i/u,  approaches  a  limit,  the 
two  limits  are  necessarily  the  same.     For,  let  us  consider  the  auxiliary  series 

(4)  uo  +  uii  +  «jx*  +  ■  ■  ■  +  u,i-  +  -  ■  ■ , 

where  i  is  positi^'e.  In  this  series  the  ratio  of  any  term  to  the  preceding 
approaches  the  limit  Ix,  where  I  is  the  limit  of  the  ratio  u,j^i/ii^.  Hence  the 
series  (4)  converges  when  z  <  \/l,  and  diverges  when  x,  >  l/l.  DenoUng  the 
limit  of  -Cu.  by  I',  the  expree^iun  Vtt^  also  approaches  a  limit  I'x,  and 
tbe  series  (4)  converges  if  x  <  1/J',  and  diverges  if  x  >  1/r.  In  order  that  the 
two  tests  should  not  give  contradictory  results,  it  is  evidently  necessary  that  I 
and  £' should  be  equal.  If,  for  instance,  I  were  greater  than  C,  the  series  (l)wonld 
be  convergent,  by  Cauchy's  test,  (or  any  number  x  between  l/l  and  1/i',  whereas 
the  same  series,  for  the  same  value  of  x,  would  be  divergent  by  d'Alembert's  test. 

Still  more  generally,  it  u,  +  i/u,  approaches  a  limit  I,  v^  approaches  the  same 
limit.'    For  suppose  tliat,  after  a  certain  term,  each  of  Uie  ratios 


t  and  1  +  e,  where  <  is  a  positive  number  which  may  be  taken 

ease  by  taking  n  sufiiciently  large.    Then  we  shall  have 
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Ah  the  number  p  increMes  indefinitely,  nliile  n  remains  fixed,  the  tvco  terms  or 
the  extreme  right  »nd  left  of  this  double  ineqiinlity  approach  t  +  t  and  I  —  i. 
respeclivelj.  tlence  for  all  values  of  »i  greater  than  a  Huilabiy  chosen  numbei 
we  shall  have 


and,  since  (  Is  an  arbitrarily  aesigned  i 
the  number  t  as  its  limit. 

U  should  be  noted  tliat  the  c< 
sequence 


The  preceding  propositi) 
tain  expreasions  wliich  occi 
the  expression 


[nlwr,  it  follows  that  Vu^  approaches 

not  true.     Consider,  for  example,  Che 

. ,     a'b--',     a-  &• ,     ■  -  ■ , 

where  a  and  b  ate  two  different  numbers.  The  ratio  of  any  term  Ut  th«  preced- 
ing is  alternately  a  and  b,  whereas  the  expression  -Vui,  appnuches  the  limit  Vdb 
as  n  becomes  inllnite. 

may  be  employed  to  determine  the  limits  of  cer- 
D  undetermined  forms.     Thus  It  is  evident  lliat 
48  IndeRmleiy  with  n,  since  the  ratio  n  l/(n  ~  1)1 
■a  indeticitely  with  n.     In  a  similar  manner  it  may  be  shown  that  each  of 
the  expressions  Vii  and  Vlog  n  approaches  the  limit  unity  as  n  becomes  infinite. 

160.  AppliutioD  of  the  gieatest  limit.    Cnuchy  formulated  (he  preceding  test 

in  a  more  general  manner.  Let  a,  be  the  general  term  of  a  Kcriea  of  positive 
lemu.     Conrider  the  sequence 

(6)  ".,  ■!.  4-  ■  ■.  <■  ■■■■ 

If  the  terms  of  this  sequence  have  no  upper  limit,  the  general  term  a,  will  not 
approach  zero,  and  the  given  series  will  be  divergent.  If  all  the  terms  of  the 
sequence  (6)  are  less  tlian  a  fixed  number,  let  ui  be  the  greatest  limit  of  the  terms 
of  the  sequence. 


8  2(1,  is  conBergenl  if  aia  less  than  vaity,  and  divergent  if  o  i»  greater 


Thes, 
than  unilii. 

In  order  to  prove  the  first  part  of  the  thenrom,  let  1  —  a  be  a  number  between 
w  and  1.  Then,  by  tlie  definition  of  the  greatest  limit,  there  exist  but  a  fiuil« 
number  of  terms  of  the  sequence  (Q)  which  are  greater  than  I  —  a.  It  follows 
tbat  A  positive  integer  p  may  be  found  such  tliat  Va^  <  1  ~  it  for  all  values  of  n 
greater  than  p.  Hence  the  series  Sa„  converges.  On  the  other  hand,  if  u  >  1, 
l«t  1  H- 1  be  a  number  between  1  and  u.  Then  there  are  an  Infinite  nucnber  of 
terms  of  the  aeciuence  (6)  which  are  greater  than  1  +  a,  and  hence  there  are  an 
infinite  number  of  values  of  n  for  which  o^  is  greater  than  unity.  It  follows  that 
theaeries  SOgia  divergent  in  thiscasc.    The  case  in  which  u  =  1  remains  in  doubt. 

161.  Caucby's  theorem.  In  case  w.+i/w,  and  Vu,  botli  approacti 
unity  without  remaining  constantly  greater  than  unity,  neither 
d'Alembert'a  test  nor  Cauchy's  test  enables  us  to  decide  whether 
the  series  is  convergent  or  divergent.  We  must  then  take  as  a 
comparison  series  some  series  which  has  the  same  characteristic 
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but  whirh  is  known  to  be  convergent  or  divergent  The  following 
proposition,  which  Cauchy  discovered  in  studying  definite  integrals, 
often  enables  us  to  decide  whether  a  given  series  is  convergent  or 
divergent  when  the  preceding  rules  fail. 

Let  0(3")  be  a  function  which  is  positive  for  values  of  x  greater 
than  a  certain  number  a,  and  which  constantly  decreases  as  x 
increases  past  x  =  a,  approaching  zero  as  x  increases  indefinitely. 
Then  the  x  axis  is  an  asymptote  to  the  curve  1/  =  ^{x),  and  the 
definite  integral 


may  or  may  not  approach 


b  finite  limit  a 


I  increases  indefinitely. 


(fi)  ^(„)4.^(„  +  l)+...  +  ^(„.4.„)  +  ... 

eonoKrgea  if  the  preceding  ijUegral  approaches  a  limit,  and  dioerges  if 
it  does  not. 

For,  let  UB  consider  the  set  of  rectangles  whose  bases  are  each 
uniti/  and  whose  altitudes  are  i^(a),  i^(rt  +  1),  ■■■,  't(«  +  n),  respec- 
tively. Since  each  ot  these  rectangles  extends  beyond  the  curve 
>/  =  ^(z),  the  sum  of  their  areas  is  evidently  greater  than  the  area 
between  the  x  axis,  the  curve  r/  =  i^(x),  and  the  two  ordinates  a;  =  a, 
r  =  a  +  n,  that  is, 


X       *<'^*"- 


*(a)  +  *(a  +1)  +  ■  ■  ■  +  *(a  +  w)  > 


On  the  other  hand,  if  we  consider  the  rectangles  constructed 
inside  the  curve,  with  a  common  base  equal  to  uniti/  and  with  the 
altitudes  1^(11  -1-1),  </>(«  +  2),  ■■  ■,  ij>(a  +  n),  respectively,  the  sum  ot 
the  areas  of  these  rectangles  is  evidently  less  than  the  area  under 
the  curve,  and  we  may  write 


<(,(a)  +  4,(^0,  +  !) +  --  +  <f,(a  +  n)<  *(  n)  + 


r""^' 


)dx. 


Hence,  if  the  integral  j|^  ili(x)dx  approaches  a  limit  L  as  I  increases 

indefinitely,  the  sum  <^{a)  -| (-  ^(a  -|-  n)  always  remains  less  than 

^(a)  -f  L.  It  follows  that  the  sum  in  question  approaches  a  limit ; 
hence  the  series  (6)  is  convergent  On  the  other  hand,  if  the  inte- 
gra]J^'"^"^(i'=)'i*'Dorease3  beyond  all  limit  as  71  increases  indefinitely, 
the  same  is  true  of  the  sum 

^(o)-f-*ta  +  l)  +  .. 
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a£  is  sean  from  the  first  of  the  above  inequalities.     Hence  in  this 
case  the  series  (6)  diverges. 

Let  us  consider,  for  example,  the  function  it>{x)  =  i/x'',  where  p, 
is  positive  and  a  =1.  This  function  satisfies  all  the  requirements 
of  the  theorem,  and  the  integral  Jj'"[l/a^]  dx  approaches  a  limit  as 
I  increases  indefinitfily  if  and  only  if  /t  is  greater  than  unity.  It 
follows  that  the  series 


1 


1 


X 


converges  if  /x  is  greater  than  unity,  and  diverts  ii  n^l. 

Again,  consider  the  function  ili{x)  =  l/[T(logx)'''],  where  loga; 
denotes  the  natural  logarithm,  ^j.  is  a  positive  number,  and  a.  =  2. 
Then,  if  ^  #"  1,  we  shall  have 


J,\ 


^  =  ^;^^[(log»)'-'-(lo8  2)'-]. 


The  second  member  approaches  a  limit  if  ft  >  1,  and  increases 
indefinitely  with  n  if  /i  <  1.  In  the  particular  case  when  fi  =  1  it 
is  easy  tn  show  in  a  similar  manner  that  the  integral  increases 
beyond  all  limit     Hence  the  series 

1         .         1         ,         .         1  , 


2(log2)''^8(log3)-^ 


T-llogn)"^ 


converges  if  /i  >  1,  and  diverges  if  /i  5  1- 

More  generally  the  series  whose  general  term  is 


71  log  n  log'  H  log"  ft  -  -  ■  log"-'  n(log''  n)" 

converges  if  ji  >  1,  and  diverges  if  /(  S  1-  In  this  expression  log'  n 
denotes  log  log »,  log'n  denotes  log  log  log  n,  etc.  It  is  understood, 
of  coTirse,  that  the  integer  n  is  given  only  values  so  large  that 
logH,  log'n,  log*)!,  •■•,  log''»  are  positive.  The  missing  terms  in 
the  series  considered  are  then  to  be  supplied  by  zeros.  The 
theorem  may  be  proved  easily  in  a  manner  similar  to  the  demon- 
stoatjons  given  above.     If,  for  instance,  n^\,  the  function 


is  the  derivative  of  (log"  a:)'  "/(l  — ji),  and  this  latter  function 
approaches  a  finite  limit  if  and  only  if  fi  >  1. 
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s  suppose 


(^aucbj'a  tlieorem  admits  uf  applications  of  another  soi 
that  Ibc  fiiiLction  «(z)  Hatiafles  the  c^undilttina  Imposed  above,  and  lei  u 
Bider  the  sum 

*(nH-tfi(«  +  l)  +  ---  +  *(n  +  p). 

where  naiidparelno  integers  which  are  to  be  aliened  to  become  in  finite.  If  the 
BerieB  whose  general  term  is  #(n)  is  convergent,  the  preceding  Huni  approaches 
r.em  OB  a  limit,  since  it  is  the  difference  between  the  two  Bums  ^.,  +  ,,-(.1  and  S,, 
each  of  whicli  approaches  the  aum  of  Ihe  seriea.  But  it  this  series  is  diTergeni, 
no  oonclusioii  can  be  drawn.  Returning  to  the  geometrical  interpretation  given 
above,  we  find  the  double  inequality 

Since  0(n)  approaches  zero  at  n  becomes  infinite,  jt  is  evident  that  the  limit  of 
the  sum  in  question  is  the  same  as  that  of  the  definite  Integral  f'*'''p{x)(ix, 
and  this  depends  upon  the  manner  in  which  n  and  p  become  infliiite. 
For  example,  the  limit  of  the  sum 


i^^TTi' 


■■■  +  - 


is  the  same  aa  thatot  the  definite  integral /,"*''[l/z]4t- logfl  +  r/n).    It  is 
clear  that  this  integral  approaches  a  limit  if  and  only  If  the  ratio  p/n  approaches  a 
limit.     If  a  is  the  limit  of  this  ratio,  the  preceding  Bum  approachea  log(l  +  a) 
as  its  limit,  aB  we  have  already  seen  in  §  40. 
Finally,  the  limit  of  the  Bum 

1,1,         ,1 


IS  that  of  the  definite  iniegnil 

=  2(Vtt  +  p- Vn). 


f 


I 


In  order  that  Ibis  expression  should  approach  a  limit,  it  is  necessary  that  Ihe 
ratio  p/Vn  should  approach  aliinitii:.  Then  the  preceding  BXpreasiou  may  be 
wrillen  in  the  form 


and  It  Is  evident  that  the  limit  of  this  expression  is  a. 
162.  Logarithmic  criteria.   Taking  the  series 


as  a  eoniparison  series,  Cauchy  deduced  a  new  test  for  convergence 
whicli  is  entirely  analogous  to  that  whicli  involves  "Vu,,. 
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If  after  n  certain  term  the  expression  log(l/w,)/logre  is  always 
greater  than  a  Jixett  number  whink  is  greater  than  unity,  the  seriM 
i-onverget.  If  after  a  certain  term  log(l/Mj/logn  m  aUays  leas 
than  unity,  the  xeries  diverge*. 

If  log(l/«,)/log>i  approaches  a  limit  I  as  n  increases  indefinitely, 
the  aeries  converges  if  /  >  1,  and  diverges  if  l<\.  The  cote  tn 
which  / 1=  1  remains  in  doubt. 

In  order  to  prove  the  first  part  of  the  theorem,  we  will  rematk 
that  the  inequality 

log  —  >  A  log  n 
is  equivalent  to  the  inequality 


since  ft  >  1,  the  series  surely  converges. 
Likewise,  if 

log— <  log w, 

we  aliall  have  w,  >  l/»,  whence  the  series  surely  diverges. 

This  test  enables  us  to  determine  whether  a  given  series  con- 
verges or  diverges  whenever  the  terms  of  the  series,  after  a  certain 
one,  are  each  less,  respectively,  than  the  corresponding  terms  of 
the  series 

5i  +  l=-  +  ^  +  -. 

where  A  is  a  constant  factor  and  ^  >  1.     For,  if 

.1 
u.  <  -^i 

we  shall  have  log  u,  +  /l  log  n  <  log  A  or 


1 


■  >/' 


log^^ 
log  )l  ' 


and  the  right-hand  side  approaches  the  limit  fL  aa  n  increases 
indefinitely.  If  K  denotes  a  number  between  wniVy  and  ft,  we 
shall  have,  after  a  certain  term, 


logn 
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Similarly,  taking  the  series 

1^  «(lognj"  '         A  " 


1 


«logn(log»Ji)'' 

as  comparison  series,  we  obtain  an  infinite  suite  of  tests  for  con- 
vergence wliich  may  be  obtained  mechanically  from  the  preceding 
hy  replacing  the  expression  log(l/ii„)/]og7i.  by  log[l/(ni/„)]/log°n, 
then  by 

log»  n, 

and  so  forth,  in  the  statement  of  the  preceding  tests.*  These  tests 
apply  in  more  and  more  general  cases.  Indeed,  it  is  easy  to  show 
that  if  the  convergence  or  divergence  of  a  series  can  be  established 
by  means  of  any  one  of  them,  the  same  vrill  be  true  of  any  of  those 
which  follow.  It  may  happen  that  no  matter  bow  far  we  proceed 
with  these  trial  tests,  no  one  of  them  will  enable  us  to  determine 
whether  the  series  converges  or  diverges.  Du  Kois-Reymond  t  and 
Pringsheim  }  have  in  fact  actually  given  examples  of  both  convergent 
and  divergent  series  for  which  none  of  these  logarithmic  tests  deter- 
mines whether  the  series  converge  or  diverge.  This  result  is  of  great 
theoretical  importance,  but  convergent  series  of  tliis  type  evidently 
converge  very  slowly,  and  it  scarcely  appears  possible  that  they 
should  ever  have  any  practical  application  whatever  in  problems 
which  involve  numerical  calculation.  S 

163,  Raabe's  or  Duhamel's  test.  Retaining  the  same  comparison 
series,  but  comparing  the  ratios  of  two  consecutive  terms  instead 
of  comparing  the  terms  themseivea,  we  are  led  to  new  tests  which 
are.  to  be  sure,  less  general  than  the  preceding,  but  which  are 
often  easier  to  apply  in  practice.  For  example,  consider  the  series 
of  positive  terms 


(7) 


^  +  li,  4-  ")  H K  I*.  +  • 


•  See  Bertrud.  TraiU  de  t-'o/cu;  difftnntiel  el  inltgral.  Vol.  1,  p.  SW;  Journal 
de  LUnmitle.  iBt  aeries.  Vol.  VII,  p.  36. 

)  Uebrr  Canvtrgeta  oon  RtUien  .  .  .  (VrelU'i  Journal,  Vol.  LXXVI,  p.  »5, 18T3), 

1  Atlgemeine  Theorie  dtr  Divergent  .  .  .  (ifalhemali$cht  Annalen,  Vol.  XXXV, 
1890). 

jIu  HO  pismple  of  B  certBln  uonvergsnt  aeries  duo  to  du  Bols-Reymond  it  would 
be  tiHcesBary,  according  to  the  antbor,  to  take  a  [inmhBr  of  tenus  equal  to  (Ac  iioiume 
of  the  earth  eipreued  in  cubic  niUlimttert  in  order  to  Dbt»tD  merely  half  the  Bum  o( 
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1  which  the  ratio  «,+i/«,  approaches  unity,  remaining  constantly 
iss  than  unity.     Then  we  may  write 


where  a„  approaches  zero  as  n  becomes  infinite.  The  comparison  of 
this  ratio  with  ["/(»  +1)]"  leads  to  the  following  rule,  discovered 
first  by  Kaabe*  and  then  by  Duhamel.t 

If  after  a  certain  term  the  product  na,  it  alioays  greater  than  a 
fixed  nUTober  which  is  greater  than  unity,  the  series  converges.  If 
after  a  certain  term  the  same  product  u  always  less  t/tan  unity,  the 
series  diverges. 

The  second  part  of  the  theorem  follows  immediately.  For,  siuee 
Ba,<l  after  a  certain  term,  it  follows  that 


1 


1  + 


•i+l 


and  the  ratio  ll,^.^/'i,  is  greater  than  the  ratio  of  two  consecutive 
terms  of  the  harmonic  series.     Hence  the  series  diverges. 

Id  order  to  prove  the  first  part,  let  us  suppose  that  after  a  certain 
term  we  always  have  na^>  k>l.  Let  /i  be  a  number  which  liea 
between  1  and  k,  1  <  ^  <  A'.  Then  the  series  surely  converges  if 
after  a  certain  term  the  ratio  u,+i/u,  is  leas  than  the  ratio 
fn/(n  +1)]''  of  two  consecutive  terms  of  the  series  whose  general 
term  is  n'".  The  necessary  condition  that  this  should  be  true 
is  that 


(8) 


1 


(>-r 


or,  developing  (I  -f-l/n)"  by  Taylor's  theorem  limited  to  the  term 
in  !/»■, 

i  +  *  +  ^;<i  +  «., 

where  A,  always  remains  less  than  a  fixed  number  aa  n  becomes 
icfinite.     Simplifying  this  inequality',  we  may  write  it  in  the  form 
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Tlie  left-hand  side  of  this  inequality  approaches  ft  as  its  limit  as  n 
becomes  infinite.  Hence,  after  a  sufficiently  large  value  of  n,  the 
left-hand  side  will  be  less  than  mt,,  which  proves  the  ineciuality  (8). 
It  follows  that  the  series  is  convergent. 

If  the  product  nn,  approaches  a  limit  /  as  n  becomes  infinite,  we 
may  apply  the  preceding  rule.  The  series  is  convergent  if  1>1, 
and  divergent  if  /<1.  A  doubt  exists  if  1  =  1,  except  when  n.i, 
approaches  unity  remaining  constantly  less  than  unity:  in  that  case 
the  series  diverges. 


II  the  product  t 
u.+  i/Ui>  with  the  n 


a  approaches  unily  ax  its  limit,  ' 
LO  of  two  couaecutive  lenoB  of  thi 


inipare  Ibe  r 


which  conTerges  —  , , 

temiB  of  the  given  series  ma;  be 


2(1082)"      "'         mlogn)-      ■■   ' 

and  diverges  if  /i<l.     The  ratio  of  t 


wherp  p„  approaches  zero  as  n  becomes  infinite.  //  nfter  a  certain  t^m  the 
product  p,  logn  is  aliBuya  greater  than  a  fixed  namber  which  is  greater  than  unUg, 
the  teries  converges.  If  after  a  certain  term  the  lame  product  is  aiwai/s  less  (flan 
until/,  the  series  divergea. 

In  order  to  prove  the  II  rst  pan  of  the  theorem,  telUH  suppose  that  ^logR>it>l. 
Let  fi  be  a  ni 


l  +  i  +  ^>]  +  i)   1  +  — ^^ — ^    . 

n       n       \        n/  L  logn      J 


■,  applying  Taylor's  theorem  to  the  right-hand  side, 

beconiBB   ioflnite. 


logn 


where  \,  always  rentains  leaa  than  a  Died  numtier 
Simplifying  this  Inequality,  it  becomes 

X.(n+l)[l0B(l-i-l)]' 
logn 


f  l)log    ■ 
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The  product  (n  + 1)  log  (1  +  1/w)  approaches  uuiiy  u  n  beoomeB  inflnite,  for  it 
maj  be  written,  b;  Taylor's  tlieorem,  iu  the  form 


(10) 


{n  +  l)]og   1 


2n 


0  +  0. 


where  t  approaches  zero.  The  right-hnnd  aide  of  the  above  inequality  therefore 
approaches  >i  as  Its  limit,  and  the  truth  uf  the  inequality  is  established  for  suffi- 
ciently large  values  of  n,  Rince  the  left-hand  side  is  greater  tbau  k,  which  li  itself 
greater  than  /i. 

The  Becnnd  part  of  the  theorem  may  be  proved  by  comparing  the  ratio 
u,  +  i/u.  with  the  ratio  of  two  consecutive  terms  of  the  series  whuse  geaeral 
term  is  l/(nlugn).     Fur  the  inequality 


i  loB(n  +  l 


D  be  proved,  may  be  n 


=  (-;)[-^']. 


(-:)■ 


ft,logn<<n  +  l)log( 


The  right-hand  side  approache»  unity  through  values  which  are  greater  than 
unity,  as  is  seen  from  the  equatiuD  (10).  The  truth  oE  the  inequality  is  there- 
fore established  for  sutHcieiiliy  large  values  of  n,  for  the  ieft-liaiid  side  cannot 
exceed  unity. 

From  the  above  propositioii  it  may  be  shown,  as  a  corollary,  that  it  the  prod- 
uct ^,  logn  approaches  a  limit  I  smit  becomes  infinite,  the  series  converges  if  1  >l, 
and  diverges  If  f  <1.  The  case  in  which  I  :=  I  remains  in  doubi,  unless  ^. logn 
is  always  less  than  unity.     In  that  case  the  series  surely  diver)j;i>s. 

If  jS,  lug  R  approaches  unity  througli  values  which  are  greater  tlian  onity,  we 


u  like  ii: 


1 


where  y,  approachea  xero  as  n  becomes  Infinite.  It  would  then  be  possible  to 
prove  theorems  exactly  analogous  to  the  above  by  considering  the  product 
7a  lug^n,  and  so  forth. 

CoroUaru.    If  in  a  series  of  positive  terms  the  ratio  of  any  term  to  the  pre- 
cediug  cao  be  written  In  the  form 


where  ^  is  a  positive  number,  r  a  constant,  and  i/.  a  quantity  whose  absolute 
value  remains  leas  Ihauaflxed  number  b«  n  Increases  Indeflnllely.tAe  series  ean- 
verges  \fr  is  greatrr  than  unity,  ami  dtcer^ea  in  all  other  oases. 
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For  if  we  set 


we  shall  have 


Un  +  l  _        1 

Un        1+  a»' 

r 

nor.  =  '1 

r        Hn 


1-  -  + 


From  this  we  find 


and  hence  lim  na»  =  r.  It  follows  that  the  series  converges  if  r  >  1,  and  diverges 
if  r  <  1.  The  only  case  which  remains  in  doubt  is  that  in  which  r  =  1.  In  order 
to  decide  this  case,  let  us  set 

um-i  __  1 

Un         ,        1      /3» 

1  +  -  +  — 
n      n 

logn  _  n-f  1^  logn 

«  1               n            n        *   n'* 
/S»logn  = , 

and  the  right-hand  side  approaches  zero  as  n  becomes  infinite,  no  matter  how 
small  the  number  fi  may  be.     Hence  the  series  diverges. 

Suppose,  for  example,  that  Un+i/Un  is  a  rational  function  of  n  which  ap- 
proaches unity  as  n  increases  indefinitely: 


Un        nP  -^-biUP-^  -^  b^np-^  -h  '  • ' 

Then,  performing  the  division  indicated  and  stopping  with  the  term  in  1/n',  we 
may  write 

i^-n      ,   .  ai  -bi      0(n) 

=  iH 1 —1 

Un  n  n^ 

where  0(n)  is  a  rational  function  of  n  which  approaches  a  limit  as  n  becomes 
infinite.  By  the  preceding  theorem,  tlie  necessary  and  sufficient  condition  that 
the  series  should  converge  is  thai 

6i  >  ai  + 1 . 

This  theorem  is  due  to  Gauss,  who  proved  it  directly.*  It  was  one  of' the  first 
general  tests  for  convergence. 

164.  Absolute  convergence.  We  shall  now  proceed  to  study  series 
whose  t^rms  may  be  either  positive  or  negative.  If  after  a  certain 
term  all  the  terms  have  the  same  sign,  the  discussion  reduces  to 
the  previous  case.  Hence  we  may  restrict  ourselves  to  series 
which  contain  an  infinite  number  of  positive  terms  and  ai\  infinite 

♦  {Collected  Worka^  Vol.  Ill,  p.  138.)  Disquisitiones  generales  circa  seriem  ir{finUam 
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number  of  negative  terms.  We  sijall  prove  first  of  all  the  fol- 
lowing fundamental  tbeorem  : 

Any  series  whatever  U  conoergent  if  the  aeries  fornied  of  the  abso- 
lute valtiea  of  the  teraut  of  the  given  series  converges. 
Let 

(11)  ««  +  «.+•■•+«.  +  •-■ 
be  a  series  of  positive  and  negative  terms,  and  let 

(12)  u,+  V,  +  ----V  (',  +  ..- 

be  the  series  of  the  absolute  values  of  the  terms  of  the  given  series, 
whei'e  f,  =  I  ",  |.  If  the  series  (12)  converges,  the  series  (11)  like- 
wise converges.  This  is  a  consequence  of  the  general  theorem  of 
J  157.     For  we  have 


■.  +  «,+  i 


«,+,!<  ^,+  £^,+1 +  ■■■+(/.+, 


and  the  right-hand  aide  may  be  made  less  than  any  pre&ssigned  num- 
ber by  choosing  it  sufficiently  large,  for  any  subsequent  choice  of  p. 
Hence  the  same  is  true  for  the  left-hand  side,  and  the  series  (11) 
surely  converges. 

The  theorem  may  also  be  proved  as  follows :    Let  us  write 

«.=(«.  +  ".)-"., 

and  then  consider  the  auxiliary  series  whose  general  term  is  ir.  -f-  J', , 

(13)  (h.  +  U„)  +  (,l,  +  U,)  +  ..-  +  (_U.  +  U,)+-: 

Let  S^,  S'^,  and  S'J  denote  the  sums  of  the  first  n  terms  of  the  series 
(11),  (12),  and  (13),  respectively.     Then  we  shall  have 

The  series  (12)  converges  1^  hypothesis.  Hence  the  series  (13) 
also  converges,  since  none  of  its  terms  is  negative  and  its  general 
term  cannot  exceed  2U^.  It  follows  that  each  of  the  sun^  .S'^  and 
S'J,  and  hence  also  the  sum  .S,,  approaches  a  limit  as  n  increases 
indefinitely.  Hence  the  given  series  (11)  converges.  It  is  evident 
that  the  given  series  may  be  thought  of  as  arising  from  the  subtrac- 
tion of  two  convergent  series  of  positive  terms. 

Any  series  is  said  to  be  abaolultly  convergent  if  the  SOTies  of  the 
absolute  values  of  its  terms  converges.  Inaueh  a  series  the  orderof 
the  terms  may  be  changed  in  any  way  whatever  without  altenny  tha 
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Let  us  first  consider  a 


(14)  ..H 

whose  BuiD  is  S,  and  let 


(15) 


/'„  +  !>,  +  ■ 


be  a.  series  whose  terms  are  the  same  as  those  of  the  first  aeries 
iirranged  in  a  different  order,  i.e.  each  term  of  the  series  (14)  is  to 
be  found  somewhere  in  the  series  (15),  and  each  term  of  the  series 
(16)  occurs  in  the  series  (14), 

Let  .S'i,  be  the  sum  of  the  first  m  terms  of  the  series  (15).  Since 
all  these  terms  occur  in  the  series  (14),  it  is  evident  that  m  may  be 
chosen  so  large  that  the  first  m  teruia  of  the  series  (15)  are  to  be 
found  among  the  first  n  terms  of  the  aeries  (14).    Hence  we  shall  have 

■SI  <  S,  <  ■^'> 
which  shows  that  the  series  (IS)  converges  and  that  its  sum  S'  does 
not  exceed  S.     In  a  similar  manner  it  is  clear  that  S  £  S'.     Hence 
A"  =  i'.     The  same  argument  shows  that  if  one  of  the  above  series 
(14)  and  (15)  diverges,  the  other  does  also. 

T/ie  terms  of  a  ronoergeiU  series  of  juiailive  terTiis  may  also  be. 
grouped  together  in  any  manner,  that  is,  we  may  form  a  series  each 
of  whose  terms  is  equal  to  ike  sum  of  a  certain  nttinber  of  terms  of 
the  giuen  series  without  altering  the  sum  of  the  series.''  Let  us  first 
suppose  that  consecutive  terms  are  grouped  together,  and  let 

(16)  A,+  A,+A^  +  ..-  +  A^+-.. 

be  the  new  series  obtained,  where,  for  example, 

.-!„  =  (<„  +  «, +  -.-  +  u^,  A,=a^^,  +  -..  +  a  , 


Then  the  sum  .S',  of  the  first  m  t«rnis  of  the  series  (16)  is  equal  to 
the  sum  .S'y  of  the  first  A'  terms  of  the  given  series,  where  N  >  m. 
As  m  becomes  infinite,  N  also  becomes  infinite,  and  hence  S'^  also 
approaches  the  limit  .s'. 

Combining  tlie  two  preceding  operations,  it  becomes  clear  that  any 
convergent  series  of  positine  tet-ins  may  be  replaced  by  anot/ier  serie* 
each  of  whose  terms  is  the  sum  of  a  certain  number  of  terms  of  the 
given  series  taken  in  any  order  whatever,  without  altering  the  sum  of 
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the  aeries.  It  ia  only  necessary  that  each  term  of  the  given  series 
should  occur  iu  one  and  in  only  one  of  the  groups  which  form  the 
terms  of  the  second  series. 

Any  absolutely  convergent  series  may  be  regarded  as  the  differ- 
ence of  two  convergent  series  of  positive  terms  ;  hence  the  preceding 
operations  are  permissible  in  any  such  series.  It  is  evident  that  an 
absolutely  convergent  series  may  be  treated  from  the  point  of  view 
of  numerical  calculation  as  if  it  were  a  sum  of  a  finite  number  of 
terms. 

165.  Conditionally  convergent  series.  A  series  whose  terms  do  not  all 
have  the  same  sign  may  be  convergent  without  being  absolutely  con- 
vergent. This  fact  is  brought  out  clearly  by  the  following  theorem 
on  alternating  series,  which  we  shall  merely  state,  assuming  that  it 
is  already  familiar  to  the  student,* 

A  series  whose  terms  are  alternately  positire  and  negalive  converges 
if  the  absolute  value  of  each  term  is  less  than  that  of  the  preceding, 
and  if,  in  addition,  the  absolute  value  of  the  terms  of  the  aeries 
diminishes  indefinitely  as  the  number  of  terms  ittcreases  indefinitely. 

For  example,  the  aeries 


1,1       1   , 


K-i)- 


converges.  We  saw  in  §  49  that  its  sum  is  log  2.  The  series 
of  the  absolute  values  of  the  terms  of  this  series  is  precisely  the 
harmonic  series,  which  diverges.  A  aeries  which  converges  but 
which  does  not  converge  absolutely  is  called  a  conditionally  cutwer- 
gent  series.  The  investigations  of  Cauchy,  Lejeune-Dirichlet,  and 
Kiemann  have  shown  clearly  the  necessity  of  distinguishing  between 
absolutely  convergent  series  and  conditionally  convergent  series. 
For  instance,  in  a  conditionally  convergent  series  it  is  not  always 
allowable  to  change  the  order  of  the  terms  nor  to  group  the  terms 
together  in  parentheses  in  an  arbitrary  manner.  These  operations 
may  alter  the  sum  of  such  a  series,  or  may  change  a  convergent 
series  into  a  divergent  series,  or  vice  versa.  For  example,  let  us 
again  consider  the  convergent  series 

^^2^%^l'^""^2^C+\  ~  2n  -(-  2  "*"■■■ ' 


It  In  %  16U  that  this  theorem  la  s  B|ieuiid  i-ase  uf  tlie 
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whose  sum  is  evideittly  equal  to  tlie  limit  of  the  expreasion 

as  m  becomes  intinite.    Let  us  write  the  terms  of  this  series  in  another 
order,  putting  two  uegative  terms  after  each  positive  term,  as  follows : 


1 


1 


1 


1 


2      43       6      8  2n  +  l       in +  2      4n  +  ' 

It  is  easy  to  show  from  a  consideration  of  the  sums  .S'j^,  > 
■%,+i  that  the  new  series  converges.  Its  sum  is  the  liir 
expression 


.11  ai"l 
;  of  tlie 


1 


1 


1 


.T'o  \2k  +1       in +  2      in +  4/ 
i  becomes  infinite.     From  the  identity 


1 


1 


1/ 


2/(  +  1       4«  -t-  2      4h  +  4       2  \2n  +  1       2™  +  2/ 
it  is  evident  that  the  sum  of  the  second  series  is  half  the  sum  of 
the  given  aeries. 

Iq  general,  given  a  series  which  Is  convergent  but  not  absolutely  convergent, 
it  iti  posaible  to  arrangB  Uib  [erma  in  such  a.  way  Ihst  the  new  series  toiivergea 
toward  any  pruGissigned  number  A  whatever.  Let  S,,  denote  the  sum  of  the 
first  p  positive  teriiis  oC  the  series,  and  S[,  tlie  sum  of  the  absolute  values  of  the 
first  Q  negative  terms,  taken  in  such  a  way  that  the  p  positive  teritiB  and  the  q 
negative  terms  constitute  the  first  p  +  q  terms  of  the  aeries.  Then  the  Hum  of 
the  firat  p  +  q  terms  is  evidently  S^  —  S'^.  As  the  two  nnmbers  jiand  g  increase 
indefiuitely,  each  of  the  smus  S^  and  5j  miiHt  Increase  indefinitely,  for  otherwise 
the  series  would  diverge,  or  else  converge  absolutely.  Un  the  other  hand,  since 
the  series  is  supposed  to  converge,  Uie  general  term  must  approach  zero. 

We  may  now  form  a  new  series  whoso  sum  is  .:!  in  the  fnilowing  manner: 
Let  us  take  positive  terms  (rom  the  given  series  in  the  order  in  which  they  occur 
in  it  until  their  sum  eiceeds  A.  Let  us  then  add  to  these,  in  the  order  in  which 
they  occur  in  the  given  serios,  negative  terms  until  the  total  sum  is  less  tiian  A. 
Again,  beginning  with  the  positive  terms  where  we  left  off,  let  us  add  positive 
terms  until  the  tola]  sum  is  greaWr  than  A.  We  should  tlieii  rptnru  lo  the 
negaUve  terms,  and  eo  on.  It  is  clear  that  the  sum  of  the  first  n  terms  of  the 
new  series  thus  obtained  is  alternately  greater  than  and  then  less  than  A,  and 
that  it  differs  from  ^  by  a  quantity  which  approaches  zero  as  ila  limit. 

lae.  Abel's  tsBL  The  following  lest,  due  to  Abel,  enables  us  to  eatabllsh  the 
convergence  of  certain  series  for  which  the  preceding  tests  fail.  The  proof  is 
ba/ir>d  Mpon  the  lemma  stated  and  proved  in  (j  TG. 
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be  a  sericB  which  cpnTerges  or  which  is  indeterminate  (thai  is,  for  whicli  the  sum 
of  the  tinil  n  lerirm  is  always  leas  than  a  fixed  number  A  in  abeolute  value). 
Again,  let 


coneergts  under  the  hypotketes  made  obatie. 

For  by  the  hypotheses  made  above  it  follons  that 


for  any  value  of  n  and  p.    Hence,  by  the  lemma  just  reftrred  Lp,  we  may  w 


will  be  less  than  any  preagsigiied  posiiive  number  tor  all  values  ot  p.     Th( 
ierles  (17)  llierefore  convergoa  by  the  general  theorem  of  §  157. 
When  the  series  Uo  +  biH +  u,+  -.  reduces  to  the  series 

1-1  +  1-1+1-1-.-. 

whose  termfl  are  oliernalDly  + 1  aiid  -  I .  the  theorem  of  this  article  reduces  tc 
the  thcnrem  stated  In  {  165  nlLh  regard  to  alternating  series. 
As  an  example  under  the  general  theorem  conEider  the  series 

sins  +sin2fl  +  ain3B  + l-sinnflH , 

which  is  convergent  or  Indeterminate.  For  if  sin 
is  aero,  while  if  sin 9  ^0,  the  sum  of  llie  fir.sl  n 
Dometiy,  Ib  equal  to  the  expression 


=  0,  every  term  of  the  series 
!rme,  by  a  formula  of  Trigo- 


wtlieh  is  less  than  |  l/sin  (0/2)  |  in  absolute  value. 
n\n6  ,  8in20  ,  ,  sinnfl 


converges  for  all  values  ot  B  except  d  =  2t». 
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CornWiry.    Restricting  ourselves  to  convergent  aeries,  we  ma;  elAle  a  more 
geueraJ  tlieoretii.     Let 

Uo  +  Ui  +  ■  ■  ■  +  u,  +  ■  ■  ■ 
be  a  convergent  series,  nad  let 


be  any  moDOlonically  increasing  or  decreasing  sequence  of  poBitire  numbers 
which  approach  a  limit  it  different  from  zero  as  n  increases  indeBnitelj.     Then 


where  the  numbers  no,  iii,  - 
numbers  which  approach  zer 

ku^,  +  ku,     +■■■  +  *«,    +  ■■■, 

iTo«<i  +  «mi  ^ hn«U«H 

both  converge,  and  therefore  the  seriea  (16)  also  converges. 

II.   SERIKS  OF  COMPLEX  TERMS      MULTIPLE  SERIES 

167.  Definitions.    In  this  section  we  shall  deal  with  certain  gen- 
eralizations of  the  idea  of  an  infinite  series. 
Let 

(19)  ua  +  ui  +  n^  +  ---  +  u,  +  --- 
be  a  series  whose  terms  are  imaginary  quantities: 

"o  =  «o  +  Joi,         M,  =  (Ii  +  6ii,         ■•■,         H,  =  tt,  +  fi,(,         .... 

Such  a  series  is  said  to  be  mnnerffent  if  the  two  series  formed  of 
the  real  parts  of  the  successive  tenns  and  nf  tlie  coefficients  of  the 
imaginary  parts,  respectively,  both  converge: 

(20)  a^+ai-ha^  +  -.-  +  a,  +  ---  =  s; 

(21)  b,  +  b,+b^+---+l.,  +  .--  =  S". 

Let  S'  and  S"  be  the  sums  of  the  series  (20)  and  (21),  respectively. 
Then  the  quantity  .s  =  .S"  +  tS"  is  called  the  sum  of  the  aeries  (19). 
It  ifl  evident  that  -S  is,  as  before,  the  limit  of  the  sum  A',  of  the  first 
n  terms  of  the  given  series  as  n  becomes  infinite.  It  is  evident 
that  a  aeries  of  complex  terms  is  essentially  only  a  combination  of 
two  series  of  real  terms. 
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.(19) 


Witen  ike  series  ofalisoluie  values  of  the  terms  of  tin; 

(22)         V^jT^a  +  v^Tftf  +  ■  ■  ■  +  V^^+Ti  +  ■■■ 
eonaerges,  each  of  the  series  (20)  and  (21)  evidently  converges  oft«o- 
Utely,  for  |u.|5  V"' +  ^  and   |i.|g  v'<  +  *'. 

In  this  case  tlie  series  (19)  is  said  to  be  ahsolutelij  convergent.  The 
sum  of  such  a  series  is  jwt  altered  by  a  change  in  the  order  of  the 
terms,  nor  by  grouping  the  terms  together  in  any  way. 

Conversely,  if  each  of  the  series  (20)  and  (21)  converges  absolutely, 
the  series  (22)  converges  absolutely,  for  \/al  +  bl  g  |  o-,  |  +  1 6,  ( . 

Corresponding  to  every  teat  for  the  convergence  of  a  aeries  of 
positive  terms  there  exista  a  test  for  the  absolute  convergence  of 
an;  aeries  whatever,  real  or  imaginary.  Thus,  if  the  absolute  value 
of  the  ratio  of  two  consecutive  terms  of  a  series  \u,^.^/t^^\,  after  a  cer- 
tain term,  is  less  than  a  fixed  number  less  than  unity,  the  series  eoTt- 
verges  absolutely.  For,  let  t/,  =|«,|.  Then,  since  |u,+,/w„|  <  ft<l 
after  a  ceitain  term,  we  shall  have  alao 

which  shows  that  the  series  of  absolute  values 


ennverges.  -^  Iw.  +  t/".!  approaches  a  limit  I  as  n  becomes  iiyJmVe, 
the  series  ronverges  if  l<\,  and  dinerges  if  l^l.  The  first  half  is 
self-evident.  In  the  second  case  the  general  term  «,  does  not 
approach  zero,  and  consequently  the  series  (20)  ami  (21)  cannot 
both  be  convergent.     The  caJie  1  =  1  remains  in  doubt. 

More  generally,  if  oi  he  the  greatest,  limit  of  VU.  !ib  n  beeolneH  iuf1nit«,  the 
series  (19)  cmixierges  if  u<l.  and  diverges  i/  iii>l.  Fur  in  the  laller  tase  ihe 
modulua  of  the  genernl  term  does  noi  appronoli  wro  (seo  §  ICl}.  Tlit  eauB  in 
whicb  01  =  I  remains  in  doubt  —  the  series  may  be  abaoluMl;  oonvergent,  Dimply 
convergent,  or  divergent. 

16B.   HultiplicatiOD  of  series.    Let 

(23)  K„-f  T<,  +  »,+  ..-+«.+  ..., 


be  any  two  series  whatever.     Let  us  multiply  terms  of  the  first 
series  by  terms  of  the  second  in  all  possible  waya,  and  then  group 
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together  all  the  products  u^Vj  for  which  the  sum  i-^J  of  the  sub- 
scripts is  the  saine ;  we  obtain  in  this  way  a  new  series 

(25)        \  ^°^^  "^  ^'*"^^*  "^  "*  ''"^  "^  ^^^'  "^  ^^*^*  "^  ^*^°^  "^ 

If  each  of  the  series  (23)  and  (24)  w  ahsolutely  conuergenty  the 
series  (25)  converges^  and  its  sum  is  the  product  of  the  sums  of  the 
two  given  series.  This  theorem,  which  is  due  to  Cauchy,  was  gener- 
alized by  Mertens,*  who  showed  that  it  still  holds  if  only  one  of  the 
series  (23)  and  (24)  is  absolutely  convergent  and  the  other  is  merely 
convergent. 

Let  us  suppose  for  definiteness  that  the  series  (23)  converges 
absolutely,  and  let  w^  be  the  general  term  of  the  series  (25): 

The  proposition  will  be  proved  if  we  can  show  that  each  of  the 
differences 

M'o  H-  ^^1  H H  '^2»      -  (w«  +  Ml  H h  M.)     (vq  +  ^i  H h  v.), 

M'o  +  ^1  +  •  •  •  +  «^2„+i  -  (i«o  +  Wi  H-  •  •  •  H-  m,^,)(y;o  ^-i^A +  v.^.,) 

approaches  zero  as  n  becomes  iniinite.  Since  the  proof  is  the  same 
in  each  case,  we  shall  consider  the  first  difference  only.  Arranging 
it  according  to  the  tt's,  it  becomes 

+  «*«+! (I'o  H-  •  •  •  +  '^— i)  +  W-+2K  H-  •  •  •  +  v.-j)  H +  M,,Vo- 

Since  the  series  (23)  converges  absolutely,  the  sum  L^o  +  ^1 H h  ^» 

is  less  than  a  fixed  positive  number  A  for  all  values  of  n.  Like- 
wise, since  the  series  (24)  converges,  the  absolute  value  of  the  sum 
''o  +  ^1  -f  •  •  +  '•«  is  less  than  a  fixed  positive  number  B,  Moreover, 
corresponding  to  any  preassigned  positive  number  c  a  number  m 
exists  such  that 

for  any  value  of  p  whatever,  provided  that  n^m,.  Having  so  chosen 
n  that  all  these  inequalities  are  satisfied,  an  upper  limit  of  the  quan- 
tity |3|  isgivenby  replacing  Mo,  wi,  Mj,   ••,  m,«  by  L^o,  LTj,  f/,, ...,  f/,,, 
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respectively,  '•,  +  ,  +  '■„+!  H +  '■.  +  ,.  by  t/{.l  +  ft),  and  finally  each 

of  the  expreasionB  lu  +  I'l  H +  f'»-ii  '■<>  +  ■■  ■  +  ",_„  •■■,  f'o  by  B, 

This  gives 


A  +B      A  +  B 
whence,  finally,  |8|  <  e.    Hence  the  difference  S  siotviaily  does  approach 
zero  as  71  becomes  infinite. 

169.  Double  series.  Consider  a  rectangular  network  which  is  lim- 
ited upward  and  to  the  left,  but  whidi  extend. 
ward  and  to  the  right.  The  network  will  contaii 
of  vertical  columnB,  which  we  shall  numbei  iioi 
0  to  +00.  It  will  also  contain  an  infinite  ni 
rows,  which  we  shall  number  from  the  top  dow  ni 
Iict  ua  now  suppose  that  to  eaeh  of  the  rectaogh 
certain  quantity  is  assigned  and  \v  ntten 
tangle.     Let  a,,  be  the  quantity  which  lies 


idefinitely  down- 
in  infinite  number 
left  to  right  from 
ibiT  of  horizontal 
,id  from  0  to  +  X . 
of  the  network  a 
the  corresponding  reo- 
and  In  the 


A;th  column.     Then  we  shall  have  an  array  of  the  form 


We  shall  first  suppose  that  each  of  the  elements  of  this  array  is  real 
and  positive. 

Now  let  an  infinite  sequence  of  curves  C,,  Ci,  ■  ■  ■,  C,,  ■  ■  be  drawn 
across  this  array  as  follows  :  1)  Any  one  of  them  forms  with  the  two 
straight  lines  which  bound  the  array  a  closed  <iurve  which  entirely 
surrounds  the  preceding  one;  2)  The  distance  from  any  fixed  point 
to  any  point  of  the  curve  C..  which  is  otherwise  entirely  arbitrary, 
becomes  infinite  with  n.  Let  A',  be  the  sum  of  the  elements  of  the 
army  which  lie  entirely  inside  the  closed  curve  composed  of  C,  and 
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the  two  straight  lines  which  bound  the  array.      If  N,  approaches  a 
limit  A'  as  n  becomes  iaHiiite,  we  shall  stay  that  the  dnuble  scries 


(2T) 


XX'- 


eottverffes,  and  that  its  sum  is  S.  In  order  to  justify  this  deiiDitioii, 
it  is  necessary  to  show  that  the  limit  S  is  independent  of  the  form 
of  the  curves  C.  Let  C',,  (.'J,  ■■■,  C),,  ■•■  be  another  set  of  curves 
which  recede  indefinitely,  and  let  SI  be  the  sum  of  the  elements 
inside  the  closed  curve  formed  by  C'l  and  the  two  Ixmndaries.  If  t« 
be  assigned  any  lixed  value,  n  can  always  be  so  chosen  that  the 
curve  C,  lies  entirely  outside  of  C'^.  Hence  S'^  ?  .S,,  and  therefore 
SI,  5  S,  for  any  value  of  vt.  Since  S'^  increases  steaddy  with  m,  it 
must  approach  a  limit  S' ^  S  aa  m  becomes  infinite.  In  the  same 
way  it  follows  that  A'  <  S'.     Hence  S'  =  S. 

For  example,  the  curve  C,  may  be  chosen  as  the  two  lines  which 
form  with  the  boundaries  of  the  array  a  square  whose  side  increases 
indefinitely  with  i,  or  as  a  straight  line  equally  inclined  to  the  two 
boundaries.   The  corresponding  sums  are,  respectively,  the  following : 

ano  +  (ttio  +  '^i+''oi)  +  - •■+(«.«  +  «.,  +  ■••  +  «„  +  «.-,.. +  ■■■  +  «,.). 
"™  +  (».o  +  ''<.,)  +  (''»o  +  <'ii  +  «o,)  +  -- ■+('',„  +  a„-,.i  +  -- ■  +  «„.)■ 
If  either  of  these  sums  approaches  a  limit  as  h  becomes  infinite,  the 
other  wilt  also,  and  the  two  limits  are  equal. 

The  array  may  also  be  added  by  rows  or  by  columns.  For,  sup- 
pose that  the  double  scries  (27)  converges,  and  let  its  sum  be  .■>.  It 
is  evident  that  the  sum  of  any  finite  number  of  elements  of  the  series 
oannot  exceed  .s'.  It  follows  that  each  of  the  series  formed  of  the 
elements  in  a  single  row 

(28)  a.„  +  a.,  +  ---  +  a,,  +  ---,  i  =  0,  1,  2,    -  , 
converges,  for  the  sum  of  the  first  n  + 1  terms  djo  +  a,,  +  ■  -  -  +  a„ 
cannot  exceed  S  and  increases  steadily  with  n.     Let  ir,  be  the  sum  of 
the  series  formed  of  the  elements  in  the  tth  row.    Then  the  new  seriefl 

(29)  t,„  +  tr,  +  .--  +  >r,+     ■■ 

surely  converges.  For,  let  us  consider  the  sum  of  the  terms  of  the 
array  Sa.j.  for  which  i%p,  k%r.  This  sum  cannot  exceed  S,  and 
increases  steadily  with  r  for  any  fixed  value  of  p\  hence  it 
approaches  a  limit  as  r  becomes  intinite,  and  that  limit  is  equal  to 

(30)  „„  +  „,  4, , . .  +  ,^^ 
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for  any  fixeit  value  of  p.  It  follows  that  o-o  +  wi  +  •  ■  ■  +  cr^  c&nnot 
exceed  i'  and  increases  steadily  with  p.  Consequently  the  series  (29) 
converges,  aod  its  sum  S  is  less  than  or  equal  to  5.  Conversely,  if 
each  of  the  series  (2S)  converges,  and  the  series  (29)  converges  to  a 
sum  2,  it  is  evident  that  the  sum  of  any  finite  number  of  elements 
of  the  array  (1'6)  cannot  exceed  %.     Hence  .It  %  S,  and  conaequeutly 


I 


The  argument  just  given  for  the  series  formed  from  the  elements 
in  individual  rows  evidently  holds  equally  well  for  the  series  formed 
from  the  elements  in  individual  columns.  The  smn  of  a  eonverffent 
double  aeries  whose  elements  are  all  positive  may  be  evaluated  bi/ 
rows,  by  etilurmis,  or  by  means  of  eurvea  of  any  form,  which  receda 
indefinitely.  In  parliculnr,  if  the  aeries  nmverfjea  when  added  by  rows, 
it  will  surely  converge  when  added  by  columns,  and  the  sum  will  be  the 
same.  A  number  of  theorems  proved  for  simple  series  of  positive 
terms  may  be  extended  to  double  series  of  positive  elements.  For 
example:  if  each  of  the  elements  of  a  double  aeries  of  positive  elements 
is  less,  respectively,  than  the  corresponding  elements  of  a  known  con- 
vergent double  serien,  the  first  series  is  also  convergent;  and  so  forth. 

A  double  series  of  positive  terms  which  is  not  convei-gent  is  said 
to  be  divergent.  The  sum  of  the  elements  of  the  corresponding 
array  which  lie  inside  any  closed  curve  increases  beyond  all  limit 
as  the  curve  recedes  indefinitely  in  every  direction. 

Let  us  now  consider  an  array  whose  elements  are  not  all  positive. 
It  is  evident  that  it  is  unnecessary  to  consider  the  cases  in  which 
all  the  elements  are  negative,  or  in  whicli  only  a  finite  number  of 
elements  are  either  positive  or  negative,  since  each  of  these  cases 
reduces  immediately  to  the  preceding  case.  We  shall  therefore  sup- 
pose that  there  are  an  infinite  number  of  positive  elements  and  an 
infinite  number  of  negative  elements  in  the  array.  Let  a,,,  be  the 
general  term  of  this  array  T.  If  the  array  T,  of  positive  elements, 
each  of  which  is  the  absolute  value  |  n,t|  of  the  corresponding  element 
in  T,  converges,  the  array  T  is  said  to  be  absolutely  eonrergent.  Such 
an  array  has  all  of  the  essential  properties  of  a  convergent  array  of 
positive  elements. 

In  order  to  prove  this,  let  us  consider  two  anxiliary  arrays  7" 
and  7",  defined  as  follows.  The  array  7"  is  formed  from  the  array  T 
by  replacing  each  negative  element  by  a  zero,  retaining  the  positive 
elements  as  they  stand.  Likewise,  the  array  T"  is  obtained  from 
the  array  T  by  replacing  each  positive  element  by  a  zero  and  chang- 
ing the  sign  of  each  negative  element.     Each  of  the  arrays  7"  and  T" 
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converges  whenever  the  array  'l\  convevges,  for  each  element  of  7", 
for  example,  is  leas  than  the  corresponding  element  of  T,.  The  sum 
of  the  terms  of  the  aeries  T  which  lie  inside  any  closed  curve  Is 
equal  to  the  iHfTerenoe  between  the  sum  of  the  terms  of  7"  which 
lie  inside  the  same  curve  and  the  sum  of  the  terms  of  T"  which 
lie  inside  it.  Since  the  two  latter  sums  each  approach  limits  as 
the  curve  recedes  indefinitely  in  all  directions,  the  first  sum  also 
approaches  a  limit,  and  that  limit  is  independent  of  the  form  of 
the  boundary  curve.  This  limit  is  called  the  sum  of  the  army  T. 
The  argument  given  above  for  arrays  of  positive  elements  ahows 
that  the  same  sum  will  be  obtained  by  evaluating  the  array  T  by 
rows  or  by  columns.  It  ia  now  clear  that  an  array  whoae  elements 
are  indiscriminately  positive  and  negative,  if  if  mnaerges  absoluteli/y 
may  be  treated  as  if  it  were  a  convergent  array  oi  positive  terms. 
But  it  is  essential  that  the  series  Ti  of  positive  terms  be  shown  to 
be  convergent. 

If  the  array  T",  diverges,  at  least  one  ot  the  airaya  T  and  T"  diverges.  If 
only  one  of  Ihem,  T'  for  example,  diverges,  tlie  other  T"  being  convergent,  the 
sum  of  the  elements  of  the  array  T  which  lie  Iniiide  a  cloned  ourve  C  becomes 
infliiile  as  the  curve  recedes  indeflnitely  in  nil  dlrecUona,  irrespective  of  the 
form  of  the  curve.  If  lioth  arrayK  7"  and  T"  diverge,  the  abovB  reasoning 
shows  only  one  thing,  ^ttiat  the  sum  ot  the  elements  of  tlie  array  T  inside 
a  closed  curve  C  is  equal  to  the  difference  between  two  sums,  each  of  which 
increases  indefinitely  as  the  curve  C  recedes  indefinitely  in  all  directions.  Il 
may  happen  that  the  sum  of  the  elements  of  T  inside  C  approach  diflereni 
limits  according  W  the  form  of  the  curves  C  and  the  manner  in  which  they 
recede,  that  is  to  say,  according  to  the  relative  rate  at  which  the  number  of 
positive  terms  and  the  number  of  negative  terms  in  the  sum  are  made  la  increase. 
The  sum  may  even  become  infinite  or  approach  Do  limit  whatever  for  certain 
methods  of  recession.  As  a  particular  case,  the  sum  obtained  on  evaluating  by 
rows  may  be  entirely  different  from  thai  obtained  on  evaluating  by  columns  if 
the  amy  is  not  absolutely  convergent. 

The  following  example  is  due  to  Amdt.*     Let  us  consider  the  array 


)'-\0' 

^.,  i/?-^n  __!_(•  j^N... 

pV  J)    /      p+Up+i/ 

k: 

'-ima 

)■-;©■ 

p\  p  /     p  +  np  +  i/ 

•  GruncrfB  Ardiiv.  Vol.  XI,  p.  310, 
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wbicb  coutains  an  in  Unite  number  of  positire  nnd  an  innnite  number  of  negative 
elemenU.  £ach  of  the  eeries  formed  from  Ifae  elements  in  s,  single  row  or  from 
Lhoxe  in  a  single  column  converges.  The  sum  of  the  Hries  formed  from  the 
teniiB  in  tlie  nih  row  is  evidently 


Hence,  evaluaiiiig  tlio  array  (31)  by 
sum  of  the  convergenl  oeriee 


the  result  obtained  is  equal  10  the 


which  ta  1/3.     On  the  other  hud,  the  aerlea  formed  from  tbe  elemenie  in  iL 
{p  —  I)tU  column,  thai  ie. 


I 


Hence,  evaluating  the  array  (31)  by  colujnns,  the  result  obtained  is  equal  to  tbe 
Buiu  uf  tbe  convergent  series 

which  ia  ~  1/2. 

This  example  ahowB  clearly  that  a  double  series  should  not  be  used  in  a 
calculation  unless  it  is  absolutely  convergeut. 

We  shall  also  meet  with  double  series  whose  elements  are  complex 
quantities.  If  the  elements  of  the  array  (26)  are  complex,  two  other 
arrays  'f  and  T'  may  he  formed  where  each  element  of  7"  ia  the 
real  part  of  the  corresponding  element  of  T  and  each  element  of  7"' 
ia  the  coetticient  of  i  in  the  corresponding  element  of  '/',  If  the 
array  T,  of  absolute  values  of  the  elements  of  T.  each  of  whose 
elements  is  the  absolute  value  of  the  corresponding  element  of  T, 
converges,  each  of  the  arrays  T  and  T"  converges  absolutely,  and 
the  given  array  7'  is  said  to  be  iibsolutehj  convergent.  The  sum  of 
the  elements  of  the  array  which  lie  inside  a  variable  closed  curve 
approaches  a  limit  as  the  curve  recedes  indefinitely  in  all  directions. 
This  limit  is  independent  of  the  form  of  the  variable  curve,  and  it 
is  oalled  the  sum  at  the  given  array.  The  sum  of  any  absolutely 
convergent  array  may  also  be  evaluated  by  rows  or  by  columns. 
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ITO.  An  absolutely  convergent  double  series  may  be  replaced  by  a  simpld 
seriea  formed  from  the  snine  elemenla.  It  will  be  sufficient  to  show  that  the 
rectangles  of  the  network  (2U)  can  be  numbered  in  such  a  way  that  each  rec- 
tangle has  a  definite  number,  without  exception,  diSerent  from  that  of  any  other 
rectangle.  In  other  words,  we  need  merely  show  that  the  sequence  of  natural 
numbers 


(32) 


1, 


and  the  assemblage  of  all  pairs  of  positive  integers  (i,  k],  where  igO,  A:>0,  can 
be  paired  off  in  sutli  a  way  that  one  and  only  one  number  of  the  sequence  (32) 
will  correspond  lo  any  given  pair  (i,  it),  and  conversely,  no  number  n  corresponds 
to  more  than  one  of  the  pairs  (J,  k).  Let  us  write  the  pairs  (i,  k)  in  order  u 
follows : 

(0.0),     (1.0),     (0,1),     (2,0),     (1,1),     (0.2),     ■•-, 

where,  in  general,  all  those  pttira  for  which  i  +  k  =  a  are  written  down  after 
those  for  which  i  +  k<>i  have  all  been  written  down,  the  order  in  which  thoee 
of  any  one  set  are  written  being  the  same  as  that  of  the  values  of  i  for  the  variona 
pairs  beginning  with  (n,  0)  and  going  t«  (0,  n).  It  is  evideiit  that  any  pair  (i,  it) 
will  be  preceded  by  only  Aflnite  number  of  other  pairs.  Hence  each  pair  will 
have  a  distinct  uumber  when  tlie  sequence  just  written  down  is  counted  off 
according  lo  the  natural  numbers. 

Suppose  that  the  etementa  of  the  absolutely  convergent  double  series  ~'Satt  are 
written  down  in  the  order  just  determined.   Then  we  shall  have  an  ordinary  series 


(33) 


10+  <iio  +  I 


,ii  +  a,_, 


whose  terms  coincide  with  the  elements  of  the  given  double  series.  This  simple 
■eriea  evidently  converges  absolutely,  and  its  sum  is  equal  to  the  sum  of  tlie  given 
double  series.  It  is  clear  that  tlie  method  we  liave  employed  is  not  the  only  pos- 
sible method  of  transforming  the  given  double  series  into  a  simple  series,  since 
the  order  of  the  terms  of  the  series  (33)  can  be  altered  at  pleasure.  Conversely, 
any  absolutely  convergent  simple  series  can  be  transformed  into  a  double  series 
in  an  infinite  variety  of  ways,  and  that  process  cocistitules  a  powerful  instrument 
in  the  proof  of  certain  ideatitiea.' 

It  is  evident  that  the  concept  of  double  series  is  not  essentially  different  from 
that  of  simple  series.  In  studying  absoUiWIy  convergent  series  we  found  that 
the  order  of  the  terms  could  be  altered  at  will,  and  that  any  finite  number  of 
terms  could  be  replaced  by  their  sum  without  altering  the  sum  of  the  series. 
An  attempt  to  generalize  this  property  leads  very  naturally  lo  the  iutroduction 
of  double  series. 

171.  Multiple  series.  The  notiouof  double  series  may  be  generalized. 
Ill  the  first  place  we  may  consider  a  series  of  elements  a„,  with  two 
subscripts  wi  and  n,  each  of  which  may  vary  from  —  oo  to  -I-  oo . 
The  elements  of  such  a.  series  may  be  arranged  in  the  rectangles  of 
a.  rectangular  network  which  extends  indefinitely  in  all  directions; 


( 
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it  ia  evident  that  it  may  be  divided  into  four  double  aeries  of  the 
type  we  have  just  studied. 

A  more  important  generalization  is  the  following.  Let  us  consider 
a  series  of  elements  of  the  type  "™„^. ....„,,  where  the  subscripts 
m,,  ffij,  ■  -•,  j/ip  may  taJta  on  a.ny  values  from  0  to  +  oo,  or  from  —  ao 
to  4-  °Ci  but  may  be  restricted  by  certain  inequalities.  Although  no 
such  convenient  geometrical  form  as  that  used  above  is  available 
when  the  number  of  subscripts  esceeds  three,  a  slight  consideration 
shows  that  the  tlieorems  proved  for  double  series  admit  of  immediate 
generalization  to  multiple  series  of  any  order  p.  Let  us  first  sup- 
pose that  all  the  elements  u„„^ „^  are  real  and  positive.     Let  S, 

be  the  sum  of  a  certain  number  of  elements  of  the  given  series,  .S| 
the  sum  of  .S,  and  a  certain  number  of  terms  previously  neglected, 
S,  the  sum  of  .S'j  and  further  terms,  and  so  on,  the  successive  sums 
S,,  S,,  ■•■,  -S',,  •■■  being  formed  in  such  a  way  that  any  particular 
element  of  the  given  series  occurs  in  all  the  sums  past  a  certain  one- 
If  .V,  approaches  a  limit  S  as  n  becomes  infinite,  the  given  series 
is  said  to  be  convergent,  and  S  is  called  its  sum.  As  in  the  case  of 
double  series,  this  limit  is  independent  of  the  way  in  which  the 
successive  sums  are  formed. 

If  the  elements  of  the  given  multiple  series  have  different  signs 
or  are  complex  quantities,  the  series  will  still  surely  converge  if  the 
series  of  absolute  values  of  the  terms  of  the  given  series  converges. 

173.  Generalization  of  Cauchy's  theorem.  The  fdllowing  theorem, 
which  is  a  generalization  of  Cauchy's  theorem  (S  161),  ■ 
determine  in  many  cases  whether  a  given  multiple  seri 
gent  or  divergent.  ljetj\x,  y)  be  a  function  of  the  two  variables  x 
and  y  which  is  positive  for  all  points  (jr,  ij)  outside  a  certain  closed 
curve  r,  and  which  steadily  diminishes  in  value  as  the  point  (x,  y) 
recedes  from  the  origin.*  liet  us  consider  the  value  of  the  double 
integral  J"  J'/(.T,  y)dxdii  extended  over  the  ring-shaped  region  between 
r  and  a  variable  curve  ('  outside  r,  which  we  shall  allow  to  recede 
indefinitely  in  all  directions ;  and  let  us  compare  it  with  the  double 
series  tj^m-,  >i),  where  the  subscripts  m  and  n  may  assume  any  posi- 
tive or  negative  integral  values  for  which  the  point  (m,  n)  lies  out- 
side the  fixed  curve  r.  Then  th^  dotilU  genet  converges  if  the  double 
integral  approaches  a  limit,  and  conversely. 


•  All  that  Is  nweswiry  for  tlie  present  prool  Is  thiil/{j!i,  wOS/f'i-  Vi)  whenever 
'iS'*  ""''  WiSCi  outaide  r.     U  U  ewy  lo  adapt  the  prool  to  n)ll  nioro  genenl 


INFINITE  SERIKS 


[vni.  ( 11 


The  lines  x=^0,x  —  ±l,x  =  ±2.--  and  y  =  0, 1/  =  ±  1,  y  =  ±  2,  -  ■  ■ 
divide  the  region  between  T  and  ('  into  squares  or  portions  of  squares. 
Selecting  from  the  double  series  the  term  wliieh  corresponds  to  that 
corner  of  eaeh  of  these  squares  which  is  fartliest  from  the  origin,  it 
is  evident  that  the  sum  ?/(m,  n)  of  these  terms  will  be  less  than  the 
value  of  the  double  integral  jjf(x,  y)  dx  di/  extended  over  the  region 
between  T  and  C.  If  the  double  integral  approa^ihes  a  limit  as  C 
recedes  indefinitely  in  all  directions,  it  follows  that  the  sum  of  any 
number  of  terms  of  the  series  whatever  is  always  less  than  a  fixed 
number ;  hence  the  aeriea  converges.  Similarly,  if  the  double  series 
converges,  the  value  of  the  double  integral  taken  over  any  finite 
region  is  always  less  than  a  fixed  number;  hence  the  integral 
approaches  a  limit.  The  theorem  may  be  extended  to  multiple 
series  of  any  order  p,  with  suitable  hypotheses ;  in  that  case  the 
integral  of  comparison  is  a  multiple  integral  of  order  p. 

As  an  example  consider  the  double  series  whose  general  term  ia 
\/(Tn^  +  w')",  where  the  subscripts  m  and  n  may  assume  all  integral 
values  from  —  eo  to  +  ob  except  the  valut 
converges  for  /i  >  1,  and  diverges  for  /i^l. 


This  series 
For  the  double  integral 


(34) 


extended  over  the  region  of  the  plane  outside  any  ci 
center  is  the  origin  has  a  definite  value  if  ^  >  1  ai 
infinite  if  ^<1  (§  133). 

More  generally  tlie  multiple  series  whose  general  tei'ir 
1 


'le  whose 
becomes 


(mj  +  7f(J  +  •  ■  ■  +  mlf 
where  the  set  of  values  mi  =  m,  =  ■  ■  ■  =  m^  =  0  i 

verges  if  2ft  >p.* 


I 


111.  .'BERTHS  OF  V.\RIABLE  TERM.S     UNIFORM  CONVERGENCE 
173.  Definition  of  uniform  convergence.    A.  series  of  the  form 

(35)  w„(j')+«,(s;)+-..  +  7,,(r)+--., 

whose  terms  are  continuous  functions  of  a  variable  x  in  an  inter- 
val (a,  b'),  and  which  converges  for  every  value  of  x  belonging  to 
that  interval,  does  not  necessarily  represent  a  continuous  function, 


-a  to  be  found  in  Jurdun'a  I 


'i  iIMnu/yM.  Vol.  I,  p.  163. 
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as  we  might  be  tempted  to  believe.     la  order  to  prove  t 
need  only  consider  the  aeries  studied  in  g  4  : 


which  satisiies  the  above  conditions,  but  whose  stun  is  discontinuous 

for  «  =  0.  Since  a  large  number  of  the  functions  which  occur  in 
mathematics  are  defined  by  series,  it  lias  been  found  necessary  to 
study  the  properties  of  functions  given  in  the  form  of  a  series.  The 
first  question  which  arises  is  precisely  that  of  determining  whether 
or  not  the  sum  of  a  given  aeries  is  a  continuous  function  of  the 
variable.  Although  no  general  solution  of  this  problem  is  known, 
its  study  has  led  to  the  development  of  the  very  important  notion 
of  uniform  eonven/etx-e. 

A  series  of  the  type  (35),  each  of  whose  terms  is  a  function  of  x 
which  is  defined  in  an  interval  (a,  b),  is  said  to  be  uniformly  con- 
vergerU  in  that  interval  if  it  converges  for  every  value  of  x  between 
a  and  h,  and  if,  corresponding  to  any  arbitrarily  preasaigned  positive 
number  i,  a  positive  integer  N,  independent  of  x,  can  be  found  such 
that  the  absolute  value  of  the  remainder  R,  of  the  given  series 


«.*,(')  +  «.».W4 


«.t,W4 


is  less  than  «  for  every  value  of  n'^  N  and  for  every  value  of  x 
which  lies  in  the  interval  (a,  b). 

The  latter  condition  is  essential  in  this  definition.  For  any  pre- 
aasigned  value  of  x  for  which  the  series  converges  it  is  apparent 
from  the  very  definition  of  convergence  that,  corresponding  to  any 
positive  number  €,  a  number  N  can  be  found  which  will  satisfy 
the  condition  in  question.  But,  in  order  that  the  series  should  con- 
verge uniformly,  it  is  necessai'y  further  that  the  same  number  N 
should  satisfy  this  condition,  no  matter  what  value  of  x  be  selected 
in  the  interval  (a,  b).  The  following  examples  show  that  such  is  not 
always  the  case.     Thus  in  the  aeries  considered  just  above  we  have  ■ 


K(x)- 


(H 


t^)' 


t  0. 


The  series  in  question  is  not  uniformly  convergent  in  the  inter- 
val (0,  1).  For,  in  order  that  it  should  be,  it  would  be  nrressary 
(though  not  sufficient)  that  a  number  N  exist,  such  that 


INFINITE  SERIES 


for  all  values  of  a 
same  thing,  that 


in  the  interval  (0,  1),  or,  what  aniounta  to  the 


Whatever  be  the  values,  of  iV"  and  t,  there  always  exist,  however, 
positive  values  of  x  which  do  not  satisfy  this  inequality,  since  the 
right-hand  aide  is  greater  than  unity. 

Again,  consider  the  series  dehued  by  the  equations 

S.W-rar"",     S.W=0,     ...(i).s.-s._„     »_1,2,.-.. 

The  sum  of  the  first  n  terms  of  this  aeries  is  evidently  S,(a;),  which 
approaches  zero  as  n  increases  indefinitely.  The  series  is  therefore 
convergent,  and  the  remainder  R,  (jc)  is  equal  to  —  itre~"^.  In  order 
that  the  series  should  be  uniformly  convergent  in  the  interval  (0, 1), 
it  would  be  necessary  and  sullicient  tliat,  norresponding  to  any  arbi- 
trarily preassigned  positive  number  c,  a,  positive  integer  N  exist  such 
that  for  all  values  of  n  ?  N 

nxe-"'<.,         0<x<l. 

But,  if  SE  be  replaced  by  1/k,  the  left-hand  side  of  this  inequality  is 
equal  to  e"''",  which  is  greater  than  1/e  whenever  n  >  1.  Since  < 
may  be  chosen  less  than  1/e,  it  follows  that  the  given  aeries  is  not 
uniformly  convergent. 

The  importance  of  uniformly  convergent  series  rests  upon  the 
following  property: 

The  mtm  of  a  sm-ies  whose  terms  are  continuaua  funetion*  of  a 
variable  x  in  an  inlerval  {a,  b)  and  which  ctmverijea  uni/ormli/  in  that 
interval,  it  itself  a  eontinuous  function  of  x  in  the  same  interval. 

Let  :Ea  be  a  value  of  x  between  a  and  b,  and  let  Xg  +  A  be  a  value 
in  the  neighborhood  of  x„  which  also  lies  between  a  and  b.  Let  n 
be  chosen  so  large  that  the  remainder 

is  less  than  t/3  in  absolute  value  for  all  values  of  x  in  the  interval 
(a,  b),  where  e  is  an  arbitrarily  preassigned  positive  nimiber.  Letf(x) 
be  the  aura  of  the  given  convergent  series.     Then  we  may  write 

where  i^(x)  denotes  the  sum  of  the  first  n  +\  terms, 
4.(x)=u^ix)+u,(x)+-    +,U^). 
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Subtracting  the  two  equalities 

/(X„)  =  *(:r„)+fl,(x,), 

/(a-o  +  A)  =  <t,(x„  +  A)  +  R,(x„  +  A), 
we  find 

A^o  +  A)  -A^p)  =  [*(^.  +  A)  -  *(=^.)]  +  «-(-^.  +  A)  -  «.(-=o)- 

The  uumber  n  was  so  chosen  that  we  have 

l«.('.)l<5'       !«.(«. +  4)l<i- 

On  tlie  other  hand,  since  each  of  the  terms  of  the  series  is  a  continu- 
ous function  of  x,  ^(ar)  is  itself  a  coDtinuons  function  of  x.  Heoce 
a  positive  number  ij  may  be  found  such  that 

whenever  |  A  |  ia  leas  than  ij.     It  follows  that  we  shall  have,  a  fortiori, 

|Ax.  +  A)-Ax„)!<3| 
whenever  |A|  is  less  tbau  >;.     This  shows  that'y)[z)  ia  continuous 

Jfole.  It  would  seem  at  first  very  difficult  to  detennine  whether 
or  not  a  given  serii's  is  uniformly  convergent  in  a  given  interval. 
The  following  theorem  enables  ua  to  ahow  in  many  cases  that  a 
given  aeriea  converges  uniformly. 

Let 

(36)  M:t)  +  u,(:.)  +  ...  +  u.ix)  +  --. 

be  a  series  each  of  whose  terms  ia  a  continuous  function  of  x  in  an 
intmval  (a,  b),  and  let 

(37)  JW.  +  A/,  +  ■  ■  -  +  M.  +  ■  ■  ■ 

be  a  convergent  series  whose  terms  are  positive   constants.     7%en, 

if\u.\<M,for  all  values  of  x  in  the  interoal  (a.b)  and  for  aU 
values  of  n,  the  first  series  (36)  converges  uniformly  in  the  interval 
considered. 

For  it  is  evident  that  we  shall  have 
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for  all  values  of  x  between  a  and  h.  If  A^  be  chosen  so  large  that 
the  remainder  R^  of  the  second  series  is  less  than  c  for  all  valaes 
of  n  greater  than  iV,  we  shall  also  have 

whenever  n  is  greater  than  A^,  for  all  values  of  x  in  the  interval  (a,  U), 
For  example,  the  series 

3fo  +  Mx  sin  X  -f  M^  sin  2a5  -f h  ^^n  siii  wx  +  •   • , 

where  A/q,  3/i,  A/2,  ■••  have  the  same  meaning  as  above,  converges 
uniformly  in  any  interval  whatever. 

174.  Integration  and  differentiation  of  series. 

Any  series  of  continuous  functions  which  converges  unifoTTnly  in  an 
interval  (a,  b)  may  be  integrated  term  by  term,  j^^ovided  the  limits  of 
integration  are  finite  and  lie  in  the  interval  (cif  b). 

Let  Xq  and  Xi  be  any  two  values  of  x  which  lie  between  a  and  b, 
and  let  A''  be  a  positive  integer  such  that  |  A* „  (a*)  |  <  c  for  all  values 
of  cc  in  the  interval  {a,  b)  whenever  ;/  >  .V.  Let  f(x)  be  the  sum  of 
the  series 

f(x)  =  Uo(x)  +  Ui(x)-\ +  w„(jj)  H , 

and  let  us  set 

I     f(x)dx—  I     Uodx—  I      Uidx I     v„dx=  I     R^dx, 

Xp  Jtq  Jxq  Jxq  Jx^ 

The  absolute  value  of  D^  is  less  than  t\xi  —  Xq\  whenever  n ^ A'. 
Hence  D^  approaches  zero  as  n  increases  indefinitely,  and  we  have 
the  equation 

'    f(x)dx=j     Uo(x)dx-\-j     Ui(x)dx-\ hi     ?^,(x)c?a;H . 

Considering  x©  as  fixed  and  x^  as  variable,  we  obtain  a  series 


J  I     UQ{x)da^  H h  /  u^(x)dx  -f- 
3fn  «/ar« 


which  converges  uniformly  in  the  interval,  (a,  A)  and  represents  a 
continuous  function  whose  derivative  is  f{x). 
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Conversely y  any  convergent  series  inay  be  differentiated  term  by  term 
if  the  resulting  series  converges  uniformly* 

For,  let 

f(x)  =  Wo(x)  ■\-Ui{x)-\ h  u^{x)  H 

be  a  series  which  converges  in  the  interval  (a,  b).  Let  us  suppose 
that  the  scries  whose  terms  are  the  derivatives  of  the  terms  of  the 
given  series,  respectively,  converges  uniformly  in  the  same  interval, 
and  let  <^(r)  denote  the  sum  of  the  new  series 

^/^N  __duo      dtH  ,  du^ 

Integrating  this  series  term  by  term  between  two  limits  Xq  and  x, 
each  of  which  lies  between  a  and  b,  we  find 

Jf     if>(x)  dx  =  [wo  (x)  —  Uo  (xo)]  4-  [ui  (x)  —  ui  (Xo)]  H 


or 


£  <l>(x)dx=f(x)-f(Xo). 


This  shows  that  if>(x)  is  the  derivative  oi  f(x). 
Examples,    1)  The  integral 

dx 


li 


cannot  be  expressed  by  means  of  a  finite  number  of  elementary 
functions.     Let  us  write  it  as  follows : 

/—dx=  \ hi   dx  =  log  X  -\-  \   dx, 
X           J     X      J       X                   °ja; 

The  last  integral  may  be  developed  in  a  series  which  holds  for  all 
values  of  x.     For  we  have 

e*— 1      ^         X     ,       X*  rr""^ 

X  ^1.2^1.2.3^       ^1.2.  -n^      ' 

and  this  series  converges  uniformly  in  the  interval  from  —  /J  to  +  /?, 
no  matter  how  large  R  be  taken,  since  the  absolute  value  of  any 


*  It  is  asHuined  in  the  proof  also  that  each  term  of  the  new  series  is  a  continuoos 
function.    The  theorem  is  true,  however,  in  general.  — Traits. 


INFINITE  SERIES 


term  of  the  series  is  less  than  the  corresponding  term  of  the  con- 
vergent series 


l  +  T 


R 


R'-' 


1.2  '  '  1.2--TI 

It  follows  that  the  series  obtained  by  term-by^-term  integration 

converges  for  any  value  of  x  and  represents  a  function  whose  deriva- 
tive is  (e'  -  l)/x. 


fW-l+7  +  S 


2}  The  perimeter  of  an  ellipse  whose  major  a: 
H  e  is  equal,  b;  §  112,  to  Ibe  definite  integral 


9  is  2a  and  whose  eccentricily 


S  =  4QrVl-e»»in«#d*. 


The  producLe^sin^^  lies  between  Oand^(<  I).    Hence  the  radical  la  equal  lo  the 
sum  of  the  series  given  by  the  binomial  theorem 


-  -e^sin'tfi-  — 
1  .3.6   ■■(2b 


e*  sin<  0 

—  e*"8in>"#- 


The  series  on  the  right  converges  uniformly,  for  the  absolute  value  of  each  of 
iU  terms  is  leas  than  the  corresponding  term  of  the  convergent  aeries  obtained 
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3ti7 


The  definition  of  uniform  convergence  may  be  extended  to  aeriea 
whose  terms  are  fimctions  of  several  independent*  variables.  For 
example,  let 

««  (^.  y)  +  «,  (x,  y)  +  •  ■  ■  +  «.  (a:,  J/)  +  ■  •  ■ 

be  a  series  whose  terms  are  functions  of  two  independent  variables  x 
and  y,  and  let  ub  suppose  that  this  series  converges  whenever  the 
point  (x,  y)  lies  in  a  region  R  bounded  by  a  closed  contour  C. 
The  seriea  is  said  to  be  uniformly  i-onvergent  in  the  region  R  if, 
corresponding  to  every  positive  number  t,  an  integer  A'  can  be  found 
such  tliat  the  absolute  value  of  the  remainder  it,  is  less  than  c 
whenever  n  is  e<]ual  to  or  greater  than  A',  for  every  point  (:r,  y) 
inside  the  contour  C.  It  can  be  shown  as  above  that  the  sum  of 
such  a  series  is  a  continuous  function  of  the  two  variables  x  and 
y  in  this  r^ion,  provided  the  terms  of  the  series  are  all  continu- 
ous in  R. 

The  theorem  on  term-by-term  integration  also  may  be  generalized. 
If  each  of  the  terms  of  the  series  is  continuous  in  R  and  If^j;,  y) 
denotes  the  sum  of  the  series,  we  shall  have 

JJf{x,y)<trdy=Jju^ix,y)dxdy+Jju,[^T,y)dxdy  +  -- 

where  each  of  the  double  integrals  ia  extended  over  the  whole  inte- 
rior of  any  contour  inside  of  the  region  H. 

Again,  let  us  consider  a  double  series  whose  elements  are  functions 
of  one  or  more  variables  and  which  converges  absolutely  for  all  seta 
of  values  of  those  variables  inside  of  a  certain  domain  D.  Lot  the 
elements  of  the  series  be  arranged  in  the  ordinary  rectangular  array, 
and  let  fl,  denote  the  sum  of  the  double  series  outside  any  closed 
curve  C  drawn  in  the  plane  of  the  array,  Tlieii  the  given  double 
series  ia  aaid  to  converge  uniformly  in  the  domain  D  if  correspond- 
ing to  any  preassigned  number  t,  a  closed  curve  K,  not  dependent 
on  the  values  of  the  variables,  can  be  drawn  such  that  \Rj\<t.  for 
any  curve  C  whatever  lying  outside  of  A'  and  for  any  set  of  values 
of  the  variables  inside  the  domain  D. 

It  is  evident  that  the  preceding  definitions  and  theorems  may  bo 
extended  without  difficulty  to  a  multiple  seriea  of  any  order  whose 
elements  are  functions  of  any  number  of  variables. 
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Note.   If  a  series  does  not  converge  uniformly,  it  is  not  always  allowable  to 
integrate  it  term  b^  term.     For  example,  let  us  set 

5„ (x)  =  nxe-"^ ,        5o(x)  =  0,        u,(x)  =  5„  -  S,_i.        n  =  l,  2,  •.-. 

The  series  whose  general  term  is  Un  (x)  converges,  and  its  sum  is  zero,  since  S»  (x) 
approaches  zero  as  n  becomes  infinite.     Hence  we  may  write 

/(x)  =  0  =  Ui  (X)  +  W2(x)  +  •  •  •  +  u«(x)  +  •  •  • , 

whence  f^f(x)  dx  =  0.  On  the  other  hand,  if  we  integrate  the  series  term  by 
term  between  the  limits  zero  and  unity,  we  obtain  a  new  series  for  which  the 
sum  of  the  first  n  ternas  is 

^.S.(x)dx=-[— ]^=-(l-e-.). 
which  approaches  1/2  as  its  limit  .as  n  becomes  infinite. 

175.  Application  to  differentiation  under  the  integral  sign.   The  proof 

of  the  formula  for  differentiation  under  the  integral  sign  given  in 
§  97  is  based  essentially  upon  the  supposition  that  the  limits  x^ 
and  X  are  finite.  If  A'  is  infinite,  the  formula  does  not  always  liolcL 
Let  us  consider,  for  example,  the  integral 


^X«)  =  f 


^*sina^  ^ 

X 


This  integral  does  not  depend  on  a,  for  if  we  make  the  substitu- 
tion f/  =  ax  it  becomes 

sm^ 


n«)  =  jT 


y 


dy. 


If  we  tried  to  apply  the  ordinary  formula  for  differentiation  to  F(a), 

we  should  find 

+«• 

F(a)  =  I        cos  ax  dx 


'w  -X 


This  is  surely  incorrect,  for  the  left-hand  side  is  zero,  while  the 
right-hand  side  has  no  definite  value. 

Sufficient  conditions  may  be  found  for  the  application  of  the 
ordinary  formula  for  differentiation,  even  when  one  of  the  limits 
is  infinite,  by  connecting  the  subject  with  the  study  of  series.  Let 
us  first  consider  the  integral 


I 


+  » 


f(x)dx, 


which  we  shall  suppose  to  have  a  determinate  value  (§  90).     Let 
ai,  Os,  •  ••,  a„,  • '  •  be  an  infinite  increasing  sequence  of  numbers,  all 


VIII.  5 175]  VARIABLE  TERMS  369 

greater  than  Ug,  where  a,  becomes  infinite  with  n.     if  we  set 


eonverife.sand  its  siimis  f^*''/[r)(lx,  for  the  sum  .V,  of  the  first  n  terms 
is  equal  to  J^f(x)dx. 

It   should    be    noticed    that    the   couverse    is    not    always    true. 
If,  for  exainple,  we  set 


re  shall  have 


'-£""■« 


Hence  the  aeriea  converges,  whereas   the   integral  fJcmTdx  ap- 
proaches no  limit  whatever  as  I  becomes  infinite. 

Now  let  JXj;  a)  be  a  function  of  the  two  variables  j-  and  <r  which 
iH  continuous  whenever  x  is  equal  to  or  greater  than  «■,,  and  n  lies 
in  an  interval  ('io,"i)-  If  the  integral  J /(a-,  njf/r  approaches  a 
limit  as  I  becomes  infinite,  for  any  value"  of  a,  that  limit  is  a 
function  of  a, 


Pi' 


a)dx, 


which  may  be  replaced,  as  we  have  just  shown,  by  the  sum  of  a 

convergent  series  whose  terms  are  continuous  I'nnetions  of  a: 

F(«)  =  £/„(«)  +  (/,(«) +  ■■  +  ('„(")  +  -■■, 

%(")=/  A=^,^)<ix,  'hia)^j  'f(x,a)dx. 

This  function  F(it)  is  continuous  whenever  the  series  converges  uni- 
formly. By  analogy  we  shall  say  that  tfie  inlegrnlj*'  f{x,  a)dx 
eonvergps  uniform/i/  in  the  interval  («oi  "i)  ifi  corresponding  to  any 
preassigned  positive  quantity  i,  a  number  N  independent  of  a  can 
be  found  such  that  \f*''JXx,  a)dx\  <  <  whenever  i^iV,  for  any  value 
of  a  which  lies  in  the  interval  (ag,  ai).*     If  the  integral  converges 


I 


^B         Tkanh. 


F.  Oboood,  Annali  of  MaChematiet,  3d  mHos.  Vol.  Ill  (1!>02),  p.  129.  - 
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uniformly,  the  series  will  also.     For  if  a,  be  taken  greater  than  iV, 
we  shall  have 


^ni  =  |J^  yi^,«)^ 


<€; 


hence  the  function  F(a)  is  continuous  in  this  case  throughout  the 
interval  (a©,  ai). 

Let  us  now  suppose  that  the  derivative  df/da  is  a  continuous 
function  of  x  and  a  when  x^a^  and  ao'^a'^ai,  that  the  integral 


,+• 


has  a  finite  value  for  every  value  of  a  in  the  interval  (ctoj  «i)>  and 
that  the  integral  converges  uniformly  in  that  interval.  The  integral 
in  question  may  be  replaced  by  the  sum  of  the  series 


J         ^■£dx  =  V^(a)  -f  \\{a)  +  ...  -h  \\{a)  +  .••, 
where 


The  new  series  converges  uniformly,  and  its  terms  are  equal  to  the 
corresponding  terms  of  the  preceding  series.  Hence,  by  the  theorem 
proved  above  for  the  differentiation  of  series,  we  may  write 

In  other  words,  the  formula  for  differentiation  under  the  integral  sign 
still  holds,  provided  that  the  integral  on  the  right  converges  uniformly. 
The  formula  for  integration  under  the  integral  sign  (§  123)  also 
may  be  extended  to  the  case  in  which  one  of  the  limits  becomes 
infinite.  Let  f(x,  a)  be  a  continuous  function  of  the  two  variables 
X  and  a,  for  a;  >  ao,  ao  S  a  ^  ai .  If  the  integral  j^^ f{x,  a) dx  is  uni- 
formly  convergent  in  the  interval  (ao>  ^i)>  we  shall  have 

I        dx  J     f(Xy  a)da  =  /      da  {       f(x,  a)dx. 

To  prove  this,  let  us  first  select  a  number  Z  >  a©;  then  we  shall 
have 

I        dx   I     /(x,  a)da  =         da      f(x,  a)dx. 
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A.s  I  increases  indefinitely  the  right-hand  side  of  this  equation 
approaches  the  double  integral 

for  the  difference  between  these  two  double  integrals  is  equal  to 

j^'daj     f{x,a)dx. 

Suppose  N  chosen  so  large  that  the  absolute  value  of  the  integral 
J^*"/{a:,  a)dx  is  less  than  i  whenever  I  is  greater  than  jV,  for  any 
value  of  a  in  the  interval  («ot  "i)-  Then  the  absolute  value  of  the 
difference  in  question  wilj  be  less  than  tjct,  —  no|,  and  therefore  it 
will  approach  zero  aa  I  increases  indefinitely.  Hence  the  left-hand 
side  of  the  equation  (B)  also  approaches  a  limit  as  I  becomes  infi- 
nite, and  this  limit  is  represented  by  the  symbol 

This  gives  the  formula  (A)  which  wa«  to  be  proved.* 
ITS,  Eiamplss,    1)  Let  qb  return  U>  the  integral  of  g  Bl : 

where  a  is  pofllllve.    The  integral 

*TbetoniiiilafordlfTeTeDtiatioDiii)iy  b^dednced  eanily  from  the  formuln  (A).  For, 
•appose  thM  the  two  fuDoiionx /(z,  a)  and/a(z,  it)  are  cnntinuoiia  tor  ooS^Scti, 
x>na:  Ihut  the  twn  inlcgrBls F(a)  =  S„* '/(*.  ")'*';  and  *(«)  ^SJ^'/Ax.  a) dx  have 
finite  values;  and  that  the  latter  cod  verges  uniform  I  j  in  theinterviil  {ua,  a\).  From 
the  fDrniula  (A),  if  a  tlee  la  the  Interval  {aa,  a:,),  no  have 


c< 


/,(!.")'*' 


-C'-L 


Mx.v)du, 


where  tor  dlgtinrtneaii  a  has  been  replaced  by  u  UDder  the  integral  sign.    But  this 
tormuls  may  he  written  in  the  torm 


X'*'"'""-!* 


-/: 


/lx.a„)dx  =  F(ai)-Flai), 


e,  taking  the  derivative  uf  each  side  with  reipect  tc 
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obtained  by  differentiating  under  the  integral  sign  with  re8i>ect  to  or,  converges 
uniformly  for  all  values  of  a  greater  than  an  arbitrary  positiye  number  k.  For 
we  have 


\f. 


+  x  I  y.  +  »  J 

Ji  a 


and  hence  the  absolute  value  of  the  integral  on  the  left  will  be  less  than  e  for  all 
values  of  a  greater  than  k^'\tl>  N^  where  N  is  chosen  so  large  that  ktf^^  >  1/e. 
It  follows  that 


F'(a)  =  -f      e-^8inzdx. 


'0 

The  indefinite  integral  was  calculated  in  §  110  and  gives 

rc-<'*{cosx  4- <t8inx)"|+«  _    —1 

^w  -  L      y:^2      J  0  "  inr^' 

whence  we  find 

F(it)  =  C  —  arc  tan  a , 

and  the  constant  C  may  be  determined  by  noting  that  the  definite  integral  F{a) 
approaches  zero  as  a  becomes  infinite.  Uence  C  =  ;r/2,  and  we  finally  find  the 
formula 


X 


/«ov                                I                 sin  X  .  ,1 

(38)  I        e- «' dx  =  arc  tan  - . 


This  formula  is  established  only  for  positive  values  of  a,  but  we  saw  in  §  91  that 
the  left-hand  side  is  the  sum  of  an  alternating  series  whose  remainder  R„  is  always 
less  than  l/n.  Hence  the  series  converges  uniformly,  and  the  integral  is  a  con- 
tinuous function  of  a,  even  for  a  =  0.  As  a  approaches  zero  we  shall  have  in 
the  limit 

sin  z  ,        n 

2)  If  in  the  formula 


X 


+*  vs 


e-^dx  = 


2 
of  §  134  we  set  X  =  y  Va,  where  a  is  positive,  we  find 

(40)  C^^e-<^dy  =  :^a-l, 

Jo  2 

and  it  is  easy  to  show  that  all  the  integrals  derived  from  this  one  by  successive 
differentiations  with  respect  to  the  parameter  a  converge  uniformly,  provided 
that  a  is  always  greater  than  a  certain  positive  constant  k.  From  the  preceding 
formula  we  may  deduce  the  values  of  a  whole  series  of  integrals : 


(41) 


y*  e-'*y^dy  =  -'—  V5ra-I» 

0  2* 

1 

r""*  o„      „„,^        1.3.5...(2n-l)    r-    -2»4j 

1  y^ne-"y^dij  = ^ Vita      « 

I.  Jo  2»  + ' 
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« 

By  combining  these  an  infinite  number  of  other  integrals  may  be  evaluated. 
We  have,  for  example, 

r"*"*e-*i^co82/3ydy=   /        e-'v^dyfl- ^?^  + . . . +(-l)'»-^?i??^  +  . . -1 
Jo  J^  L         1-2  1.2   •.2n  J 


J'  1  1-2 


^       '     '  1.2...2n 


-  ■'■/ 


All  the  integrals  on  the  right  have  been  evaluated  above,  and  we  find 
Ju  "^"^  2\a       1.2      2      .2 


^      '  1.2.3. ..2n    2  2"  ' 


or,  simplifying, 

Jr.  +  »  \  fit  ^ 

e-«i^C08  2/3ydy  =  -  x/-  c~  «  . 
0  2  \a 


EXERCISES 

1.  Derive  the  formula 

-^  [x" (logx)"]  =  1  +  Si logx  +  r  ^  (logx)a  +  . . .  +  -—-^ —  (logx)", 


1.2.    -ndx"  1.2'  1.2.n 

where  8p  denotes  the  sum  of  the  products  of  the  first  n  natural  numbers  taken  p 

at  a  time.  *  n^  ■, 

[Murphy.] 

[Start  with  the  formula 

L  1.2  1 . 2 . . .  w  J 

and  differentiate  n  times  with  respect  to  x.] 

2.  Calculate  the  value  of  the  definite  integral 


X 


l-e-**^ 
c2x 


0 

by  means  of  the  formula  for  differentiation  under  the  integral  sign. 
3.  Derive  the  formula 

0  2 

[First  show  that  dl/da  =  -  2J.] 
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4.  Derive  the  formula 


Jo  va 


by  making  use  of  the  preceding  exercise. 
5.  From  the  relation 


1       1    /•+• 
a«      2  Jo 


derive  the  formula 


CHAPTER  IX 


POWER   SERIES      TRIGONOMETRIC  SERIES 

In  this  pliapter  we  shall  study  two  particularly  important  classes 
of  series — power  series  and  trigonometrit;  series.  Although  we  shall 
speak  of  real  variables  only,  the  arguments  used  in  the  study  of 
power  series  are  applicable  without  change  to  the  case  where  the 
variables  are  complex  quantities,  by  simply  substituting  the  expres- 
sion moduhui  or  absolute  value  (of  a  complex  variable)  for  the  expres- 
sion absolute  value  (of  a  real  variable).* 


I.  POWER  SERIES  OF  A   SINGLE  VARIABLE 
177,  Interval  of  conrergence.  Let  ua  first  consider  a  series  of  the  form 

(1)  A„  +  AiX  +  AjX'+---  +  A,X'  +  --., 

(  all  positive,  and  where 


values.     It  ia 
Hence,  if  the 

it  converges 


where  the  coefficients  Ag,  A,,  A. 

the  independent  variable  A'  is  assigned  only  positi 

evident  that  each  of  the  terms  increases  with 

series  converges  for  any  particular  value  of  X,  e 

a  fortiori  for  any  value  of  X  less  than  ,Y,.     Conversely,  if  the  series 

diverges  for  the  value  A'^,  it  surely  diverges  for  any  value  of  X 

greater  than  A',.     We  shall  distinguish  the  following  cases. 

1)  The  series  (1)  may  converge  for  any  value  of  A'  whatever. 
Such  is  the  case,  for  example,  for  the  series 


1  +  V  + 


A-" 


1       1.2 


1.2 


2)  The  series  (1)  may  diverge  for  any  value  of  A'  except  A  =  0, 
The  following  series,  for  example,  has  this  property : 

1  4-  X  + 1 . 2  A"  +  . . .  + 1 . 2 .  3  .   .  nX'  H 

3)  Finally,  let  us  supprae  that  the  series  converges  for  certain 
values  of  X  and  diverges  for  other  values.  Let  A',  be  a  value  of  X 
for  which  it  converges,  and  let  A',  be  a  value  for  which  it  divergea 


•See  Vol.  U,  i5a»-aT3.  — Trahs. 
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From  the  remark  made  above,  it  follows  that  .Yi  is  leas  than  .V,.  The 
serieH  converges  if  .V<A',,  and  it  diverges  if  A'>.Vj.  The  onlj 
uncertainty  is  about  tlie  values  of  A'  between  A'l  and  A',.  But  all 
the  values  of  X  for  which  the  series  converges  are  leas  than  A'l,  and 
hence  they  have  an  upper  limit,  which  we  shall  call  if.  Since  all  thu 
values  of  A'  for  which  the  series  diverges  are  greater  than  any  value 
uf  X  for  which  it  converges,  the  number  R  is  also  the  lower  limit  of 
[,he  values  of  A'  for  which  the  series  diverges.  Hence  the  series  (1) 
diverges  for  all  valuM  of  X  ijrfatvr  than  R,  and  converges  for  all  values 
of  X  less  than  R.     It  may  either  converge  or  diverge  when  A'  =  R. 

For  example,  the  aeries 

l  +  A-  +  .V»  +  ...  +  .V"  +  -- 
converges  if  X  <  1,  and  diverges  if  A'  2  1  ■     In  this  case  R  =1. 

This  third  case  may  be  said  to  include  the  other  two  by  suppos- 
ing that  R  may  be  zero  or  may  become  infinite. 

Let  us  now  consider  a  power  sei'ies,  i.e.  a  series  of  the  form 

(2)  a^  +  a^x  +  a^x'  +--  +  a,T-  +  ■■■, 

where  the  coefficients  a,  and  the  variable  x  may  have  any  real  values 
whatever.  From  now  on  we  shall  set  .■!,  =  |",  |.  A'  =  Ifj.  Then  the 
aeries  (1)  is  the  series  of  absolute  values  of  the  terms  of  the  series  (2). 
Let  R  be  the  number  defined  above  for  the  aeriea  (1).  Then  the 
aeries  (2)  evidently  converges  absolutely  for  any  value  of  x  between 
—  R  and  +  R,  by  the  very  definition  of  the  number  R.  It  remains 
to  be  shown  that  the  series  (2)  diverges  for  any  value  of  x  whose  , 
absolute  value  exceeds  R.  This  follows  immediately  from  a  funda- 
mental theorem  due  to  Abel :  • 

If  the  series  (2)  eoni'ergea  for  any  particular  value  x^ ,  it  convergea 
abaoliildij  for  any  values  of  x  whose  absolute,  value  is  less  than  |  'o  | . 

In  order  to  prove  this  theorem,  let  us  suppose  that  the  aeries  (2) 
converges  for  x  =  Xa,  and  let  M  be  a  positive  nuuiber  greater  than 
the  absolute  value  of  any  terra  of  the  series  for  that  value  of  a-. 
Then  we  ahall  have,  for  any  value  of  n, 

A,\x^\-<M, 
and  we  may  write 
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It  follows  that  the  aeries  (1)  converges  whenever  Jr<|j;o|,  which 
proves  the  theorem. 

In  other  words,  if  the  series  (2)  converges  for  x  =i  Xg,  the  series  (1) 
of  absolute  values  converges  whenever  A'  is  leas  than  \x^\.  Hence 
{zo{  c&nnot  exueed  R,  for  R  waa  supposed  to  be  the  upper  limit  of 
the  values  of  X  for  which  the  aeries  (1)  converges. 

To  sum  up,  given  a  power  aeries  (2)  whose  coefficients  may  have 
either  aign,  there  exists  a  positive  number  R  which  haa  the  follow- 
ing properties  :  T/ie  series  (2)  converges  absolutely  for  any  value  of  x 
between  —  R  and  -(-  R,  and  diverges  for  any  value  of  x  whose  absolute 
value  exceeds  R.  The  interval  (—  R,  +  R)  is  called  the  interval  of 
eonverr/ence.  This  interval  extends  from  —  so  to  +  oo  in  the  case  in 
which  R  is  conceived  to  have  became  infinite,  and  reduces  to  the 
origin  if  fl  =  0.     The  latter  case  will  be  neglected  in  wJiat  follows. 

The  preceding  demonstration  gives  us  no  information  about  what 
happens  when  x  =  R  or  x  =  —  R.  The  series  (2)  may  be  absolutely 
convergent,  simply  convergent,  or  divergent.  For  example,  R  =  l 
for  each  of  the  three  series 


1+*  +x 


■+«"  +  ■ 


1  + 


■  +  -,  +  • 


for  the  ratio  of  any  term  to  the  preceding  approaches  x  as  its  limit 
in  each  case.  The  first  series  diverges  for  x  =  ±1.  The  second 
series  diverges  for  x  =l,and  converges  for  x  =  —1.  The  third  con- 
vei^BS  absolutely  for  x  =  ±1. 

Note.  The  statement  of  Abel's  theorem  may  be  made  more  general, 
for  it  is  sufficient  for  the  argument  that  the  absolute  value  of  any 
t«rm  of  the  series 


be  leas  than  a  fixed  number.  ^Vllenever  this  condition  is  satisfied, 
the  series  (2)  converges  absolutely  for  any  value  of  x  whose  absolute 
value  is  less  than  \x„\. 

Tbe  Dumber  B  is  connected  In  a  very  simple  way  with  the  number  u  defined 
in  i  IBO,  which  is  the  greaieal  limit  of  tbe  sequence 

A,,      VAi,      -Va,,     ■■■,      VA.,     ■■-. 
For  if  we  coniider  the  analogoUH  ■equenoe 
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it  is  evident  that  the  greatest  limit  of  the  terms  of  the  new  sequence  is  vX.  The 
sequence  (1)  therefore  converges  it  X  <  l/uy  and  diverges  if  X  >  1/w;  henoe 
R  =  !/«.♦ 

178.  Continuity  of  a  power  series.  Let  f(x)  be  the  sum  of  a  power 
series  which  converges  in  the  interval  from  —  R  to  -^  R, 

(3)  f(x)  =  flo  +  ttix  H f-  a^ac"  H , 

and  let  /2'  be  a  positive  number  less  than  R.  We  shall  first  show 
that  the  series  (3)  converges  uniformly  in  the  interval  from  ~  R' 
to  -f-  R'.  For,  if  the  absolute  value  of  x  is  less  than  /?',  the 
remainder  R^ 

K  =  «»+i^"^'  +  •  •  •  +  (^n^p^^"  +  •  •  • 

of  the  series  (3)  is  less  in  absolute  value  than  the  remainder 

of  the  corresponding  series  (1).  But  the  series  (1)  converges  for 
A'  =  R',  since  R'  <  R,  Consequently  a  number  A^  may  be  found 
such  that  the  latter  remainder  will  be  less  than  any  preassigned 
positive  number  c  whenever  n^N,  Hence  | -R^ |  < c  whenever  n^N 
provided  that  |ir|  <  i?'. 

It  follows  that  the  sum  f(x)  of  the  given  series  is  a  contintums 
function  of  x  for  all  values  of  x  between  —  R  and  -f  R,  For,  let  Xq 
be  any  number  whose  absolute  value  is  less  than  R.  It  is  evident 
that  a  number  R'  may  be  found  which  is  less  than  R  and  greater 
than  |xo|.  Then  the  series  converges  uniformly  in  the  interval 
(—  R',  -f-  R')f  as  we  have  just  seen,  and  hence  the  sum  f(x)  of  the 
series  is  continuous  for  the  value  Xq,  since  Xq  belongs  to  the  interval 
in  question. 

This  proof  does  not  apply  to  the  end  points  -f-  R  and  —  R  of  the 
interval  of  convergence.  The  function  f(x)  remains  continuous, 
however,  provided  that  the  series  converges  for  those  values. 
Indeed,  Abel  showed  that  if  the  series  (3)  converges  for  x  =  Ry  its 
sum  for  X  =  Ris  tJie  limit  which  the  sumf(x)  of  the  series  approaches 
as  X  approorches  R  through  values  less  than  R,'f 

Let  S  be  the  sum  of  the  convergent  series 

S  =  aQ'\-  aiR  -{-a^R^  -\ h  a„i2"  H , 

•  This  theorem  was  proved  by  Caachy  in  his  Cours  d  ^Analyse.  It  was  rediscovered 
by  Hadamard  in  his  thesis. 

t  As  stated  above,  these  theorems  can  be  immediately  generalized  to  the  ease  of 
series  of  imaginary  terms.  Iti  this  case,  however,  care  is  necessary  in  formulating 
the  generalization.    See  Vol.  II,  §  206.  —  Trans. 
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mil  ]et  7j  be  a  positive  int^er  such  that  any  one  of  the  Bums 


i-ifl'" 


.,fl" 


is  less  than  a  preassigned  poBitire  e 
then  let  B  increase  from  0  to  1,  a;  w 
shall  have 


If  we  set  a  =  Rd,  and 
from  0  to  /f,  and  we 


(4) 


,  f{x)  =/(efi)  =  «(,  +  «,  9R  +  a^e'R^  +-+a 
be  chosen  as  above,  we  may  write 

■  J{x)  =  at  fi(l  -$)  +  «,«»(!  -  fl")  +  . . . 


-«-^,*-*'R"^ 


ha,fi"(l-e") 


^-p/f+p , 


and  the  absolute  value  of  the  sum  of  the  series  in  the  second  line  can- 
not exeeed  t  On  the  other  hand,  the  niunbers  6'*',  ff"*',  ■  ■■,  tf"**- 
form  a  decreasing  sequence.  Hence,  by  Abel's  lemma  proved  in  g  76, 
we  shall  have 


l«, 


HR.+ 


'R'^ 


It  follows  that  the  absolute  value  of  the  sum  of  the  series  in  the 
third  line  cannot  exceed  t.  Finally,  the  first  line  of  the  right-hand 
side  of  the  equation  (4)  is  a  polynomial  of  degree  n  in  9  which 
vanishes  when  8  —  1.  Therefure  another  positive  number  jj  may  be 
found  such  that  the  al)Solute  value  of  this  polyiioiniiil  is  less  than  < 
whenever  6  lies  between  1  —  ij  and  unity.  Hence  for  all  such  values 
of  0  we  shall  have 

\S-Jlx)\<3.. 

But  (  is  an  arbitrarily  preassigned  positive  number.  Hence  J\x) 
approaches  5  as  its  limit  as  x  approaches  R. 

In  a  similar  manner  it  may  be  shown  that  if  the  series  (.'!)  con- 
verges for  a-  =  —  /?,  the  sura  of  the  scries  for  x  =  —  fi  is  equal  to 
the  limit  which  f(x)  approaches  as  3-  approaches  —  R  through  values 
greater  than  —  H.  Indeed,  if  we  replace  x  by  —  a;,  this  ease  reduces 
to  the  preceding. 

An  applicaZiim.  This  theorem  enables  lu  lo  complete  the  resnlls  of  g  186 
regardiug  the  niuUipli cation  of  serieB,     Eiet 

(6)  S=Uo  +  «i +  "»  +  ■■■ +  «.  +  ■■■. 

(6)  if  =  Oo  +  »i  +  Da  +  -  ■  ■  +  D.  +  ■  ■  . 

be  two  convergent  Heriea,  naither  of  which  convergea  abaoliitply.     The  eer[ei 

(7)  iioOu  +  (uoOi  +  "lie)  +  ■  ■  ■  +  (Moe.  +  ■+  ",M  + 
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may  converge  or  diverge.  If  it  converges,  its  sum  Z  is  equal  to  the  product  of 
the  sums  of  the  two  given  series,  i.e.  Z  =  88\  For,  let  us  consider  the  three 
power  series 

f{x)  =  tto  +  «!«+•••  +  u,x»  +  •  •  •, 
^(x)  =  Oo  +  VlX  +  •  •  •  +  ««x"  +  •  •  • , 
^(X)  =  UqVo  +  (Wo«l  +  UiVo)X   +  • h  {UoVn  +  •  •  •  +  u««o)a5"  +  •  •  •. 

Each  of  these  series  converges,  by  hypothesis,  when  x  =  1.  Hence  each  of  them 
converges  absolutely  for  any  value  of  x  between  —  1  and  +  1.  For  any  such 
value  of  X  Cauchy*s  theorem  regarding  the  multiplication  of  aeries  applies  and 
gives  us  the  equation 

(8)  /(x)0(x)  =  ^(x). 

By  AbePs  theorem,  as  x  approaches  unity  the  three  functions  /(x),  ^(x),  ^(x) 
approach  <S,  S't  and  Z,  respectively.  Since  the  two  sides  of  the  equation  (8) 
meanwhile  remain  equal,  we  shall  have,  in  the  limit,  Z  =  S8\ 

The  theorem  remains  true  for  series  whose  terms  are  imaginary,  and  the  proof 
follows  precisely  the  same  lines. 

179.  Snccessiye  derivatiyes  of  a  power  series.   If  a  power  series 

which  converges  in  the  interval  (—  R,  -\-  R)  he  differentiated  term 
by  term,  the  resulting  power  series 

(9)  ai -f  ^OjX -f  •••  +  wa^x""**  H 

converges  in  the  same  interval.  In  order  to  prove  this,  it  will  be 
sufficient  to  show  that  the  series  of  absolute  values  of  the  terms  of 
the  new  series, 

Ai-\-2AiX  -\ f- Wi4^A'"-»  H , 

where  ^4,  =  |a,|  and  X  =  |a:|,  converges  for  X<R  and  diverges  for 
X>R, 

For  the  first  part  let  us  suppose  that  X<R,  and  let  -R'  be  a  num- 
ber between  X  and  Ry  X  <  R'  <  R,     Then  the  auxiliary  series 

i2'  ^  R'  R'^  R'  \/?7  R'  \R7 

converges,  for  the  ratio  of  any  term  to  the  preceding  approaches 
X/R'f  which  is  less  than  unity.  Multiplying  the  successive  terms 
of  this  series,  respectively,  by  the  factors 


A,R',     A^R'^,     ...,     i4^/2'", 


•  •  • , 
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each  of  which  is  less  than  a  certain  fixed  number,  alnce  R'  <  H,  we 
obtain  a  new  series 

which  also  evidently  converges . 

The  proof  of  the  second  part  is  similar  to  the  above.     If  the  series 

A,  +  2.^,A■,  +  -  ■  ■  +  nA.x;-'  +  ■■■, 
where  X,  is  greater  than  R,  were  convergent,  the  series 
A,Xi  +  2,I»A'J  H +  nA,X'      +-■■ 

would  converge  also,  and  consequently  the  series  S,A,X'  would  con- 
verge, ^ince  each  of  its  terms  is  less  than  the  ixir responding  term  of 
the  preceding  series.  Then  It  would  not  be  the  upper  limit  of  the 
values  of  A'  for  which  the  series  (1)  converges. 

The  Buin/|(3-)  of  the  series  (!l)  is  therefore  a  continuous  function 
of  the  variable  x  inside  the  same  interval.  Since  this  series  con- 
vei^es  uniformly  in  any  interval  (—  R',  +  R'),  where  R'<  R,fi{x) 
is  the  derivative  of  J\x)  throughout  such  an  interval,  by  §  174, 
Since  R'  may  be  chosen  as  near  R  as  we  jilease,  we  may  assert  that 
the  function  ^a:)  possesses  a  derivative  for  any  value  of  x  between 
—  H  and  4-  ^1  3'Q(1  l-hat  that  derivative  is  represented  by  the  series 
obtained  by  differentiating  the  given  series  term  by  terra ;  * 

(10)  /(x)  =  «,  +  2a,i  +  .  ■  ■  +  na,x'-'  +  ..-. 
Repeating  the  above  reasoning  for  the  series  (10),  we  see  that /(jt) 

has  a  second  derivative, 

/"(:»:)  =  2a,  +  G<i,x  +  ...  +  «(„-  l)a,x"'  +  .-., 
and  BO  forth.     The  function  /\x)  possesses  an  unlimited  sequence  of 
derivatives  for  any  value  of  x  inside  the  interval  (—  R,  +  R),  and 
these  derivatives  are  represented  by  the  series  obtained  by  differen- 
tiating the  given  series  successively  term  by  term: 

(11)  /'"(x)  =  1.2     -na, -I- 2.3  ■■■»(»( -t-l)o,+  , 3! -«-■.■. 
If  we  Bet  z  =  0  in  these  formulee,  we  find 


or,  in  general, 


882  SPECIAL   SERIES  [DC,  §179 

The  development  off(x)  thus  obtained  is  identical  with  the  develop- 
ment given  by  Maclaurin's  formula ; 

A'')  =/(0)  + 1/'(0)  +  i~2f"(0)  +  ■■■  +  r:|r:^/'"XO)  + . . .. 

The  coefficients  ao,  ai,  •••,  a,,  •••  are  equal,  except  for  certain 
numerical  factors,  to  the  values  of  the  function  f(x)  and  its  succes- 
sive derivatives  for  a;  =  0.  It  follows  that  no  function  can  have  two 
distinct  developments  in  power  series. 

Similarly,  if  a  power  series  be  integrated  term  by  term,  a  new 
power  series  is  obtained  which  has  an  arbitrary  constant  term  and 
which  converges  in  the  same  interval  as  the  given  series,  the  given 
series  being  the  derivative  of  the  new  series.  If  we  integrate  again, 
we  obtain  a  third  scries  whose  first  two  terms  are  arbitrary ;  and  so 
forth. 

Examples,    1)  The  geometrical  progression 

1  —  a;  -f  iP^  —  ir»  H h  (-  l)"a^  H , 

whose  ratio  is  —  x,  converges  for  every  value  of  x  between  —1  and 
-f  1,  and  its  sum  is  1/(1  -f  x).  Integrating  it  term  by  term  between 
the  limits  0  and  x,  where  |ir|  <  1,  we  obtain  again  the  development 
of  log  (1  -f  x)  found  in  §  49  : 

X      x^      x^  x""*"*        • 

log(l  +  ^)  =  j--2  +  3--  +  (-l)-;^  +  .... 

This  formula  holds  also  for  a?  =  1,  for  the  series  on  the  right  con- 
verges when  X  =  1, 

2)  For  any  value  of  x  between  —  1  and  -f  1  we  may  write 

1 


1-f  ir^ 


=  1  -  0-'^  -f  X*  -  a:'  -f  •  •  •  -f  (-  lyx^"  -f 


Integrating  this  series  term  by  term  between  the  limits  0  and  a?, 
where  I  j-l  <  1,  we  find 


x      x^  ,  x^  ,   /     ^v    ar^""^'     . 

arctana:  =  ----f^-...-f(-l)-2;^-^4.. 

Since  the  new  series  converges  for  a;  =  1,  it  follows  that 

-=l--  +  ---+-.+(-lY—^  +  ... 
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3)  Let  F(x)  be  the  sum  of  the  convergent  series 

.  .  ?/?.      ,  vi(m—l)    „  .         .  m(m  — I)"  (//^  — p-f-1) 

where  m  is  any  number  whatever  and  ja?|  <  1.    Then  we  shall  have 

Let  us  multiply  each  side  by  (1-f  a;)  and  then  collect  the  terms  in 
like  powers  of  x.     Using  the  identity 

l,2"'{p-l)  1.2  "p  ~  1.2. .-2?  ' 

which  is  easily  verified,  we  find  the  formula 


^  w(w-l).-(w-p+l)^„  ^ 
1.2  — p 


] 


or 

(l-haj)F'(ir)  =  mF(j-). 

From  this  result  we  find,  successively, 

F\x)  _     m.         . 
F(x)  ~~  1-^x 

log  iF{x)']  =  m log  (1  +  r)  +  log  r , 
or 

F{x)  =  C(l  +  a?)-. 

To  determine  the  constant  C  we  need  merely  notice  that  F(0)  =  1 . 
Hence  C  =  1.    This  gives  the  development  of  (1  -f-  x)'"  found  in  §  50  : 

1  1 ,  Z  •  •  •  p 

4)  Replacing  a;  by  —  x^  and  m.  by  — 1/2  in  the  last  formula  above, 
we  find 

1  ^  .  1    a  .  1-3    ,  .         .  1.3.5... (2n-l)    ,    . 

Vl  —  x^  2  2.4  2.4.6...  271 

This  formula  holds  for  any  value  of  x  between  —  1  and  + 1.  Inte- 
grating both  sides  between  the  limits  0  and  a?,  where  |a;|<l,  we 
obtain  the  following  development  for  the  arcsine: 

a;  .lx»      l,3x^  .         .  1.3. 6. ..(271-1)   a^"  +  >    . 

arc  sm  aj  =  —  -4- h h  •  • .  H ^^ — !-.••- 

1^2  3^2.4  6^      ^       2.4.6--2n      2»  +  l^      * 
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180.  Extension  of  Taylor's  series.  lietf(x)  be  the  sum  of  a  power 
series  whioh  converges  in  the  interval  (—  R,  +  R),  x^  a  point  inside 
that  interval,  and  x^  +  A  another  point  of  the  same  interval  such 
that  |a^|  +  1  A|  <  R.     The  series  whose  sum  is  /(a^  +  h), 

Oo  4-  ai(iKb  +  ^)  -f  ai(«o  +  ^)*  H h  a»(«o  +  A)*  H , 

may  be  replaced  by  the  double  series  obtained  by  developing  each 
of  the  powers  of  (x^  +  h)  and  writing  the  terms  in  the  same  power 
of  h  upon  the  same  line : 


(12) 


-f  Oih  -f  2a^XQh  -f  •  •  •  + 


n 


a^xS~*A  +  •  •  • 


+    a,A»    +•   •-f-''^^   ^^^a,g;-'A'  +  --' 


+ 


This  double  series  converges  absolutely.  For  if  each  of  its  terms 
be  replaced  by  its  absolute  value,  a  new  double  series  of  positive 
terms  is  obtained: 


(  Ao'\-Ai\xo\'h    AJx, 


(13) 


+  •••  + 


AnM 


+ 


+  ^i|A|  +  2^2|iro||^|  +  ---+        n       A,\Xo\''-^\h\  + 


+    Ai\h\^ 


4- 


+ 


n(n  —1) 
1.2 


^»i^or*iAi»4- 


If  we  add  the  elements  in  any  one  column,  we  obtain  a  series 

which  converges,  since  we  have  supposed  that  |  ajo  |  -f  |  A  |  <  /?.  Hence 
the  array  (12)  may  be  summed  by  rows  or  by  columns.  Taking 
the  sums  of  the  columns,  we  obtain  /(xq  +  A).  Taking  the  sums 
of  the  rows,  the  resulting  series  is  arranged  according  to  powers  of 
A,  and  the  coefficients  of  h,  h%  •  •  •  are  /'(^o)>  /"(^)/2  !>•••>  respec- 
tively.    Hence  we  may  write 

(14)  fix,  +  A).=/(x,)  +  jf'(x,)  +  ...  +  j-^1— /c..(a;,)  +  . . ., 

if  we  assume  that  |  A |  <  /2  —  | a5o| . 

This  formula  surely  holds  inside  the  interval  from  Xq  —  jR  +|a:o| 
to  Xq  +  /2  —  lajol,  but  it  may  happen  that  the  series  on  the  right 
converges  in  a  larger  interval.    As  an  example  consider  the  function 
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(1  +  xy,  where  m  is  not  a  positive  integei'.  I'he  development 
according  to  powers  of  x  holds  for  all  values  of  x  between  —  1  aod 
+1.  Let  :ro  be  a  value  of  x  which  lies  in  that  interval.  Then  we 
may  write 


(i  +  x)-  =  (i  +  x^  +  x 


^=)" 


'=.)-(I+«)", 


1  +  x, 

We  majf  now  develop  (1  +  z)"  according  to  powers  of  z,  and  this 

new  development  will  hold  whenever  |ai|<  1,  ie.  fur  all  values  of  x 
between  —  1  and  1  +  2x„.  If  x„  is  positive,  the  new  interval  will  be 
larger  than  the  former  interval  (—  1,  + 1).  Hence  the  new  formula 
enables  ua  to  calculate  the  values  of  the  function  for  values  of  the 
variable  which  lie  outside  the  original  interval.  Further  investiga- 
tion of  this  remark  leads  to  an  extremely  important  notion,  —  that 
of  analytic  extension.  We  shall  consider  this  subject  in  the  second 
volume. 


I 


Note.  It  is  evident  that  the  theorems  proved  for  series  arranged 
according  to  positive  powers  of  a  variable  x  may  be  extended  immedi- 
ately to  series  arranged  according  to  positive  powers  oi  x  —  a,  or, 
more  generally  still,  to  series  arranged  according  to  positive  powers 
of  any  continuous  function  ^(x)  whatever.  We  need  only  consider 
them  as  composite  functions,  i^{x)  being  the  auxiliary  function. 
Thus  a  series  arranged  according  to  positive  powers  of  \fx  con- 
verges for  all  values  of  x  which  exceed  a  certain  positive  constant  ia 
absolute  value,  and  it  represents  a  continuous  function  of  x  for  all 
such  values  of  the  variable.  The  function  Vj;'  —  a,  for  example,  may 
be  written  in  the  form  ±  x{\  —  a/j-')*.  The  expression  (1  —  a/a;')* 
may  be  developed  according  to  powers  of  1/x'  for  all  values  of  x 
which  exceed  Va  in  absolute  value.     This  gives  the  formula 


Ifl 


1 


1.2.3- 


2.4.6--: 


(2p-3) 


which  constitutes  a  valid  development  of  Va:'  — «  whenever  x  >  Vo. 
When  X  <  —  Va,  the  same  series  converges  and  represents  the  func- 
tion —  Vj'  —  a.  This  formula  may  be  used  advantageously  to  obtain 
a  development  for  the  square  root  of  an  integer  whenever  the  first 
perfect  square  which  exceeds  that  int^er  is  known. 
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181.  Dominant  functions.  The  theorems  proved  above  establish  a 
close  analogy  between  polynomials  and  power  series.  Let  (—  r,  -f-  r) 
be  the  least  of  the  intervals  of  convergence  of  several  given  power 
series /i(a^),/2(a;),  •••,/» (a*).  When  |a:|<r,  each  of  these  series 
converges  absolutely,  and  they  may  be  added  or  multiplied  together 
by  the  ordinary  rules  for  polynomials.  In  general,  any  integral  poly- 
nomial in  fi(x),f2(^)f  •••> /»(•*■)  "^ay  ^  developed  in  a  convergent 
power  series  in  the  same  interval. 

For  purposes  of  generalization  we  shall  now  define  certain  expres- 
sions which  will  be  useful  in  what  follows.     Let  f(x)  be  a  power 

series 

f(x)  =  oo  -f  ai2c  -f  ^2^^  H h  a»2c*  H , 

and  let  ^(x)  be  another  power  series  with  positive  coefficients 

<^(a:)  =  0-0  4-  ctix  +  ^^2^;^  H h  «««*  H 

which  converges  in  a  suitable  interval.  Then  the  function  if>(x)  is 
said  to  dominate*  the  function  f(x)  if  each  of  the  coefficients  a^  is 
greater  than  the  absolute  value  of  the  corresponding  coefficient  of 

Poincar^  has  proposed  the  notation 

f(x)  <  <l>(x) 

to  express  the  relation  which  exists  between  the  two  functions  f{x) 
and  <l>(x). 

The  utility  of  these  dominant  functions  is  based  upon  the  fol- 
lowing fact,  which  is  an  immediate  consequence  of  the  definition. 
Let  P(aQj  «!,  •••,  a„)  be  a  polynomial  in  the  first  n  -f-1  coefficients 
of  f(x)  whose  coefficients  are  all  real  and  positive.  If  the  quanti- 
ties Uq,  tti,  •••,  a,  be  replaced  by  the  corresponding  coefficients  of 
<l>{x)y  it  is  clear  that  we  shall  have 

For  instance,  if  the  function  <^(.r)  dominates  the  function  f(x)y 
the  series  which  represents  [<f>(x)y  will  dominate  [/(a:)]',  and  so 
on.  In  general,  [4>(x)y  will  dominate  [f(x)']\  Similarly,  if  <^  and 
<^i  are  dominant  functions  for  /  and  /i ,  respectively,  the  product  ^^i 
will  dominate  the  product  jfi;  and  so  forth. 


•This  expression  will  be  used  as  a  translation  of  the  phrase  **  <f>{r)  est  inajorante 
pour  la  fonction/(a;)."  Likewise,  "dominant  functions  "  will  be  used  for  **  fonctions 
majorantes."  —  Trans. 
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Given  a  power  series  f(x)  which  converges  in  an  interval  (—  i2,  -f-  /?), 
the  problem  of  determining  a  dominant  function  is  of  course  indeter- 
minate. But  it  is  convenient  in  what  follows  to  make  the  domi- 
nant function  as  simple  as  possible.  Let  r  be  any  number  less  than 
R  and  arbitrarily  near  R.  Since  the  given  series  converges  for  x  =  r, 
the  absolute  value  of  its  terms  will  have  an  upper  limit,  which  we 
shall  call  M.     Then  we  may  write,  for  any  value  of  n, 


M 

A^r^<M       or       |a«l  =  -4-<  — 

»  —  I       "I  *  —   mM 


Hence  the  series 


^/+M?  +  ...  +  ^  +  ...=    ^ 


r  r"  1      ^ 

r 


whose  general  term  is  3/(a:"/r"),  dominates  the  given  function  /(a?). 
This  is  the  dominant  function  most  frequently  used.  If  the  series 
f{x)  contains  no  constant  term,  the  function 

JI--M 

r 

may  be  taken  as  a  dominant  function. 

It  is  evident  that  r  may  be  assigned  any  value  less  than  R,  and 
that  M  decreases,  in  general,  with  r.  But  M  can  never  be  less  than 
Aq.  If  Aq  is  not  zero,  a  number  p  less  than  R  can  always  be  found 
such  that  the  function  A^/{1  —  x/p)  dominates  the  function  f{x). 
For,  let  the  series 

r  ir  r" 

where  A/  >  ^o,  be  a  first  dominant  function.  If  p  be  a  number  less 
than  vAq/M  and  n  S 1,  we  shall  have 

|a.p-|  =  |«.'"|x(^)"<JV/J(^y'» 
whence  |a„p"|  <  A^,    On  the  other  hand,  \a^\  =  A^,    Hence  the  series 

X  2/  fl/* 

dominates  the  function  f{x).  We  shall  make  use  of  this  fact  pres- 
ently. More  generally  still,  any  niuiiber  whatever  which  is  greater 
than  or  equal  \x)  A^  may  be  used  in  place  of  M, 
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It  may  be  shown  in  a  similar  manner  that  if  Aq  =  0,  the  function 


>-f 


—  M 


is  a  dominant  function,  where  fi  is  any  positive  number  whatever. 

Note.  The  knowledge  of  a  geometrical  progression  which  dominates  the  func- 
tion f(x)  also  enables  us  to  estimate  the  error  made  in  replacing  the  function 
f{z)  by  the  sum  of  the  first  n  +  1  terms  of  the  series.  If  the  series  M/[l  —  x/r) 
dominates /(x),  it  is  evident  that  the  remainder 

of  the  given  series  is  less  in  absolute  value  than  the  corresponding  remainder 


of  the  dominant  series.    It  follows  that  the  error  in  question  will  be  less  than 


M 


(!)■ 


1-? 


182.  Substitution  of  one  series  in  another.   Let 

« 

(16)  z  =f(y)  =  ao  +  aiy  H h  a«y"  H 

be  a  series  arranged  acoording  to  powers  of  a  variable  y  which  con- 
verges whenever  \y\<  R.     Again  let 

(16)  y  =  tl>(x)  =  6o  +  6ia;  +  •  •  •  +  *,af  +  . . . 

be  another  series,  which  converges  in  the  interval  (—  r,  -f-  r).  If 
y,  y',  y*,  •  •  •  in  the  series  (15)  be  replaced  by  their  developments  in 
series  arranged  according  to  powers  of  x  from  (16),  a  double  series 

^     ^      ^       ^a,b^x^-{-    a^(bl-h2b,b^)x^  + 


+ 


is  obtained.  We  shall  now  investigate  the  conditions  under  which 
this  double  series  converges  absolutely.  In  the  first  place,  it  is 
necessary  that  the  series  written  in  the  first  row, 
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should  converge  absolutely,  i.e.  that  \//^\  should  be  leas  than  R.*  Thia 
condition  is  also  sufficient.  For  if  it  is  satisfied,  the  function  ^{x) 
will  be  dominated  by  au  expression  of  the  form  wi/(l  —  x/p),  where 
m  is  any  positive  number  greater  than  |6„|  and  where  p  <  r.  We 
may  therefore  suppose  that  m  is  less  than  R.  Let  H'  be  another 
positive  number  which  lies  between  m  and  R.  Then  the  function 
fi^y)  is  dominated  by  an  expression  of  the  form 


-  M-\-  M 


^.A 


r.  +  - 


If  y  be  replaced  by  m/(l  —  x/p)  in  this  last  series,  and  the  powers 
of  y  be  developed  according  to  increasing  powers  of  x  by  the  binomial 
theorem,  a  new  double  series 


(18) 


'■m 


R'f 


nil//— Y  -  - 
\R'/    P 


is  obtained,  each  of  whose  coefficients  is  positive  and  greater  than 
the  absolute  value  of  the  corresponding  coefficients  in  the  array  (17), 
since  each  of  the  coetBcients  in  (17)  is  formed  from  t!ie  coetGcients 
Ko,  a,,  a,,  -■ ',  ^01  ^ii  ^]>  "*  by  means  of  additions  and  multiplications 
only.  The  double  series  (17)  therefore  converges  absolutely  pro- 
vided the  double  series  (18)  converges  absolutely.  If  «  be  replaced 
by  its  absolute  value  in  the  series  (18),  a  necessary  condition  for  abso- 
lute convergenc«  is  that  each  of  the  series  formed  of  the  terms  in  any 
one  column  should  converge,  i.e.  that  \x\  <  p.  If  this  condition  be 
satisfied,  the  sum  of  the  terms  in  the  (»  +  l)th  colunm  is  eiiual  to 


m\ 2i 1  . 


Then  a  further  necessary  condition  ia  that  we  should  have 
oi 

(19)  i'i<K>-?')- 


Ml  the  serlaR  OS)  c( 


»toiy  =  R  (.1 


;§177)wmb. 
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Since  this  latter  condition  includes  the  former,  |a;|  </9,  it  follows 
that  it  is  a  necessary  and  sufficient  condition  for  the  absolute  con- 
vergence of  the  double  series  (18).  The  double  series  (17)  will 
therefore  converge  absolutely  for  values  *of  x  which  satisfy  the 
inequality  (19).  It  is  to  be  noticed  that  the  series  ^(x)  converges 
for  all  these  values  of  x^  and  that  the  corresponding  value  of  y  is 
less  than  R^  in  absolute  value.     For  the  inequalities 


l_l£l 
P 


P  R' 


necessitate  the  inequality  1 4>(x)  \<  R\    Taking  the  sum  of  the  series 
(17)  by  columns,  we  find 

ao  +  a,4>{x)  +  a,[<^(ar)]2  +  ...  +  a,[<^(a;)]"+  .. ., 

that  is,/[<^(a:)].     On  the  other  hand,  adding  by  rows,  we  obtain  a 
series  arranged  according  to  powers  of  x.     Hence  we  may  write 

(20)  /[<^(a;)]  =  Co  +  c^x  +  c^x^  +  •  •  •  +  c^x"  +  •  •  •, 
where  the  coefficients  Cq,  c^,  Cj,  •  • .  are  given  by  the  formulae 

<?o  =  «o  +  tti^o  +  aj^^  H h  a^bl  H , 

(21)  J  ^i  =  ^1*1  +  2(i2bibo  H h  na^bJ^-^Oi  H , 


which  are  easily  verified. 

The  formula  (20)  has  been  established  only  for  values  of  x  which 
satisfy  the  inequality  (19),  but  the  latter  merely  gives  an  under 
limit  of  the  size  of  the  interval  in  which  the  formula  holds.  It  may 
be  valid  in  a  much  larger  interval.  This  raises  a  questiop  whose 
solution  requires  a  knowledge  of  functions  of  a  complex  variable. 
We  shall  return  to  it  later. 

Special  cases.  1)  Since  the  number  R'  which  occurs  in  (19)  may 
be  taken  as  near  R  as  we  please,  the  formula  (20)  holds  whenever  x 
satisfies  the  inequality  \x\  <  p(l  —  m/R),  Hence,  if  the  series  (16) 
converges  for  any  value  of  1/  whatever,  R  may  be  thought  of  as  infinite, 
p  may  be  taken  as  near  r  as  we  please,  and  the  formula  (20)  applies 
whenever  |  a;  |  <  r,  that  is,  in  the  same  interval  in  which  the  series 
(16)  converges.  In  particular,  if  the  series  (16)  converges  for  all 
values  of  x,  and  (15)  converges  for  all  values  of  y,  the  formula  (20) 
is  valid  for  all  values  of  x. 
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2)  When  the  constant  term  b^  of  the  series  (16)  is  zero,  the  func- 
tion <l>(x)  is  dominated  by  an  expression  of  the  form 


1-? 
P 

where  p  <  r  and  where  m  is  any  positive  number  whatever.  An 
argument  similai*  to  that  used  in  the  general  case  shows  that  the 
formula  (20)  holds  in  this  case  whenever  x  satisfies  the  inequality 

where  i2'  is  as  near  to  /2  as  we  please.  The  corresponding  interval 
of  validity  is  larger  than  that  given  by  the  inequality  (19). 

This    special    case    often    arises   in    practice.     The    inequality 
l^ol  <  7?  is  evidently  satisfied,  and  the  coefficients  c^  depend  upon 

^oj  «o  •••,  ««j  ^j  ••,  ^nOiily- 

Co=Oro)     Ci  =  aibi,      Ca  =  ttiftj -f- Oaftf,     •••,      c^  =  aib^-\ h  a,^"- 

Examples.   1)  Cauchy  gave  a  method  for  obtaining  the  binomial  theorem  from 
the  development  of  log  (1  +  x)-     Setting 

(z       x^       X*       X*       \ 

we  may  write 

(1  +  x)**  =  e'*>oK(i  +  ^)  =  ev  =  1  +  ?  +  Jf—  +  •  •  •, 

whence,  substituting  the  first  expansion  in  the  second, 

/x      x«      x8      \        uS   /x      x2      x«      V 
(l  +  x).=l  +  .(-  --+  3. -J  +  ^^j-  -  +  -... ]+.... 

If  the  right-hand  side  be  arranged  according  to  powers  of  x,  it  is  evident  that 
the  coefficient  of  x"  will  be  a  polynomial  of  degree  n  in  fi,  which  we  shall  call 
Pn(fJ^)'  This  polynomial  must  vanish  when  a*  =  0,  1,  2,  •  •  *,  n  —  1,  and  must 
reduce  to  imity  when  fi  =  n.    These  facts  completely  determine  Pn  in  the  form 

(23)  Pn- ^-^--^ 

2)  Setting  z  =  (l-\-  x)*/',  where  x  lies  between  —  1  and  +  1,  we  may  write 

z  =  &f  =  l-^-  +  ^  +  •••, 
11.2 

where  • 

y  =  hog  (1  +  X)  =  1  -  ^  +  f +  ( ^  1)»  ^_     +  . . . . 
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The  first  eiq>ansion  is  valid  for  all  values  of  y,  and  the  second  is  valid  whenever 
I X I  <  1.  Hence  the  formula  obtained  by  substituting  the  second  expansion  in 
the  first  holds  for  any  value  of  x  between  —  1  and  +  1.  The  first  two  terms  of 
this  formula  are 


(24) 


<^+^)'=*-lO+^+o+---+r:^+ •)+---=^-|^+--- 


It  follows  that  (1  +  x)^'  approaches  e  through  values  less  than  e  as  x  approaches 
zero  through  positive  values. 

183.  Diyision  of  power  series.   Let  us  first  consider  the  reciprocal 

1 


/(^)  = 


l+fti«  +  fta«'  + 


of  a  power  series  which  begins  with  unity  and  which  converges  in 
the  interval  (—  r,  +  r).     Setting 

we  may  write 

/][«)  =  j-^  =  1  -  y  +  y*  -  y»  +  •••, 

whence,  substituting  the  first  development  in  the  second,  we  obtain 
an  expansion  for /(a;)  in  power  series, 

(26)  /(^)  =1  -  hyx  +  (ftf  -  h)x^  -}-•••, 

which  holds  inside  a  certain  interval.  In  a  similar  manner  a  devel- 
opment may  be  obtained  for  the  reciprocal  of  any  power  series 
whose  constant  term  is  different  from  zero. 

Let  us  now  try  to  develop  the  quotient  of  two  convergent  power 

series 

4>{x)  _  Aq  4-  tti^  +  c^x^  H 

^{x)      \  -f-  K^  +  Kx^  +  •  •  • 

If  ^0  is  not  zero,  this  quotient  may  be  written  in  the  form 
tk(x)      ,  1  . 

Then  by  the  case  just  treated  the  left-hand  side  of  this  equation  is  the 
product  of  two  convergent  power  series.  Hence  it  may  be  v^itten 
in  the  form  of  a  power  series  which  converges  near  the  origin : 

^  Oq -\- biX  ■{- b^x* -\- *  " 

Clearing  of  fractions  and  equating  the  coefiiicients  of  like  powers 
of  X,  we  find  the  formulae 
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(27)  a.  =  V,. +  fii ",-,+  ■■ +  *.«'„  n  =  0,  1,  2,  ■■., 
from  which  the  coefBcients  <T,t 'i  •  " '  t  "•  ^^^7  ^  i^lculated  succea- 
sively.  It  will  be  noticed  that  these  coethcients  lire  the  same  as 
those  we  should  obtaiu  by  performing  the  division  indicated  b;  the 
ordinary  rule  for  the  division  of  polynomials  arranged  according  to 
increasing  powers  of  x. 

If  iy  =  0,  the  result  is  different.  Let  us  suppose  for  generality 
that  \j/(x)  =  3^ilii{x),  where  k  is  a  positive  integer  and  <p,(x)  is  a 
power  series  whose  constant  term  is  not  zero.     Then  we  may  write 

and  by  the  above  we  shall  have  also 

It  follows  that  the  given  quotient  is  expressible  in  the  form 


Ct-,^-'  +  c.^  +  <; 


^(x)        X^^  X 


H-'+- 


where  the  right-hand  side  is  the  sum  of  a  rational  fraction  which 
becomes  infinite  for  x  =  0  and  a  power  series  which  convei^^  near 
the  origin. 

Note,    In  order  to  calculate  the  aiiccessive  powera  of  a  power  aeries,  it  is  con- 
venient to  proceed  as  foUowe,     AsBuoiing  the  identity 

(ou  +  aii  +  •■•  +  Q,z"  +  ■-■)"  =  Co  +  e,x  +  •  ■  •  +  c^v  +  •■•, 
lei  ua  take  the  logsrithtnic  derivative  of  eftch  side  and  then  clear  o(  tractions. 
This  leads  to  the  new  IdeuUty 
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Collecting  the  terms  which  are  divisible  by  the  same  power  of  z,  we  obtain  an 
expansion  of  the  form 

(31)  — =L=z=  =  Po  +  Piz  +  PiZ^  +  •   •  +  P««"  +  •  •  •, 

where 

"o  =  A »  "i  —  3!  >  "a  —  — r — »         •  •  •  1 

and  where,  in  general,  P^  is  a  polynomial  of  the  nth  degree  in  x.  These  poly- 
nomials may  be  determined  successively  by  means  of  a  recurrent  formula.  Dif- 
ferentiating the  equation  (31)  with  respect  to  z,  we  find 

*  "  *  =  Pi  +  2P22  +  •••-!-  nPnZ''  -*  +  •••, 


•  • 


(1  -  2X2  +  z^)^ 

or,  by  the  equation  (31), 

(X  -  2)(Po  +  Pi2  +  •  •  •  +  P««"  +  •••)  =  (1  -  2X2  +  z^)(Pi  +  2P22  +  •  •  •) . 

Equating  the  coefficients  of  2",  we  obtain  the  desired  recurrent  formula 

(n  -I- 1)  P„  +  i  =  (2n  +  l)xP„  -  nPn-i . 

This  equation  is  identical  with  the  relation  between  three  consecutive  Legendre 
polynomials  (§  88),  and  moreover  Po  =  Xq,  Pi  =  Xi,  Pg  =  Xa.  Hence  P„  =  X» 
for  all  values  of  n,  and  the  formula  (^1)  may  be  written 

(32)  -—=^=  =  1  +  Xi2  +  X222  -I- . . .  +  XnZ^  + 

VT^  2X2  +  22 

where  X^  is  the  Legendre  polynomial  of  the  nth  order 

1  d'* 

Xn  = —  r(x2  -  1)»]  . 

2.4.6. ..2n  (Zx-^^  '  -■ 

We  shall  find  later  the  interval  in  which  this  formula  holds. 


II.   POWER  SERIES  IN  SEVERAI.  VARIABLES 

185.  General  principles.  The  properties  of  power  series  of  a  single 
variable  may  be  extended  easily  to  power  series  in  several  independ- 
ent variables.  Let  us  first  consider  a  double  series  2a„„,a;'"y",  where 
the  integers  m  and  n  vary  from  zero  to  -f  00  and  where  the  coeflSi- 
cients  a^„  may  have  either  sign.  If  no  element  of  this  series  exceeds 
a  certain  positive  constant  in  absolute  value  for  a  set  of  values 
^  =  ^07  !/  =  I/oy  ^^^  series  converges  absolutely  for  all  values  ofx  and 
y  which  satisfy  the  inequalities  |x|  <  |aro|,  |;y|  <  |//o|. 

For,  suppose  that  the  inequality 

M 

«,««•*•" //S !  <  ^^     or     I a,„„ I  <  ,^  ,,^.  ^  . 


•^uTIyo 


IX,  s  mj 


DOUBLE  POWER  SEItlE^ 


895 


is  Batisfied  for  all  sets  of  values  of  m  and 
of  the  general  ejemeut  uf  the  double  seri 
eorrespondiug  element  of  the  double  ae 
the  latter  series  converges  wJienever  | 
sum  is 

if 


n.  Then  the  absolute  value 
fs  SCn^j-^y"  is  leas  than  the 
ies  2Mlx/^„|-li,/y„|-.  But 
■|<l-^o|>|y|<|yo|.  acd    its 


as  'we  see  by  taking  the  sums  of  the  elements  by  columns  and  then 

adding  tliese  sums. 

Let  r  and  p  be  two  positive  numbers  for  which  the  double  series 
S|n^,|r"p"  converges,  and  let  H  denote  the  rectangle  formed  by  the 
four  straight  lines  j-  =^  r,  x  ^  ^  r,  1/  —  p,  y  =  —  p.  For  every  point 
inside  this  rectaagle  or  upon  one  of  its  sides  uo  element  of  the 
double  series 


(33) 


H'.'J)- 


exceeds  the  corresponding  element  of  the  series  2|a!„.|7*'p''  in  abso- 
lute value.  Hence  tlie  series  (33)  converges  absolutely  and  uni- 
formly inside  of  R,  and  it  therefore  defines  a  continuous  function 
of  the  two  variables  ir  and  y  inside  that  region. 

It  may  be  shown,  as  for  series  in  a  single  variable,  that  ttie 
double  series  obtained  by  any  number  of  term-by-term  differen- 
tiations converges  absolutely  and  uniformly  inside  the  rectangle 
bounded  by  the  lines  x  =  r  —  t,  x  =  —  r  +  i,  ij  =  p  —  i',  y  =  ~  p  -\- 1' , 
where  t  and  t'  are  any  positive  nuiubers  less  than  r  and  p,  respec- 
tively. These  aeries  represent  the  various  partial  dorivativea  of 
F(r-.i/).  For  example,  the  sum  of  the  series  2n/a„,?^""',v"  is  equal 
to  oF/dx.  For  if  the  elements  of  the  two  aeries  be  arranged  accord- 
ing to  increasing  powers  of  t,  each  element  of  the  second  series  is 
equal  to  the  derivative  of  the  corresponding  element  of  the  first. 
Likewise,  the  partial  derivative  i)''*'F/d::^dif  ia  equal  to  the  sum 
of  a  double  series  whose  constant  factor  is  a„,  1 .  2  ■  ■  -  nt ,  1  . 2  ■  ■  ■  w. 
Hence  the  coefficients  a„„  are  equal  to  the  values  of  the  correspond- 
ing derivatives  of  the  function  F(x,  y)  at  the  point  x=- y  =  9,  except 
for  certain  numerical  factors,  and  the  formula  (33)  may  be  written 
iu  the  form 


(S.; 


=  Ir 


ydxrdirh 
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It  follows,  incidentally,  that  no  function  of  two  variables  can  have 
two  distinct  developments  in  power  series. 

If  the  elements  of  the  double  series  be  collected  according  to 
their  degrees  in  x  and  y,  a  simple  series  is  obtained : 

( 35 )  i^(aj,  y)  =  <^o  +  *i  +  <^  +  •  •  •  +  <^.  +  •  •  • , 

where  ^„  is  a  homogeneous  polynomial  of  the  nth  degree  in  x  and 
y  which  may  be  written,  symbolically. 


1        I    dF  ,      dFV^y 


The  preceding  development  therefore  coincides  with  that  given  by 
Taylor^s  series  (§  51). 

Let  (xq,  yo)  be  a  point  inside  the  rectangle  i2,  and  (x^  +  A,  y©  +  A;) 
be  a  neighboring  point  such  that  \xq\  +  |A|  <  r,  |yo|  +  |^|  <  P-  Then 
for  any  point  inside  the  rectangle  formed  by  the  lines 

aj  =  Xo  ±  [r  -  |aJo|  ],         y  =  yo^lP-  l^ol]; 

the  function  F(x,  y)  may  be  developed  in  a  power  series  arranged 
according  to  positive  powers  of  a;  —  a^o  and  y  —  y^i 

1 9  «.  1  r  «^"*'- 

1 .  z  ' '  'in ,  1 ,  ^ '  •  -n 

For  if  each  element  of  the  double  series 

2a^(a:o-hAr(yo  +  A:)- 

be  replaced  by  its  development  in  powers  of  h  and  k,  the  new  multi- 
ple series  will  converge  absolutely  under  the  hypotheses.  Arrang- 
ing the  elements  of  this  new  series  according  to  powers  of  h  and  k, 
we  obtain  the  formula  (36). 

The  reader  will  be  able  to  show  without  difficulty  that  all  the 
preceding  arguments  and  theorems  hold  without  essential  altera- 
tion for  power  series  in  any  number  of  variables  whatever. 

186.  Dominant  functions.  Given  a  power  series  f(x,  y,  z,  -- •)  in  n 
variables,  we  shall  say  that  another  series  in  n  variables  ^(x,  yjZ,"  •) 
domiiiates  the  first  series  if  each  coefficient  of  4>{x,  y, «,  •  •  •)  is  positive 
and  greater  than  the  absolute  value  of  the  corresponding  coefficient 
of  f(x,  y,  «,  •  •  •).     The  argument  in  §  185  depends  essentially  upon 
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the  use  of  a  dominant  function.     For  if  the  aeries  S]«„,x' 
verges  ioc  x  =  r,  1/  =  p,  the  function 


0(x,  y)  = 


('-')(-9 


K^)"i 


where  M  is  greater  than  any  coefficient  in  the  series  2|a, 
dominates  the  series  2a,,z"y".     The  function 


'».^P"|. 


ia  another  dominant  function.     For  the  coefficient  of  a;")/"  in 
is  equal  to  the  coefficient  of  the  corresponding  term  in  the 
sion  of  M(r,/r  +  ///p)"^',  and  therefore  it  is  at  least  equal 
coefficient  of  x^i/'  in  iji{^x,  y). 
Similarly,  a  triple  series 

which  converges  absolutely  for  z  =  r,y  =  r',  x  =  r",  where  ) 
are  three  positive  numbers,  is  dominated  by  an  expression 
form 

1/ 

*(x,  ,v,  *)  = 


^('.i') 


(-!)(-»{'-?) 


and  also  by  any  one  of  the  expressions 


\tf{x,  y,  z)  contains  no  constant  term,  any  one  of  the  preceding  expres- 
sions diminished  by  M  may  be  .se)eet«d  as  a  dominant  function. 

The  theorem  regarding  the  substitution  of  one  power  series  in 
another  (g  182)  may  be  extended  to  power-series  in  several  variables. 

If  each  of  the  vatiables  in  a  convergent  power  series  in  p  variable* 
yii  yii  '  ""I  .Vji  ^*  replaced  by  a  convergent  power  series  in  q  variables 
*ii  ^1  ■"■>"'«  ^"hieh  has  no  constant  term,  the  result  of  the  substitti' 
tion  may  be  written  in  the  form  of  a  power  series  arranged  acenrdiny 
to  powers  of  Xi,  x,,  -  ■'■,  x^,  provided  that  the  absolute  value  of  each 
of  these  variables  is  less  than  a  certain  constant. 
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Since  the  proof  of  the  theorem  is  essentially  the  same  for  any 
number  of  variables,  we  shall  restrict  ourselves  for  definiteness  to 
the  following  pai-ticular  case.     Let 

(37)  F(y,;s)=2a,,2r«" 

be  a  power  series  which  converges  whenever  |  y  |  ^  r  and  | « |  <  r',  and  let 

z  =  CtX  -f-  ^2^^  4-  •  •  •  +  c^^  +  •  •  • 


(38)  , _, 


be  two  series  without  constant  terms  both  of  which  converge  if  the 
absolute  value  of  x  does  not  exceed  p.  If  f/  and  z  in  the  series  (37) 
be  replaced  by  their  developments  from  (38),  the  term  in  y"*«"  becomes 
a  new  power  series  in  x,  and  the  double  series  (37)  becomes  a  triple 
series,  each  of  whose  coefficients  may  be  calculated  from  the  coeffi- 
cients a„„,  b„,  and  c„  by  means  of  additions  and  multiplications 
only.  It  remains  to  be  shown  that  this  triple  series  converges  abso- 
lutely when  the  absolute  value  of  x  does  not  exceed  a  certain  con- 
stant, from  which  it  would  then  follow  that  the  series  could  be 
arranged  according  to  increasing  powers  of  x.  In  the  first  place, 
the  function  /(//,  z)  is  dominated  by  the  function 

and  both  of  the  series  (38)  are  dominated  by  an  expression  of  the  form 


It 


(40)  JL-N=^n(^) 


> 


1--  TTi 

9 

where  M  and  N  are  two  positive  numbers.  If  y  and  z  in  the  double 
series  (39)  be  replaced  by  the  function  (40)  and  each  of  the  products 
y^z''  be  developed  in  powers  of  a:,  each  of  the  coefficients  of  the  result- 
ing triple  series  will  be  positive  and  greater  than  the  absolute  value 
of  the  corresponding  coefficient  in  the  triple  series  found  above.  It 
will  therefore  be  sufficient  to  show  that  this  new  triple  series  con- 
verges for  sufficiently  small  positive  values  of  x.  Now  the  sum  of 
the  terms  which  arise  from  the  expansion  of  any  term  y*«"  of  the 
series  (39)  is 


M 


r^r'"   I        a:\'"+"' 


which  is  the  general  t'Tm  of  the 
two  series 
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obtained  hy  multiplying  the 


I(7)fe    ■       I 


term  by  term,  except  fur  the  constant  f.ictof  .1/.     Both  of  the  latter 
series  converge  if  x  satisfies  imth  of  the  inequalities 


-  N 


X<f 


VN 


It  follows  that  all  the  series  considered  will  converge  absolutely, 
and  therefore  that  the  original  triple  series  may  be  arranged  accord- 
ing to  positive  powers  of  x,  whenever  the  absolute  value  of  r  is  less 
than  the  smaller  of  the  two  numbers  pr/(r  +  N )  and  pr'/(r'  +  N). 

Note.  The  theorem  remains  valid  when  the  series  (38)  contain 
constant  terms  ha  and  ••„,  provided  that  |6o|  <  r  and  |co]  <  r'.  For 
the  expansion  (37)  may  be  replaced  by  a  series  arranged  according 
to  powers  of  y  —  I'o  and  s  —  r^,  by  §  185,  which  reduces  the  discus- 
sion to  the  case  just  treated. 


in.   IMI'LICIT  FUNCTIONS 
ANALYTIC  CURVES  AND  SURFACES 

187.  Implicit  functions  of  a  single  variable.  The  existence  of  implicit 
functions  has  already  I  wen  catablislied  (Chapter  II.  f  20et  ff.)  under 
certain  conditions  regarding  eontijiuity.  When  tlie  left-hand  aides 
of  the  given  equations  are  power  series,  more  thotxiugb  investigation 
is  possible,  as  we  shall  proceed  to  show. 

Let  F(x,  y)—Q  be  an  equation  u-/iose  left-hand  side  can  be  developed 
in  a  ronvergenf  poioer  series  arranged  according  to  increasing  powert 
of  X  —  Xo  and  y  —  .j/o,  where  the  constant  term  is  zero  and  the  roeffi- 
eient  of  y  —  i/n  M  different,  from  zero.  Then  the  equation  has  one  and 
only  one  root  which  approaches  ij^as  x  approaches  x„,  and  that  root 
can  be  developed  in  a  power  series  arranged  according  to  powers  of 


For  simplicity  let  us  suppose  that  !„  =  yo  =  0>  which  amounts  to 
moving  the  origin  of  coordinates.  Transposing  the  term  of  the  first 
degree  in  y,  we  may  write  tlie  given  equation  in  the  form 


=f{x,y)  =  a 


r  +  a^„x^+  Onxy  +  a 
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where  the  terms  not  written  down  an-  of  degrees  greater  than  the 
second.  We  shall  first  show  that  this  equation  can  he  formally  sat- 
isfied by  replacing  y  by  a  series  of  the  form 


if  the  rules  for  operation  on  convergent  series  be  applied  to  the  series 
on  the  right  For,  making  the  substitution  and  comparing  the  coeffi- 
cients of  X,  we  find  the  equations 


and,  in  general,  e,  can  be  expressed  in  terms  of  the  preceding  c's 
and  the  coefficients  a,i,  where  i-\-  k<n,hy  means  of  additions  and 
multiplications  only.     Thus  we  may  write 


(43) 


=  P.(«,.,' 


«..), 


where  P^  is  a  polynomial  each  of  whose  coeilicients  is  a  positive 
integer.  The  validity  of  the  operations  performed  will  bo  estab- 
lished if  we  can  show  that  the  series  (42)  determined  in  this  way 
converges  for  all  sufficiently  small  values  of  jr.  We  shall  do  this  by 
means  of  a  device  which  is  frequently  used.  Its  conception  is  due 
to  Cauchy,  and  it  is  based  essentially  upon  the  idea  of  dominant 
functions.     Let 

0(1,  Y')=-%b„x"y 

be  a  function  which  dominates  the  function/(3;,y),where6|„=si^,  =0 
and  where  b„,  is  positive  and  at  least  equal  to  {ii_,|.  Let  us  then 
consider  the  auzilwry  equation 

(41')  y=^ix,  r)=  Si„a;-r" 

and  try  to  find  a  solution  of  this  equation  of  the  form 

(42')  Y=CiX  +  C\x^A -I-  C,a;-  +  --. 

The  values  of  the  coefficients  (7, ,  C, , '  -  can  be  determined  as  above, 
and  are 

r,  =  6,„,        r,  =  ft,, 

and  in  general 

(43")  ''■■.=  ^.(*i 


\-f>nC\  -\-kiC\, 


■-io,)- 


It  is  evident  from  a  comparison  of  the  formulsB  (43)  and  (43') 
that  |(!,|  <  C„  since  each  of  the  coefficients  of  the  polynomial  P,  is 
positive  and   ja^alSA.,.     Hence  the  series  (42)  surely  converges 
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whenever  the  series  (42')  converges.     Now  we  may  select  for  the 
dominant  function  il>(x,  Y)  the  function 


wbeie  M,  r,  and  p  are  three  positive  numbers.     Then  the  auxiliary 
equation  (41')  becomes,  after  clearing  of  fractions, 


This  equation  has  a  root  which  vanishes  for  x 


namely: 


V. I e! /     <«(,  +  «)    P 

The  quantity  under  the  radical  may  be  written  in  the  form 
(-3(-')'' 


Hence  the  root  ¥  may  be  written 


2(p  +  M) 


[-(-;)'(-;)"']■ 


It  follows  that  this  root  Y  may  be  developed  in  a  series  which  con- 
verges in  the  interval  (—  a,  +  a),  and  this  d«velopment  must  coin- 
cide with  that  which  we  should  obtain  by  direct  substitution,  that 
is,  with  (42').  Accordingly  the  series  (42)  converges,  a  fortiori,  in 
the  interval  (—  a,  +  a).  This  is,  however,  merely  a  lower  limit  of 
the  true  interval  of  convergence  of  the  series  (42),  which  may  be 
very  much  larger. 

It  is  evident  from  the  manner  in  which  the  coefficients  c,  were 
determined  that  the  sum  of  the  series  (42)  satisfies  the  equation  (41). 
Let  us  write  the  equation  F{x,  y)  in  the  form  y  —  f(x,  y)  =  0,  and 
let  y  =  P(x)  be  the  root  just  found.  Then  if  P(x)  -|-  z  be  substi- 
tuted for  1/  in  F{x,  y),  and  the  result  be  arranged  according  to 
powers  of  x  and  z,  each  term  must  be  divisible  by  e,  since  the  whole 
expression  vanishes  when  2  —  0  for  any  value  of  i.  We  shall  have 
then  F[«,  P(x)  +  «]  =  !tQ(x,  a) ,  where  Q{x,  z)  is  a  power  series  in  x 
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and  z.  Finally,  if  «  be  replaced  by  y  —  P{x)  in  Q(x,  «),  we  obtain 
the  identity 

where  the  constant  term  of  Qi  must  be  unity,  since  the  coefficient 
of  y  on  the  left-hand  side  is  unity.     Hence  we  may  write 

(44)  F(x,  y)  =  ly-  P(x)'](l  +  ««  +  j^z/  +  •  •  •). 

This  decomposition  of  F(Xf  y)  into  a  product  of  two  factors  is  due 
to  Weierstrass.  It  exhibits  the  root  y  =  P{x),  and  also  shows  that 
there  is  no  other  root  of  the  equation  F{xj  y)  =  0  which  vanishes 
with  X,  since  the  second  factor  does  not  approach  zero  with  x  and  y. 

Note.  The  preceding  method  for  determining  the  coefficients  c^  is 
essentially  the  same  as  that  given  in  §  46.  But  it  is  now  evident 
that  the  series  obtained  by  carrying  on  the  process  indefinitely  is 
convergent. 

188.  The  general  theorem.  Let  us  now  consider  a  system  of  p  equa- 
tions in  p  -]-  q  variables. 

iP'iixi ,  ara,  . . .,  x^ ;  y^,  y^y  •  •  •,  y^)  =  0, 
Fa(a;i,a-j,.-.,x,;  yi,  ya,  •  •  •,  Z/p)  =  0, 
Fp (xi,  x^,  •  •  •,  X, ;  yu  Z/2,  •  •  •,  %,)  =  0, 

where  each  of  the  functions  Fi ,  Fj,  •  •  •,  F^,  vanishes  when  j*,  =  y^.  =  0, 
and  is  developable  in  power  series  near  that  point.  We  shall  further 
suppose  that  the  Jacobian  D(Fi,  Fg,  •••,  F^,)//)(//i,  y^,  •••,  y^)  does 
not  vanish  for  the  set  of  values  considered.  Under  these  conditions 
there  exists  one  and  only  one  system  of  solutions  of  the  equations  (45) 
of  the  form 

where  ^i,  ^2>  •  *  •>  4*p  ^^^  jwwer  series  in  Xi,  Xj,  •  •  ,  x^  which  vanish 
when  Xi  =  X2  =  "  '  =  x^  =  0, 

In  order  to  simplify  the  notation,  we  shall  restrict  ourselves  to 
the  case  of  two  equations  between  two  dependent  variables  u  and  v 
and  three  independent  variables  x,  y,  and  z : 

..gv  (Fi  =  a7/   -\-hv   -Jfcx  +dy  -{- ez  H =  0, 

^  Fa  =  a'u  4-  b'v  +  c'x  +  rf'y  +  e'«  H =  0. 

Since  the  determinant  a^'  —  ba'  is  not  zero,  by  hypothesis,  the  two 
equations  (46)  may  be  replaced  by  two  equations  of  the  form 
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(47) 


=  S&„^x"^  *"«■'«', 

where  the  left-hand  sides  contain  no  constant  terms  and  no  terme 
of  the  first  degree  in  u  and  r'.  It  is  easy  to  show,  as  above,  tliat 
these  equations  may  be  satisfied  formally  by  replacing  u  and  v  by 
power  seii 

(48) 

where  the  coefficients  c,i,  and  r,'„  may  be  calculated  from  a^,„^  and 
^MMT  ^y  means  of  additions  and  multiplications  only.  In  order  to 
show  that  these  series  converge,  we  need  merely  compare  them  with 
the  analogous  expansions  obtained  by  solviog  the  two  auxiliary 
equations 

U=  V  = 


where  M.  r,  and  p  are  positive  numbers  whose  meaning  has  been 
eiplained  aliove.  These  two  auxiliary  equations  reduce  to  a  single 
equation  of  the  second  degree 


which  has  a  single  root  which  vanishes  for 


where  a  =  r[>/(p  +  U/)]». 

This  root  may  be  developed  in  a  convergent  power  series  when- 
ever the  absolute  values  of  jt,  y,  and  x  are  all  less  than  or  equal  to 
a/3.     Hence  the  series  (48)  converges  under  the  same  conditions. 

Let  «i  and  v,  be  the  solutions  of  (47)  which  are  developable  in 

series.     If  we  set  u  =  u^  +  u',  v  =  v,  +  v'  in  (47)  and  arrange  the 

result  according  to  powers  of  x,  y,  z,  u',  v',  each  of  the  terms  must 

be  divisible  by  «'  or  by  v'.     Hence,  returning  to  the  original  varia- 

i-,  the  given  equations  may  be  written  in  the  form 


)  (« - «,)/, 
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where  /,  ^,  /, ,  ^i  are  power  aeriea  in  x,  y,  z,  ii,  and  u.  In  thia 
form  the  solutions  u  —  ii,,  o  ^  v,  are  exhibited.  It  Is  evident  also 
that  no  other  solutions  of  (47')  exist  which  vanish  for  i  =  y  —  s  =;  0. 
For  any  other  set  of  solutions  must  cause  /i^,  —  iftfi  to  vanish, 
and  a  comparison  of  (47)  with  {47')  shows  that  tlie  constant  term 
is  unity  in  both/  and  i^i,  whereas  the  constant  term  is  zero  in 
both/i  and  <j>;  hence  the  condition  /<fi,  —  <f,f,  =  0  cannot  be  met  by 
replacing  u  and  v  by  functions  which  vanish  when  x  =  y  =  x  =  0. 

189.  LmgiaDgs'i  foraola.    LeL  us  consider  Ibe  cqualion 
(49)  1/  -  a  +  i#{v) , 

where  ipii/)  is  a  funcLton  which  is  developable  in  a  power  aeries  in  2/  —  a, 
u  <»  -  'f 


*(J/)  =  *<n)  +  (i/-o)  *'(<!) +^ 


♦"(a)  +  - 


which  conrergeB  wheDever  y  ~  a  does  nnt  exceed  a,  certain  number.  By  the 
general  theorem  of  J  187,  this  equation  has  one  and  only  une  root  which 
approaches  a  as  x  approaches  zero,  aud  this  root  is  repreaentcd  for  safScientlj' 
■mall  values  of  z  by  a  convergent  power  series 

V  =  a  +  «!»  +  Otx"  H 

In  geneial,  If  /{j/)  is  a  function  which  is  developable  according  to  positive 
powers  of  V  —  a,  an  expansion  of /(^)  according  to  powers  of  x  may  be  obtained 
by  replacing  v  by  the  development  just  found, 

(50)  /(v)=/(a)  +  ^,Jt+  A,x''  +  .--  +  A.x'  +  .--, 

and  this  expansion  holds  for  all  values  of  z  between  certain  limits. 

The  porpoM  of  Lagrange's  formula  is  to  determine  the  coefficient* 
At.At,  . -■,  A,,-- 
In  t«rmB  of  a.  It  will  be  noticed  that  this  problem  does  not  diSer  essentially 
from  the  general  problem.  The  coefGclent  A,  is  equal  to  the  nth  derivative  of 
fiV)  tor  y  =  0,  except  tor  a  constant  factor  n'.,  where  1/  is  defined  by  (i9);  and 
UUa  derivative  can  be  calculated  by  thu  usunl  rules.  The  calculation  appears  to 
be  very  complicaled,  but  it  may  be  substantially  shortened  by  applying  the  fol- 
lowing remarks  of  Laplace  (cf.  Ex.  8,  Chapter  II).  Tlio  partial  derivativM  of 
the  function  y  defined  by  (49),  with  respect  to  the  variables  x  and  a,  are  given 
by  the  formulae 

[1  -  i*W]  g  =  *(y) ,         [1  _  x#'(^)]  ^  =  1, 

whence  we  find  immediately 

(61)  ^  =  *(y)|!', 


=  Av)-     On  the  other  hand,  It  ii 


.0  show  that  the  formnlft 


ki'^s^ki^^''^ 
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iB  Identjoallf  oatiBfled,  when  F(d)  1b  an  arbitrary  function  ot  y.     For  either 
Bide  becomes 

da  cf  iuSx 

OD  perfoTmiiig  the  indicated  differentiations.     We  sbBll  now  prove  the  formula 


3' 


But  we  bJbo  have,  from  (&1)  and  (51'), 

sK'-s]=l,Ks]^I.K' 

whence  the  preceding  formula  reduces  to  the  form 
c"  +  'u       S"  r   ,  ,   ^,tiu-\ 


which  abowB  that  the  formula  in  queation  holds  for  all  valaes  of  n. 

Now  if  we  set  J  =  0.  y  reduces  to  ii,  u  to  /(a),  and  the  nth  derivative  of  u 
with  reflpecl  to  i  is  given  by  the  formula 


(£V 


Hence  the  development  of /(^)  by  Taylor's  series  becomes 

ifiv)  =/(a)  +  if>(a)/'(a)  +  -^,  ;f  [*(n)V(a)]  +  ■  ■  ■ 

[  +  ^,ii^  [*<"»" J"*"'] +  ■■■• 

This  Is  the  noted  formula  due  to  Lagrange,  It  gives  an  expression  for  the 
root  y  which  ajiproaches  zero  aa  x  approiiohus  zero.  We  sbail  fiud  later  the 
limits  between  wliich  this  formula  is  applicable. 

Note.  It  followH  from  the  general  theorem  that  the  root  y.  considered  a9  a 
function  ot  z  and  a,  may  be  represented  as  a  double  series  arrniiged  according 
to  powers  of  z  nnd  a.  This  series  can  be  obtained  by  replacing  each  of  the 
coefScients  A^  by  iu  development  In  powers  of  a.  Hence  the  series  (d'i)  may 
be  differentiated  term  by  term  with  respect  to  a. 

Bxamiilef.    1)  The  equation 
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has  one  root  which  is  equal  to  a  when  x  =  0.     Lagrange^s  formula  gives  the 
following  development  for  that  root : 


/ 


(64) 


«,  ,     ,.  .     1    /xVd(a«-l)« 


jL/?y 

1.2  V2/ 

1        /xy  d"->  (a«  - 1)« 
1.2...nV2/ 


On  the  other  hand,  the  equation  (53)  may  be  solved  directly,  and  its  roots  are 

y  =  -  ±  -  Vl-2ax  +  x«. 

XX 

The  root  which  is  equal  to  a  when  x  =  0  is  that  given  by  taking  the  sign  -  -. 
Differentiating  both  sides  of  (54)  with  respect  to  a,  we  obtain  a  formula  which 
differs  from  the  formula  (32)  of  §  184  only  in  notation. 

2)  Kepler^s  equation  for  the  eccentric  anomaly  u,* 

(55)  u  =  a  +  esinu, 

which  occurs  in  Astronomy,  has  a  root  u  which  is  equal  to  a  for  e = 0.  Lagrange's 
formula  gives  the  development  of  this  root  near  e  =  0  in  the  form 

/r:m  .  .«"^/5v.         .        «"        d^-^sin^a)  . 

(56)  u  =  a  +  esma-^ (sm'o)  +  •  •  •  + ^^ +  •  •  • . 

^    '  1.2da^         '  1.2-    -n       dw^ 

Laplace  was  the  first  to  show,  by  a  profound  process  of  reasoning,  that  this 
series  converges  whenever  e  is  less  than  the  limit  0.662743  •  • 

190.  Inversion.   Let  us  consider  a  series  of  the  form 
(67)  y  =  oix  +  Oiic*  H 1-  cux*  H , 

where  a\  is  different  from  zero  and  where  the  interval  of  convergence  i8(—  r,  -^  r). 
If  y  be  taken  as  the  independent  variable  and  x  be  thought  of  as  a  function  of  y, 
by  the  general  theorem  of  §  187  the  equation  (57)  has  one  and  only  one  root  which 
approaches  zero  with  y,  and  this  root  can  be  developed  in  a  power  series  in  y : 

(58)  X  =  h\y  +  &2y^  +  ^y*  +  •  •  •  +  6»y"  +  •  •  •• 

The  coefficients  6i ,  &s  *  ^s  t  "  *  ni&y  he  determined  successively  by  replacing  x  in 
(57)  by  this  expansion  and  then  equating  the  coefficients  of  like  powers  of  y. 
The  values  thus  found  are 

.         1  ,  02  ,        2aa-aia8 

a,  a\  a\ 

The  value  of  the  coefficient  bn  of  the  general  term  may  be  obtained  from 
Lagrange's  formula.     For,  setting 

^(x)  =  ai  -f  a«x  H 1-  cux"-*  + 

the  equation  (57)  may  be  written  in  the  form 

1 

X  =  y » 


•  •   *  . 


♦See  p.  248.  Kx.  19;   and  Ziwkt,  Elements  of  Theoretical  Mechanica,  2d  ed„ 
p.  ;«56.— Trans.  ' 
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and  the  development  of  tlte  root  of  tbls  equation  which  approaches  zero  with  t/ 
is  given  by  Lagrange's  fatniula  iu  llie  form 


I  W  BBt  a:  =  0  after  performing  the 


where  the  subscript  0  indica1«s  tliat  wu  an 
luUicated  differentiations. 

The  problem  just  treated  has  sometimes  been  called  the  Tenernon  of  teriCK, 

191.  Analytic  functlone.  In  the  future  vie  shall  say  that  a  func- 
tion of  any  number  uf  variables  x,  y,  z,  -■■  is  analytic  if  it  can  be 
developed,  for  values  of  the  variiibles  near  the  point  i^,  y„,  x^,  ■-■, 
in  a  power  series  arranged  a^'cording  to  increasing  powers  of 
a"  — 'oi  y  ^  Hoi  ^  —  ^i»  ■■'  which  converges  for  sufficiently  small 
values  of  the  differences  i  —  »o,  -  ■  ■ .  The  values  which  Xa,  ya,  z„,--- 
may  take  on  may  be  restricted  by  ceitain  conditions,  but  we  shall 
not  go  into  the  matter  further  here.  The  developments  of  the  pres- 
ent chapter  make  clear  that  such  functions  are,  so  to  speak,  inter- 
related. Given  one  or  more  analytic  functions,  the  operations  of 
integration  aud  differentiation,  tlie  algebraic  operations  of  multipli- 
cation, division,  substitution,  etc.,  lead  to  new  analytic  functions. 
Likewise,  the  isolution  of  equations  whose  left-hand  member  is  ana- 
lytic leads  to  analytic  functions.  Since  the  very  simplest  functions, 
such  as  polynomials,  the  exponential  function,  the  trigonometric 
functions,  etc.,  are  analytic,  it  is  easy  to  see  why  the  first  functions 
studied  by  mathematicians  were  analytic.  These  functions  are  still 
predominant  in  the  theory  of  functions  of  a  complex  variable  and  in 
the  study  of  differential  equations.  Nevertheless,  despite  the  funda- 
mental importance  of  analytic  functions,  it  must  not  be  forgotten 
that  they  actually  constitute  merely  a  very  particular  group  iimong 
the  whole  assemblage  of  continuous  functions.* 

192.  Plane  curves.   Let  us  consider  an  rtcAB  of  a  plane  curve. 

We  shall  say  that  the  nirve  is  iinalytic  almuj  the  are  AB  if  the 
coordinates  of  any  point  M  which  lies  in  the  neighborhood  of  any 
fixed  point  M„  of  that  arc  can  be  developed  in  power  series  arranged 
according  to  powers  of  a  parameter  t  — 1„, 

=  ,l.(i)=^x„  +  a,(t-t^)+ai(t-t„y  +  -..  +  a,(t-t„)'+-', 

=  H0  =  H0+ '>i(t -Q+h(t -to)' +--+K(i -'•,)'+••■• 

which  converge  for  sufficiently  small  values  of  (  —  („, 

II  of 
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A  point  Afg  will  be  called  an  ordinary  point  if  in  the  neighbor- 
hood of  that  point  one  of  the  differences  y  —  iJb,  x  —  x^  can  be 
cepreseuted  as  a.  convergent  power  series  in  powers  of  the  other. 
If,  for  example,  y  —  y^  can   be  developed  in   a  power  series   in 


(60) 


y^  =  B^{x-x^+  e,{x-a:o)*+- 


o,(x-;^)-  +  - 


for  all  values  of  x  between  lo  —  A  and  j^-'r  h,  the  point  (a^i  ffo)  is 
an  ordinary  point.  It  is  easy  to  replace  the  equation  (60)  by  two 
equations  of  the  form  (69),  for  we  need  only  set 


(61) 


(a!  =  a^  +  (  —  (., 


'.(f-t.r- 


li  ci  is  different  from  zero,  which  is  the  case  in  general,  the  equa- 
tion (60)  may  be  solved  for  a;  —  a:,,  in  a  power  series  in  y  —  y^  which 
is  valid  whenever  y  —  y^ia  sufiicientiy  small.  In  this  case  each  of 
the  differences  i  —  ^r,,,  y  —  y^  can  be  represented  as  a  convergent 
power  series  in  powers  of  tlie  other.  This  ceases  to  be  true  if  c,  is 
Eero,  that  is  to  say,  if  the  tangent  to  the  curve  is  parallel  to  the 
X  axis.  In  that  case,  as  we  shall  sea  presently,  x  —  x,,  may  be  devel- 
oped in  a  series  arranged  acuordiug  to  fractional  powers  of  y  —  y,. 
It  is  evident  also  tliat  at  a  point  where  the  tangent  is  parallel  to 
the  y  axis  x  —  :e„  can  be  developed  in  power  series  in  y  —  y,,  but 
y  —  yo  cannot  be  developed  in  power  series  in  i'  —  x^. 

If  the  coordinates  (x,  y)  of  a  point  on  the  curve  are  given  by  the 
equations  (59)  near  a  point  Ma,  that  point  is  an  ordinary  point  if 
at  least  one  of  the  coelhcieuts  n^,  bi  is  different  from  zero.*  If  a, 
is  not  zero,  for  example,  the  first  equation  can  be  solved  for  t  —  t^ 
in  powers  of  2  —  t,,,  and  tlie  second  et]uatioii  becomes  an  expansion 
oi  y  —  y^'va  powers  oi  x  —  x^  when  this  solutiop  is  substituted  for 
t  -t^. 

The  appearance  of  a  curve  at  an  ordinary  point  is  either  the  cus- 
tomary appearance  or  else  that  of  a  point  of  inflection.  Any  point 
which  is  not  an  ordinary  point  is  called  a  singular  point.  If  all 
the  points  of  an  arc  of  an  analytic  curve  are  ordinary  points,  the 
arc  is  said  to  be  reijular. 


*  This  condition  is  anfflplent,  hut  not  aece««wy.  However,  the  equKtlona  of  any 
CDrvB.  Dear  an  ordinary  |wlnt  Mn.may  always  be  written  in  >Dch  a  miy  that  Oj  and 
fr,  do  not  both  vanisli,  6^  a  tuitable  choice  0/  Iht  parameter.  For  this  ii  aotnallr 
■ccoroplished  In  ajoatioDB  (61).    See  also  seuond  footnote,  p.  409.  — TSAHa. 
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If  each  of  the  coefficients  a,  and  b,  is  zero,  but  a,,  for  example, 
is  different  from  zero,  the  first  of  equations  (59)  may  be  written  in 

the  form  (a;  -  j--o)' =  {(  -(J[rts  +  at(i  —  Q-{ ]*,  where  the  righl> 

hand  member  is  developable  according  to  powers  at  t  ~  t„.  Hence 
(  —  („  is  developable  in  powers  of  (x  —  j:„)*,  and  if  (  —  f„  in  the 
second  equation  of  (59)  be  replaced  by  that  development,  we  obtain 
a  development  for  y  —  ygin  powers  of  (x  —  «„)*: 

ji  — jfa  =  fii(x  — 3-o)  +  c,(x-aT))'+e,(3-  — a!„)'H . 

In  this  case  the  point  (x^,  y„)  is  usually  a  cusp  of  the  first  kind.* 

The  argument  just  given  is  general.  If  the  development  of 
a;  —  2^  in  powers  of  t  —  t^  begins  with  a  term  of  degree  n,  y  —  y^ 
can  be  developed  according  to  powers  of  (x  —  x^.  The  appearance 
of  a  curve  given  by  the  equation  (59)  near  a  point  (x^,  //„)  is  of 
one  of  four  types :  a  point  with  none  of  these  peculiarities,  a  point 
of  inflection,  a  cusp  of  the  first  kind,  or  a  cusp  of  the  second  kind.* 

193.  Skew  curvco.  A  skew  curve  is  said  to  be  analytic  along  an  o  re 

AB  if  the  coordinates  x,  y,  z  of  a  variable  point  M  can  be  developed 

in  power  series  arranged  according  to  powers  of  a  parameter  (  —  („ 

,x  =  x,  +  a,(t-Q  +  ...  +  a^(i-t,)'+..  -, 

(62)  )y  =  y^+b,(t-Q  +  ---  +  b,(l-t^y  +  --; 

U  =  %  +  c,  ((  -  i„)  +  ■  ■ .  +  c.  ((  -  i„)"  +  ■ .  ■ , 

in  the  neighborhood  of  any  fixed  point  ^fg  of  the  arc.     A  point 

iff  is  said  to  be  an  ordinary  point  if  two  of  the  tliree  differences 
X  —  Xf,  y  —  y„,  K  —  «o  can  be  developed  in  power  series  arranged 
according  to  powers  of  the  third. 

It  can  l)e  shown,  as  in  the  preceding  paragraph,  that  the  point 
3/„  will  surely  be  an  ordinary  point  if  not  all  three  of  the  coefficients 
a,,£,,c,  vanish.  Hence  the  value  of  the  parameter  /  for  a  singular 
point  must  satisfy  the  equations  t 


dt 


=  0, 


dt 


=  0, 


dt  ~ 


•  For  a  cusp  of  the  first  kiiirl  Uie  tnnEeiil  lies  between  the  two  hranchea.  For  a 
ciup  of  the  second  kind  bnth  brani-Les  We  OD  the  same  aide  of  the  tan^etit.  The 
polDt  is  an  ordloar;  point.  u(  i^uurse,  If  the  coefflcianU  of  the  (mctioDal  {xiwers 
bqipen  to  be  all  zeroa.  —  Tuans. 

t  Thess  coDdltlonB  are  not  Bufllcient  to  make  the  point  M^ ,  chlch  corresponds  to 
a  Tatae  tg  of  the  pammeter,  a  sinKulnr  lioint  when  a  point  M  at  the  carve  near  Mo 
several  values  of  I  which  approach  (q  as  JV  npproacrhefl  tfg .    SiwU  U 
le,  for  example,  at  the  origin  on  the  curve  defined  by  the  equationa  x=  (■, 
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Let  Xq,  i/q,  «o  be  the  coordinates  of  a  point  Mq  on  a  skew  curve  T 
whose  equations  are  given  in  the  form 

(63)  F(x,  y,  ^)  =  0 ,         F,  (.r,  y,  ;jf)  =  0, 

where  the  functions  Fand  Fi  are  power  series  in  x  —  Xq,  y  —  y^,  z  —  z^. 
The  point  Mq  will  surely  be  an  ordinary  point  if  not  all  three  of 
the  functional  determinants 

D(Fy  F,)  D(F,  FQ  D(F,  F,) 

D(x,  y)  '  D{y,  z)  '  i)(«,  x) 

vanish  simultaneously  at  the  point  x  =  a?o,  y  =zy^^  «  =  «o.  For  if 
the  determinant  D{Fy  Fi)/D(x,  y),  for  example,  does  not  vanish  at 
3/o,  the  equations  (63)  can  be  solved,  by  §  188,  for  x  —  Xq  and  y  —  y^ 
as  power  series  in  «  —  «o- 

194.  Surfaces.  A  surface  S  will  be  said  to  be  analytic  throughout 
a  certain  region  if  the  coordinates  x,  y,  z  of  any  variable  point  3/ 
can  be  expressed  as  double  power  series  in  terms  of  two  variable 
parameters  t  —  t^  and  u  —  v^ 

(64)  J  y  -  y<,  =  by^{t  -  to)  +  *oi  {u-Uo)+"  •, 
U  -  «o  =  Cio(^  -  ^o)  +  Coi(u  —  Uo)  H , 

in  the  neighborhood  of  any  fixed  point  Mq  of  that  region,  where 
the  three  series  converge  for  sufficiently  small  values  of  t  —t^  and 
u  —  My-  ^  point  Mq  of  the  surface  will  be  said  to  be  an  ordinary 
point  if  one  of  the  three  differences  x  —  x^y  y  —  yot  «  —  «o  can  be 
expressed  as  a  power  series  in  terms  of  the  other  two.  Every  point 
Mq  for  which  not  all  three  of  the  determinants 

D(i/,  ^)       ^fe^,      H^y  y) 

D(f,  u)'         D(t,  u)'         D(ty  u) 

vanish  simultaneously  is  surely  an  ordinary  point.  If,  for  exam- 
ple^  the  first  of  these  determinants  does  not  vanish,  the  last  two  of 
the  equations  (64)  can  be  solved  for  t  —  t^  and  u  —  u^,  and  the  first 
equation  becomes  an  expansion  of  x  —  x^  in  terms  of  y  —  y©  wid 
z  —  Zq  upon  replacing  t  —  tQ  and  u  —  Uq  by  these  values. 

Let  the  surface  S  be  given  by  means  of  an  unsolved  equation 
F(x,  y,  z)  =  0,  and  let  x^y,  v/q,  z^^  be  the  coordinates  of  a  point  M^ 
of  the  surface.  If  the  function  F(Xy  y,  z)  is  a  power  series  in 
^  ~  ^0)  1/  —  !/of  ^  —  ^o>  ^^^  i^  J^ot  all  three  of  the  partial  derivatives 
dF/dXffy  dF/dy^^,  ^F/Bzq  vanish  simultaneously,  the  point  A/i,  is  surely 
an  ordinary  point,  by  §  188. 
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Note.  The  definition  of  an  ordinary  point  on  a  curve  or  on  a  sur- 
face is  independent  of  the  choice  of  axes.  For,  let  M„  (Xg,  y^,  z„)  be  an 
ordinary  point  on  a  surface  S.  Then  the  coordinates  of  auy  neigh- 
boring point  eaii  *  be  written  in  the  form  (64),  where  not  all  three  of 
the  determinants  D{y,  z)/D(t,  u),  /)(z,  x)/D(t,  w),  D(r,  >/)/D{t,  u) 
vanish  simultaneously  fur  t  =  ta,  u=  »„.  Let  us  now  select  any  new 
■   axes  whatever  and  let 

r  =  fl,3--|-fty-|-y,2-}-&„ 

be  the  transformation  which  carries  x,  y,  z  into  the  new  coordinates 
.V,  Y,  Z,  where  the  determinant  A  =  D(X,  Y.  Z)/T>{x,  y,  z)  is  differ- 
ent from  zero.  Replacing  t,  y,  z  by  their  developments  in  series 
(64),  we  obtain  three  analogous  developments  for  X,Y,Z;  and  we 
cannot  have 

D{X,  Y)       D{Y,  Z)  _  D{Z,  X) 
D{t,  U-)    -   D(t,  «)  -   D(t,  u)   - 
for  t  =^tg,  u^u^,  since  the  transformation  can  be  written  in  the  form 

x  =  A,X  +  BiY+  CiZ  +  Di, 

y  =  AiX  +  BiY+  CjZ  +  D,, 

s  =  ^,.V  +  B,Y  -i-  C\Z  +  D„ 
and  the  three  functional  determinants   involving  X,  Y,  Z  cannot 
vanish  simultaneously  unless  the  three  involving  x,  y,  »  also  vanish 
simultaneously. 


IV.   TRIGONOMETRIC   SERIES       MISCELLANEOUS  SERIES 

195.  Calculation  of  the  coefficients.  The  series  which  we  shall  study 
ill  this  section  are  entirely  different  from  those  studied  above. 
Trigonometric  aeries  appear  to  have  been  first  studied  by  D.  Ber- 
noulli, in  connection  with  the  problem  of  the  stretched  string.  The 
process  for  determining  the  coelhcients,  which  we  arc  about  to  give, 
is  due  to  Euler. 

Let  fix)  be  a  function  defined  in  the  interval  (a,  It).  We  shall 
first  suppose  that  a  and  U  have  the  values  —  tt  and  -(-  ir,  respec- 
tively, which  is  always  allowable,  since  the  substitution 


412  SPECIAL  SERIES  [IX,  §195 

reduces  any  case  to  the  preceding.     Then  if  the  equation 

(65)  f(x)  =  ~  +  (oi  cos*  4-  ^isinx)  H -f-  (a^  cos  mo;  +  h^fnn  mx)  H 

holds  for  all  values  of  x  between  —  ir  and  +  tt,  where  the  coefficients 
^i^i^\}'"y^mi^mi'"  ^^^  uuknowu  coustauts, the  following  devioe 
enables  us  to  determine  those  constants.  We  shall  first  write  down 
for  reference  the  following  formulae,  which  were  established  above, 
for  positive  integral  values,  of  m  and  n  : 

j       Qiumxdx  =  0; 


(66) 


X 


cosinxdx=:Of  if  w  T^  0; 


COS  mx  cos  nx  dx 


'£' 


COS  (w  —  n)  05  4-  cos  (m  +  n)x  ,        .v     .  - 

^ ^ — ^ ^—dx  =  Of  ix  m^n; 


Xs       J              r       1  +  C082mx 
cos'?»a;rfa;=        I ax      =7r,  if  m=^0; 

I 

-s: 


sin  mx  sin  nx  dx 

—  ir 


cos  (m  —  n) a;  —  cos  Cm -f- n)x  .        ^     .- 

^^ ^ — ^^ ^  005  =  0,  if  m^n\ 


X-  n        J              r       1  —  cos  2ma;  .  r       ^  n 

sin*7?w5tfx=        I         ^ 005      =7r,  if  ?»=^0; 


sin  9710;  cos  nx  dx 


/"*"    sin  (m  -f  n)x  -f-  sin  (m  —  n)x       __ 

Integrating  both  sides  of  (65)  between  the  limits  —  w  and  +  w, 
the  right-hand  side  being  integrated  term  by  term,  we  find 


/      f(x)  dx  =  -;^  j       dx  —  ira^y 


which  gives  the  value  of  a,,.     Performing  the  same  operations  upon 
the  equation  (65)  after  having  multiplied  both  sides  either  by  cos  mx 
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or  by  sin  mx,  the  only  term  o 
and  +  TT  ia  different  from  a 
Hence  we  find  tlie  formulu: 


.  the  right  whoee  integral  between  - 
:d  is  the  one  in  cos'/nx  oi'  in  Bin') 


J_   /(,)  o«  mx  dx  =  ™.,  J*  /(I)  .in 

jly.     The  values  of  tlte  coefficieni 


respectively.     The  values  of  tlte  coefficients  may  be  assembled  s 
follows : 

)  COS  ma  da. 


^~-U> 


r)  sin  n 


The  preceding  calculation  is  merely  formal,  and  therefore  tenta- 
tive. For  we  have  assumed  that  the  function  yi^a-)  can  be  developed 
in  the  form  (65),  and  that  that  development  converges  uniformly 
between  the  limits  —  x  and  +  tt.  Since  there  is  nothing  to  prove, 
a  prion,  that  these  assumptions  are  justifiable,  it  is  essential  that 
we  investigate  whether  the  series  thus  obtained  converges  or  not. 
Replacing  the  coefficients  a^  and  i,-  by  their  values  from  (67)  and 
simplifying,  the  sum  of  the  first  (y«  +  1)  terms  ia  seen  to  be 


>'™^,  =  - j     A'A  2+cos(a-3-)+co82{a-x)-|-.--+cos7fl.(.i 
But  by  a  well-known  trigonometric  formula  we  have 


')•'«■ 


or,  setting  a 
(68) 


■ill. 


■Si-) 


sin(27»  +  l)y 
siny 


dy. 


The  whole  question  ia  reduced  to  that  of  finding  the  limit  of  this 
sum  as  the  integer  m  increases  indefinitely.  In  order  to  study  this 
question,  we  shall  assume  that  the  function  f{x)  satisfies  the  fol- 
lowing conditions : 
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1)  The  function  jT;^")  shall  I*  in  general  continuous  between  —  tt 
and  +  TT,  except  for  a  Jinite  number  of  values  of  x,  for  which  its  value 
may  change  suddenly  in  the  following  manner.  Let  (!  be  a  number 
between  —  ir  and  +  tt.  For  any  value  of  c  a  number  h  can  be  found 
such  that  /{x)  is  continuous  between  c  —  h  and  e  and  also  between 
c  and  e  +  h.  Aa  e  approaelies  zero,/{c  +  c)  approaches  a  limit  which 
we  shall  call/(c  +  0).  Likewise, /{e  —  t)  approaches  a  limit  which 
we  shall  call  /(c  —  0)  aa  t  approaches  zero.  If  the  function  /{oc) 
is  continuous  for  3^  =  c,  we  shall  ha.vef(c)=J{c  +  0)==/(e~0).  If 
/(c  +  O)  ^/'{C"*')'A-^)  "8  discontinuous  for  a;  =  c,  and  we  shall  agree 
to  take  the  arithmetic  mean  of  these  values  [/(c  +  0)  +/(c  —  0j]/2 
toi/(c).  It  is  evident  that  this  definition  of  ^c)  holds  also  at  points 
where /(a;)  is  continuous.  We  shall  further  suppose  that/(—  tt  +  «) 
andyi^TT  — t)  approach  limits,  which  we  shall  call  /(— tt  +  O)  and 
/(tt  —  0),  respectively,  aa  t  approaches  zero  through  positive  values. 
The  curve  whose  equation  is  i/=f(x)  must  be  similar  to  that  of 
Fig.  11  on  page  160,  if  there  are  any  discontinuities.  We  have 
already  seen  that  the  function  ,/)[j:)  is  integrable  in  the  interval  from 
—  TT  to  +  TT,  and  it  is  evident  that  the  same  is  true  for  the  product 
of^z)  by  any  function  which  is  continuous  in  the  same  interval. 

2)  It  shall  be  possible  to  divide  the  interval  (— tt,  +v)  into  a 
finite  number  of  subintervals  in  such  a  way  that/(i)  is  a  monoton- 
ically  increasing  or  a  monotonically  decreasing  function  in  each  of 
the  subintervals. 

For  brevity  we  shall  say  that  the  function  /(r)  satisfies  Dirichlet's 
conditions  in  the  interval  (—  tt,  +  tt).  Tt  is  clear  that  a  function 
which  is  continuous  in  the  interval  (—  tt,  4-  tr)  and  which  has  a 
finite  number  of  maxima  and  minima  in  that  interval,  satisfies 
Dirichlet's  conditions. 


196.  The  Integral  j''f(x)  [sin  nx/sinzjdx.   The  expression  obtaioed 

for  .s'„,|  leads  us  to  seek  the  limit  of  the  definite  integral 


as  n  becomes  infinite.  The. first  rigorous  discussion  of  this  ques- 
tion was  given  by  Lejeune-Diriehlet.'  The  method  which  we  shall 
employ  is  essentially  the  same  as  that  given  by  Bonnet.f 
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Let  us  first  consider  the  integral 

(69)  j^f^^^^^J^dx, 

where  A  is  a  positive  number  less  than  tt,  and  ^{x)  is  a  function 

which  satisfies  Dirichlet^s  conditions  in  the  interval  (0,  h\    If  ^{x) 

is  a  constant  C,  it  is  easy  to  find  the  limit  of  J,    For,  setting  y  =  nx, 

we  may  write 

[      smy  _ 
[.    -fdy, 

and  the  limit  of  /  as  n  becomes  infinite  is  C7r/2,  by  (39),  §  176. 

Next  suppose  that  <f>{x)  is  a  positive  monotonically  decreasing 
function  in  the  interval  (0,  h).  The  integrand  changes  sign  for 
all  values  of  x  of  the  form  kir/n.     Hence  J  may  be  written 

J=Wo-Wi  +  W2-W8 +  •••  +  (- 1)*%  +  •••  +  (- ir^w«,    0 < ^ <  1 , 
where 


W4  = 


(*+l)ir 

sin  nx 


dx 


n 


and  where  the  upper  limit  h  is  supposed  to  lie  between  mir/n  and 
(m  -f-  l)7r/w.  Each  of  the  integrals  %  is  less  than  the  preceding. 
For,  if  we  set  nx  =  kir  +  y  in  w^.,  we  find 


Jr'  .  Iv  +  kTT\     sin  y     _ 


and  it  is  evident,  by  the  hypotheses  regarding  <^(ar),  that  this  inte- 
gral decreases  as  the  subscript  k  increases.  Hence  we  shall  have 
the  equations 

•^  =  "i^o  -  (wi  ~  ^)  -  (?«8  -  W4) , 

./  =  1^  —  wi  -t-  (t^  —  ws)  +  (W4  —  W5)  H , 

which  show  that  J  lies  between  u^  and  1^0  —  ^i.  It  follows  that ./  is 
a  positive  number  less  than  i/q,  that  is  to  say,  less  than  the  integral 


i 


smn^ 
^{x)  dx. 


But  this  integral  is  itself  less  than  the  integral 

*(+ 0)  f"  ^  «fe  =  <^(+ 0)  r  ^  dy  =  ^^(+ 0), 
where  ^4  denotes  the  value  of  the  definite  integral  /'[(sin  y)/y']  dy. 
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The  same  argument  shows  that  the  definite  integral 

where  c  is  any  positive  number  less  than  h,  approaches  zero  as  n 
becomes  infinite.  If  c  lies  between  (t  —  l)7r/n  and  iir/n,  it  can  be 
shown  as  above  that  the  absolute  value  of  J'  is  less  than 


tir 


jTV)- 


smnx 


dx 


X 


and  hence,  a  fortiori,  less  than 


c 


(?-») 


<t> 


/ 

•/iir 

(?) 


<l>{x) dx 


X 


TT       2ir  <^(c) 


ITT     n 

71 


n 


Hence  the  integral  approaches  zero  as  n  becomes  infinite.* 

This  method  gives  us  no  information  if  c  =  0.  In  order  to  dis- 
cover the  limit  of  the  integral  J,  let  c  be  a  number  between  0 
and  4i,  such  that  ^(x)  is  continuous  from  0  to  c,  and  let  us  set 
<^(a')  =  <^(c)  4-  ^(x).  Then  ^(ar)  is  positive  and  decreases  in  the 
interval  (0,  c)  from  the  value  <^(4-  0)  —  <^(c)  when  x  =  0  to  the 
value  zero  when  a;  =  c.     If  we  write  /  in  the  form 


.,  ^    r*"  sin  7105   ,  C^    .  ^  siuTMC   , 

=  4^ip)  j     dx-{-  I    ^(p^)  — - —  dx  + 

Jo         ^  Jo 


X  ./n       ^     '  X 

and  then  subtract  (7r/2)<^(4-  0),  we  find 


X  *<")  - 


smnx 


dx 


(70) 


1 


^{x)  ^-^  dx. 


Jf*C 
f     .  ^  ^  sin  nx  _ 
0  ^ 


In  order  to  prove  that  J  approaches  the  limit  (7r/2)  <^(4-  0),  it  will 
be  sufficient  to  show  that  a  number  m  exists  such  that  the  absolute 


*  This  result  may  be  obtained  even  more  simply  by  the  use  of  the  second  theorem 
of  the  mean  for  integrals  (§75).  Since  the  function  4){x)  is  a  decreasing  fonctioii, 
that  formula  gives 

*        sinng  ^ <t>{c)  C^  _._ 


J^*   ^  ^sinwB  ,        0(c)  r^    .  ,        -  ^y^,  ,  ^ 

0(«)  — zr~  ^  =  ~:;~  I    sin  nx  dx  =  -  -^  (cos  nc  —  cosnt) , 


_  1  0(C) 

n     c 


and  the  right-hand  member  evidently  approaches  zero. 
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value  of  each  of  the  terms  on  the  right  is  less  than  a  preassigned 
positive  number  (/4  when  n  is  greater  than  m.  By  the  remark 
made  above,  the  absolute  value  of  the  integral 


f 


m~ 


is  leSH  than  .i^(+  0)  =  .i  [<^(+  0)  -  ^{c)].  Since  <^(:r)  approaches 
4i(+  0)  as  X  approaches  zero,  r  may  be  taken  ao  near  to  zero  that 
.1  [*(+  0)  -  ^(c)]  and  (t/2)[^(+  0}  -  ^(c)]  are  both  less  than  t/i. 
The  number  c  having  been  chosen  in  this  way,  tiie  other  two  terms 
on  the  right-hand  side  of  equation  (70)  both  approach  zero  as  n 
becomes  infinite.  Hence  h  may  be  chosen  bo  largo  that  the  abso- 
lute value  of  either  of  them  is  less  tlian  i/i.     It  follows  that 


(71) 


limJ  =  ^«(-|-0). 


We  shall  now  proceed  to  remove  the  various  restrictions  which 
have  been  placed  upon  <^(^)  in  the  preceding  argument.  If  0(j:)  is 
a  monotoniually  decreasing  function,  but  is  not  always  positive,  the 
function  f  (i)  =  <^(j:)  -(-  C  is  a  positive  monotonically  decreasing  func- 
tion from  0  to  /i  if  the  constant  C  be  suitably  chosen.  Then  the 
formula  (71)  applies  to  il/(x).     Moreover  we  may  write 


JW)  ^-^  ^  ^jf  W,  5H^  ^  -  cjf  * 


^dx, 


and  the  right-hand  side  approaches  the  limit  {'n-/2)^(-fO)  —  (Tr/2)C, 
thatis,{Tr/2)«{-t-0). 

If  ^(x)  is  a  monotonically  increasing  function  from  0  to  h,  —  ^{x) 
is  a  monotonically  decreasing  function,  and  we  shall  have 


jrV,^^=-f'- 


*(^}- 


-dx. 


Hence  the  integral  approaches  (ir/2)^(-f-  0)  in  this  case  also. 

Finally,  suppose  that  ^(x)  is  any  function  which  satisfies  Dirich- 

let's  conditions  'in  the  interval  (0,  A).     Then  the  interval  (0,  A) 

may  be  divided  into  a  finite  number  of  subintervals  (0,  a),  (a,  b), 

(b,  c),  ■  ■  ■,  (I,  A),  in  each  of  which  1^(37)  is  a  monotonically  increasing 

WL      or  decreasing  function.    The  integral  from  0  to  a  approaches  the  limit 

H       (Tr/2)^(-|-  0).    Each  of  the  other  integrals,  which  are  of  the  type 

■ 
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approaches  zero.  For  if  t/ifx)  is  a.  nionotonically  increasing  function, 
for  instance,  from  a  to  6,  an  auxiliary  function  ^(x)  can  be  formed 
in  an  infinite  variety  of  ways,  which  increases  monotonically  from 
0  to  6,  is  continuous  from  0  to  ii,  and  coincides  witli  0(^j^)  from  a  to  6. 
iThen  each  of  the  integrals 


i«^ 


-dx, 


I'*" 


-dx 


approaches  ^(+  0)  as  n  becomes  infinite.  Hence  their  difference, 
which  is  precisely  H,  approaches  zero.  It  follows  that  the  formula 
(71)  holds  for  any  function  >^(t)  which  satisfies  Dirichlet's  condi- 
tions in  the  interval  {0,  A). 

Let  us  now  consider  the  Integral 


(72) 


-f> 


0<fi<v, 


where  /(x)  ia  a  positive  monotonically    inereasuig   function    from 
0  to  A.     This  integral  may  be  written 


'-IX^'^^I'-"^'- 


and  the  function  t^(jr)  =/(r)  ar/sin  r  is  a  positive  monotonically 
increasing  function  from  0  to  h.  Since /(+  0)  i=  <f.(-f-  0),  it  follows 
that 


(73) 


He 


~A+0). 


This  formula  therefore  holds  if  /(x)  is  a  positive  monotonically 
increasing  function  from  0  to  ,/i.  It  can  be  shown  by  successive 
steps,  as  above,  that  the  restrictions  upon  /(x)  can  all  be  removed, 
and  that  the  formula  holds  for  any  function  f(x)  which  satisfies 
Dirichlet's  conditions  in  the  interval  (0,  A). 

197,  Fourier  series.  A  trigonometric  series  whose  coefficients  are 
given  by  the  formulee  (67)  is  usually  called  a  Fouria/-  series.  Indeed 
it  was  Fourier  who  first  stated  the  theorem  that  any  function  arhi- 
trarilf/  denned  in  an  interval  of  length  2ir  may  be  represented  by  a 
series  of  that  type.  By  an  arbiti-ary  fuitet'ton  Fourier  understood 
a  function  which  could  he  represented  graphically  by  several  cur- 
vilinear arcs  of  curves  which  are  usually  regarded  as  distinct  curves. 
We  shall  render  this  rather  vague  notiou  precise  by  restricting  our 
discussion  to  functions  which  satisfy  Dirichlet's  conditions. 


IX,  S  197] 


TRIGONOMETRIC  SERIES 


419 


In  order  to  show  that  a  function  of  this  kind  can  be  represented 
by  a  Fourier  series  in  the  interval  {—  tt,  +  ir),  we  must  find  the 
limit  of  the  integral  (68)  as  ?ji  becomes  infinite.  Let  ub  divide 
this  integral  into  two  integrals  whose  limitu  of  integration  are 
0  and  (tt  —  x)f2,  and  —  (tt  +  x)/2  and  0,  respectively,  and  let  us 
make  the  substitution  y  =  —  z  ia  the  second  of  these  integrals. 
Then  the  formula  (( 


&\ay 

3in(2m  +  l), 


When  X  lies  between  —  w  and  +  w,  (ir  —  x)/2  and  (tt  +  a!)/2  both 
lie  between  0  and  tt.  Hence  by  the  last  article  the  right-hand 
side  of  the  preceding  formula  approaches 


1  Ttt 
ttL-' 


f(x  +  0)  + 


f/(-o,]  = 


fix  +  0)  +f{x  -  0) 


as  m  becomes  infinite.     It  follows  that  the  series  (65)  converges  and 
that  its  Slim  isfijr)  for  every  value  of  x  between  —  ir  and  +  tt. 

Let  us  now  suppose  that  x  is  equal  to  one  of  the  limits  of  the 
interval,  —  ir  for  example.    Then  S„  ^ ,  may  be  written  in  the  form 


H2y) 


.iii(2m+l)y 


d) 


dtj 


ii(2m+l)i, 


The  first  integral  on  the  right  approaehes  the  limit /(—  tt  +  0)/2. 
:  w  —  a  in  the  second  integral,  it  takes  the  form 


/(T 


-2^) 


sin  (2»t 


hTM 


ds. 


which  approaches  f{v  —  0)/2,  Hence  the  sum  of  the  trigonometric 
series  is  [./(tt  -  0)  +/(-  w  +  0)]/2  when  a-  =-  tt,  It  is  evident 
that  the  sum  of  tJie  series  is  the  same  when  i  =  +  tt. 

If,  instead  of  laying  off  z  as  a  length  along  a  straight  line,  ve 
lay  it  off  as  the  length  of  an  arc  of  a  unit  circle,  counting  in  the 
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positive  direction  from  the  point  of  intersection  of  the  circle  with 
the  positive  direction  of  some  iuitlul  diameter,  the  sum  of  the  series 
at  any  point  whatever  will  be  tlie  arithmetic  mean  of  the  two  limits 
approached  liy  the  sum  of  the  series  as  each  of  the  variable  points 
in'  and  irt",  taken  ou  the  circumference  on  opposite  sides  of  m, 
approaches  m.  If  the  two  limits  /(— tt  +  0)  and  /(tt  —  0)  are 
different,  the  point  of  the  circumference  on  the  negative  direction 
of  the  initial  line  will  be  a  point  of  discontinuity. 

In  conclusion,  every  function  which  is  defined  in  the  interval 
(—  IT,  +  tt)  atid  which  satisfies  Dirichlefs  conditions  in  that  inter- 
val may  be  represented  bij  a  Fourier  series  in  the  same  inteTval. 

More  generally,  let  /(x)  be  a  function  which  is  defined  in  an 
interval  (a,  a  +  2'r)  of  length  2Tr,  and  which  satisfies  Dirichlet^s 
conditions  in  that  interval.  It  is  evident  that  there  exists  one  and 
only  one  function  F(x)  which  has  the  period  Stt  and  coincides  with 
j\x)  in  the  interval  {a,  u  +  2'n-).  This  function  is  represented,  for 
all  values  of  x,  by  the  sum  of  a  trigonometric  series  whose  coeffi- 
cients a^  and  6„  are  given  by  the  formuliE  (67): 

1  r*'  1  r*' 

a_  =  -    I       Fix)  cos  TUX  dx ,         &™  =  -  (       Fix)  sin  mx  dx , 
The  coefficient  a„,  for  example,  may  be  written  in  the  form 

1   r"  1  f--'*- 

a„  =  -    I         F{x)cosvixdx  +  ~  j  F(x)coBmxdx, 

where  a  is  supposed  to  lie  between  2hir  -~  v  and  2hiT  +  ir.  Since 
F{x)  has  the  period  Stt  and  coincides  with  f{x)  in  the  interval 
(a,  a  -f  27r),  this  value  may  be  rewritten  in  the  form 


(74) 


1  f^-" 


^i:" 


f{x)  COS  mx  dx 


Similarly,  we  should  find 


I 


(76) 


-ir 


A< 


xdx. 


Whenever  a  function  _/(cc)  is  defined  in  any  interval  of  length  2ir, 
the  preceding  formula  enable  us  to  calculate  the  coefficients  of  its 
development  in  a  Fourier  series  without  reducing  the  given  interval 
to  the  interval  (—  Tr,  +  ir). 
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19B.  Ezunplci.    1)  Let  us  find  a  Foarier  seriei  nhose  som  is   —  I  f oi 
-  «  <  *  <  0.  and  +1  for  0  <  »  <  +  K.     The  lonnulc  (67)  give  the  nluea 


b„=  -    f    -  aiD  mxdx  +  -   T  e 


If  m  Is  even.  b„  Is  iiero.     It  m  is  oilcl,  b^  is  i/mx,     Hulliplying  all  the  coeffi- 
cleDls  by  1/4,  ne  see  lliat  the  sum  of  the  Berles 


(76) 


in^m_M)x 

am  +  i 


ia  —  x/i  for  -  «  <  z  <  0,  uid  +  x/4  for  0  <  z  <  x.  The  point  z  =  0  is  &  potat 
of  discoDtinuitj,  and  the  sum  of  lbs  series  <s  zero  when  z  —  0,  as  it  sboald  be. 
More  generally  the  Bttw  o(  the  Beries  (7tl)  is  ir/i  when  Hini  is  positiTe,  -  it/i 
when  Bin  x  is  negative,  and  zero  when  sin  i  =  0. 

The  curve  represented  by  the  equation  (T6)  is  composed  of  an  infinite  number 
of  segments  of  length  jr  of  the  straight  lines  v  —  ^  "/^  "^^  ^o  Infinite  num- 
ber of  isolated  points  {j/  =  0,x  =  ICTt)  on  the  z  axis. 

2)  The  coefficients  of  the  Fourier  development  of  x  in  the  interval  from  0  to 
2n'are 

thm=  -   C     xcosmxdx=         '—\     +  — j      Aanaieb  =  0, 

.        1    /••-  ,  rzcosmz"]"  ,     1     /■*■ 

H  Jo  L      ">*      Jo         "■'  Jo 

Bence  the  formula 
(77) 


Is  valid  for  all  values  of  z  between  0  and  2x.  If  we  set  y  equal  to  the  series  on 
the  right,  tJie  resulting  equation  represents  a  curve  composed  of  an  infinite  ni 
ber  of  segments  of  straight  lines  parallel  to  v  =  ^/^  uid  an  Intinite  number  of 
isolated  points. 


Note.   If  ilie  function  flx)  defined  in  the  Interval  (—  tr,  +  t)  is  men,  that  is 
A  say,  it/(—  x)  =/(*),  each  of  the  coefficients  i>«  is  zero,  since  it  is  evident  tlial 


f    f{x)aamxdx  =  -  j"/ix)tuamxdx. 


Similarly,  If  /(z)  is  an  odd  function,  that  Is,  If  /(-  z>  =  -/(z),  aach  of  the 
coetDcJents  a.  is  lero,  iuciuding  Ou.     A  function  /(z)  which  Is  defined  only  in 
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the  Interval  trom  0  to  !C  ma;  be  deflned  in  Uic  interval  from  —  ir  to  0  by  either 
of  the  equations 

/(-z)=/lz)  or         /(-J!)  =  -/(!) 

Hence  the  given  furintin]i/(z)  uiay  be  represented  either 
or  by  a  series  of  sines,  in  llie  interval  from  0  to  n. 


e  choose  to  do  ei 


198.  Expanalon  of  a  ointliiuauB  functioa.  Waieritius'  theorem.  Let /(je)  be  a 
function  wliicli  is  defltied  and  continuuug  in  the  interval  (a.  b),  Tlie  [ullowiDg 
remarkable  theorem  was  discovered  by  WeieralrasB ; 
tire  number  t.  a  polynomial  P(z)  can  alway*  be  found  inch  Ouil  Iht  difference 
f(x)  —  P{x)  i»  lean  than  t  in  abioluU  value  for  all  values  of  3i  in  the  intenai  (a,  b). 

Among  the  maiiy  proofs  of  this  theorem,  that  due  to  Lebeague  ia  one  ut  the 
simplest.*    Let  us  first  tonslder  a  special  Function  ^(x)  which  ii 
the  interval  (-  I,  +  1)  and  which  is  defined  as  follows:  ^(l)  =  0  for  - 
f  (»)  =  2ifci  tor  0  <  a:  <  1,  where  )r  is  a  given  c. 
Moreover  for  —  1  <  z  £  +  1  we  sliatl  have 


-''). 


and  tor  the  same  values  of  z  the  radical  can  be  developed  in  a  unifarmt]/  eon 
ver^mt  series  arranged  according  to  powers  of  (1  -  x^).  It  follows  that  \x\,  ani 
hence  also  ^(z),  may  be  representetl  to  any  desired  degree  of  approximation  L 
the  interval  (—  1,  +  I)  by  a  polynomial. 

Let  OB  now  consider  any  function  whatever,  /(z),  which  is  contjnaoui  ii 
the  interval  (a,  b),  and  let  us  divide  tliaL  interval  into  a  suite  of  suhinterralB 
(Oo.  Oi),  ("1  ,"!).■■■.  ("ii-i  I  "■.).  where  a-ao<ai<(ij<---<  o,_,  <  a,  ^  6, 
in  such  a  way  that  tile  oscillation  of  /(z)  in  any  one  of  the  subintervals  is  less 
than  t/2.  Let  L  be  the  broken  line  formed  by  connecting  tlie  points  of  the 
curve  V  =fix)  whose  abecissHi  are  Og,  Ui,  ai,  •-  -,  b.  The  ordinate  of  any  point 
on  Z  is  evidently  a  conlinuoas  function  ^(z),  and  tlie  difference  f(x)  —  #(z)  is 
less  than  t/2  in  absolute  value.  For  in  the  interval  (a^-i,a^),  (or  example, 
we  sball  have 

fix)  -  *(z)  =  [/(z)  -  Aa^-Old  -  «)  +  [/W  -A<h-)]B. 
where  z  -  a^-i  =  ${0^  -  iV-i)*  Since  the  factor  e  Is  positive  and  less  than 
unity,  the  absolute  value  of  the  difference /—  ^  is  less  than  c(l  ~  B  +  e)/i  =  t/2. 
The  function  •p(i)  can  be  split  up  into  a  sum  of  n  functions  of  the  same  type  as 
^(z).  For,  let  .^1)1  ^^i,  .4).  -  -  ,  ^.  be  the  successive  vertices  of  L.  Then  #(z) 
is  equal  to  the  continuous  funcliou  ^i  (z)  whi(4i  is  represented  throughout  the 
interval  (a,  b)  by  the  straight  line  Ai,A,  extended,  pins  a  function  4>i{x)  which 
is  represented  by  a  broken  line  A'nA{  ■  •  ■  A',  whose  first  side  AiA'i  lies  on  the 
z  axis  and  whose  other  sides  are  readily  constructed  from  the  aides  of  L.  Again, 
the  function  «i  (z)  is  equal  to  the  snm  of  two  functions  i/ij  and  ^ ,  where  ^t  is 
lero  between  do  and  at.  and  is  represented  by  the  straight  line  A'lAi  extended 
between  Q)  and  b,  while  ^g  is  represented  by  a  broken  line.i)i;M['v1i''  -  -  /1;' whose 
first  three  vertices  lie  on  the  z  axis.  Finally,  we  shall  obtain  the  equation 
^  =  ^1  +  ^,  +  ■ .  -  +  ^, ,  where  ^i  is  a  continuous  function  which  vaniahM 
between  Kd  and  0,-1  and  which  is  represented  by  a  segment  of  a  straight  line 
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between  o^. )  and  b.  If  we  tbea  make  the  Hubslllution  X  =  nu;  +  n,  where  m 
and  n  are  suitably  choneu  uumbers,  the  fuDCtioii  ^i(x)  majr  be  defloed  iD  the 
interral  (—  I,  +  1)  by  tlie  equation 

f.(«)  =  t(j:+|xi), 

and  hence  it  can  be  represented  by  a  polynomial  with  any  desired  degree  of 
approximation.  Since  each  of  the  fonctloDs  ^i(x)  can  be  represenl«d  in  the 
interval  (a,  b)  by  a  polynomial  with  an  error  less  than  (/2n,  it  la  evident  that  Che 
sum  of  these  polynomials  will  differ  from/(x)  by  less  than  t. 

It  follows  from  the  preceding  theorem  that  ani/  /unction  /(^)  wkich  U  contin- 
lums  in  an  iiitenxil  (u,  li)  man  ^  represented  by  an  it^nite  series  of  polj/7u>mials 
vihichamverges uni/orail!/  inthai  mterval.  For,  let  tj,  »],■■■,«,,-  ■  beasequence 
of  positive  numbers,  each  of  which  is  less  than  the  preceding,  where  e.  approaches 
zero  as  n  becomes  ielinlte.  By  the  preceding  theorem,  corresponding  to  each  ol 
the  «'s  a  polynomial  i*.(i)  can  be  found  such  that  the  difference  f(x)  -  P,(i)  is 
less  than  c,  in  absolute  value  throughout  the  interval  (a,  b).     Then  the  series 

P,  (X)  +  [P.  (I)  _  P,  (J)]  +  .  .  .  +  [P.  (Z)  -  P,^|  (z)]  +  .  •  - 

converges,  and  its  sum  is/(i)  for  any  value  of  z  inside  the  inleri'al  (o,  6).  For 
the  sum  of  the  first  n  terms  is  equal  toP,(z),  and  the  difference /(z)  -  S«,  which 
It  less  than  (.,,  approaches  zero  as  n  becomes  infinite.  Moreover  the  series  con- 
verges uniformly,  since  the  absolute  value  of  the  difference  /(x)  --  S,  will  be  less 
than  any  preassigned  positive  number  for  all  values  of  n  which  exceed  a  certain 
fixed  integer  N,  when  x  has  any  value  whatever  between  a  and  b. 

BOO.  AcoDtlnaousfaiictiaa  wlthoutaderivatiTe.  We  shall  conclude  this  chapter 
by  giving  an  example  due  to  Weierslraas  of  a  continuous  function  which  does 
not  possess  a  derivative  for  any  value  of  the  variable  whatever.  Let  &  be  a  posi- 
tive constant  less  than  unity  and  let  a  be  an  odd  integer.  Then  the  function 
F{x)  defined  by  the  convergent  influlte  series 


(78) 


J^(i)  =  5;(^coe(«-« 


U  oonlinuona  for  all  values  of  z,  since  the  series  converges  anltonnly  In  any 
Interval  whatever.  If  the  product  ab  is  less  than  unity,  the  same  statements 
hold  for  the  series  obtained  by  term-by-tenu  differentiation.  Hence  the  func- 
tion F{x)  possessea  a  derivative  which  is  itself  a  continuous  function.  We  shall 
now  show  that  the  state  of  aSairs  is  essentially  differeutif  the  product  ob  exceeds 

In  the  first  plact,  si'tiiiig 


fl„  =  J^6"[C0B[«-;r(.r  +  ftn- 


«)}, 
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On  the  other  hand,  it  is  easy  to  show,  by  applying  the  law  of  the  mean  to  the 
function  cos(a"?rx),  that  the  difference  cos  [a*7C(x  +  h)]  —  coB{o^nx)  ia  leas  than 
Tta* \h\iu  absolute  value.     Hence  the  absolute  value  of  5m  is  less  than 

m-l 


2 


jr  >: a*6»  =  jr 


06-1 


1 


and  consequently  also  less  than  K{ab)^/(ab  - 1),  if  06  >  1.  Let  us  try  to  find  a 
lower  limit  of  the  absolute  value  of  Rm  when  h  is  assigned  a  particular  value. 
We  shall  always  have 

where  am  is  an  integer  and  {«  lies  between  —  1/2  and  +  1/2.     If  we  set 

where  Cm  is  equal  to  ±  1,  it  is  evident  that  the  sign  of  A  is  the  same  aa  that  of 
Cm,  and  that  the  absolute  value  of  h  is  less  than  3/2a"*.  Having  chosen  h  in  this 
way,  we  shall  have 

Since  a  is  odd  and  em  =  ±  1»  the  product  a**-"*  (a.,  +  em)  is  even  or  odd  with 
am  +  If  and  hence 

cos[a'»jr(x  +  A)]  =  (-  l)««+». 
Moreover  we  shall  have 

cos(a»9rx)  =  cos(a"""*a*";rx)  =  cos  [a»-"«jr  (am  +  fm)] 
=  cos  (a"-"*  am  jr)  cos  (a'-^lmW)^ 

or,  since  a* -«"  am  is  even  or  odd  with  a^^ 

cos(a"9rx)  =  (— l)««cos(a"-'"|m*). 
It  follows  that  we  may  write 

«m  =  ^-^ 5J  ^[^  +  COS((r-- ^mir)]  . 

MS  m 

Since  every  term  of  the  series  is  positive,  its  sum  is  greater  than  the  first  term,  and 
consequently  it  is  greater  than  &"  since  (m  lies  between  —  1/2  and  +  1/2.    Hence 

or,  since  |A|<3/2a"*, 

\Rm\>\(ahr. 

If  a  and  6  satisfy  the  inequality 

(80)  a6>l  +  Y. 

we  shall  have 

2  .  ..        jr(a6)"» 
-(a6)"«>-^ — ^, 
3^    '        06-1 


whence,  by  (79), 


a6  _  1  -  ?5 

2 

*» 
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As  m  becomes  infinite  tbe  expresBioQ  on  Lhe  extreme  right  increaHM  indefinitely, 
wbile  tbe  BbHolule  value  of  h  approachea  zero.  Couaequently,  no  lualter  bow 
small  (  be  chosen,  an  increiiieiit  h  can  be  found  wbicli  is  Iras  than  t  in  abso- 
lute value,  ami  for  whicii  tbe  absoluie  value  of  [F{x  +  A)  —  f(i)]/A  exceeds  any 
preoasigned  number  whatever.  It  follows  tlist  if  a  and  b  satisfy  tbe  relation  (80), 
tbe  function  F{x)  poeseaaes  no  derivatlvo  for  any  value  of  i  whatever, 

EXESCISES 

1.  Apply  Lagraiige'a  formula  to  derive  a  development  in  powers  of  i  at  tlial 
root  of  the  equation  y''  ~  ay  +  x  wbicli  is  equal  to  a  when  x  =  0. 

2.  Solve  tbe  aimilar  problem  for  tbe  equation  y  —  a  +  xy  +  '  =  0.  Apply  the 
result  to  the  quadratic  equation  n  —  ii  +  m'  =  0.  Develop  in  powers  of  e  that 
root  of  the  quadratic  which  approaches  a/b  as  c  approaches  zero. 

3.  Derive  tbe  formnla 
log(l  -I-  X) 


4.  Show  that  the  formula 


holds  whenever  z  is  greater  than  - 
5.  Show  that  the  equation 


«  than  1  in  absolute  value.    What  ia  the  si 


^i[- 


1      /     2x    ' 

1  in  abeoli: 

1.2      U+i/  1.2.3         l.  +  l/^       J 

ch 


holds  tor  nluw  of  z 
when  |z|>lf 

6.  Derive  the  formula 

(a  +  a:)- 


7.  Show  that  tbe  branches  of  lUe  function  ainnix  and  a 
to  0  and  1,  respectively,  when  sini  =  0  are  developable  in 
powers  of  alnz : 


which  reduce 
I  according  to 


=  1- 


—  ain»*  + 
1.3.3.. 


1.2.3.4.1 


[Hake  lue  of  the  differential  equation 

dyi  dy 

which  is  satiafied  by  u  ^  coshu  and  by  u  =  sinrnz,  where  y  =  sinx.] 
8.   From  the  preceding  formula  deduce  developments  for  the  functions 


M(nai 


I/), 


IT), 


CHAPTER  X 

PLANE  CURVES 

The  curves  and  surfaces  treated  in  Analytic  Geometry,  properly 
speaking,  are  ancdjitic  curves  and  surfaces.  However,  the  geomet- 
rical concepts  which  we  are  about  to  consider  involve  only  the  exist- 
ence of  a  certain  number  of  successive  derivatives.  Thus  the  curve 
whose  equation  is  y  =f{x)  possesses  a  tangent  if  the  fimction  f(x) 
has  a  derivative  f'(x) ;  it  has  a  radius  of  curvature  if  /'(«)  has  a 
derivative  f"(x) ;  and  so  forth. 

I.   ENVELOPES 

201.  Determination  of  envelopes.  Given  a  plane  curve  C  whose 
equation 

(1)  f(x.  y,  a)  =  0 

involves  an  arbitrary  parameter  a,  the  form  and  the  position  of  the 
curve  will  vary  with  a.  If  each  of  the  positions  of  the  curve  C  is 
tangent  to  a  fixed  curve  E,  the  curve  E  is  called  the  envelope  of  the 
curves  C,  and  the  curves  C  are  said  to  be  enveloped  by  E,  The 
problem  before  us  is  to  establish  the  existence  (or  non-existence)  of 
an  envelope  for  a  given  family  of  curves  C,  and  to  determine  that 
envelope  when  it  does  exist. 

Assuming  that  an  envelope  E  exists,  let  (x,  y)  be  the  point  of  tan- 
gency  of  E  with  that  one  of  the  curves  C  which  corresponds  to  a  cer- 
tain value  a  of  the  parameter.  The  quantities  x  and  y  are  unknown 
functions  of  the  parameter  a  which  satisfy  the  equation  (1).  In 
order  to  determine  these  functions,  let  us  express  the  fact  that  the 
tangents  to  the  two  curves  E  and  C  coincide  for  all  values  of  a. 
Let  &r  and  8//  be  two  quantities  proportional  to  the  direction  cosines 
of  the  tangent  to  the  curve  C,  and  let  dx/da  and  dy/da  be  the 
derivatives  of  the  unknown  functions  x  =  <^(a),  y  =  ^(a).  Then  a 
necessary  condition  for  tangency  is 

dx      dy 
da       da 
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On  the  other  band,  since  a  in  equation  (1)  haa  a  constant  value  for 
the  particular  curve  C  considered,  we  shall  have 

v.,  J.  v.. 


(3) 


ifa  +  ^Sj-O, 


which  determines  the  tangent  to  C.    Again,  the  two  unknown  func- 
tions X  =  <^(a),  1/  =  ^(a)  satisfy  the  equation 

f{x,,j,a)  =  0, 
also,  where  a  is  now  the  independent  variable.     Hence 

^'  dx  da       d;/ da '*' da         ' 

or,  combining  the  equations  (2),  (3),  and  (4), 


(5) 


The  unknown  functions  x  ■=  ^(a),  y  —  ^(a)  are  solutions  of  this  equa- 
tion and  the  equation  (1).  Hence  the  equation  of  the  envelope,  in 
ease  an  envelope  exists,  is  to  be  found  by  eliminating  the  parameter  a 
between  the  equations  f  =  0,  Zfjda  =  0. 

Let  fl(x,  y)  —  0  be  the  equation  obtained  by  eliminating  a  between 
(1)  and  (5),  and  let  us  try  to  determine  whether  or  not  this  equation 
represents  an  envelope  of  the  given  curves.  Let  C„  be  the  particu- 
lar curve  which  corresponds  to  a  value  «„  of  the  parameter,  and  let 
{'oiyo)  ^  the  coordinates  of  the  point  M„  of  intersection  of  the 
two  curves 

^  =  n 


(6) 


fix,  y,  a,)  =  0, 


The  equations  (1)  and  (5)  have,  in  general,  solutions  of  the  form 
X  =  ^(a),  y  =  ^i"),  which  reduce  to  x^  and  y^,  respectively,  for 
a  =  a„.     Hence  for  a  =  a„  v/e  shall  have 


dxg  \da/a      Sy^  \da/o 


This  equation  taken  in  connection  with  the  equation  (3)  shows 
that  the  tangent  to  the  curve  C,  coincides  with  the  tangent  to  the 
curve  described  by  the  point  (a;,  y),  at  least  unless  Sf/8x  and  ^f/Sy 
are  both  zero,  that  is,  unless  the  point  M„  is  a  singular  point  for  the 
curve  C„.  It  follows  that  the  equation  R(x,  y)  =  0  represents  either 
the  envelope  of  the  curves  C  or  else  the  locna  if  sin;/ii/ar  points  on 
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This  result  may  be  supplemented.  If  each  of  the  euryes  C  has 
one  or  more  singular  points,  the  locus  of  such  points  is  surely  a  part 
of  the  curve  R(x,  y)  =  0.  Suppose,  for  example,  that  the  point  (05,  y) 
is  such  a  singular  point.  Then  x  and  y  are  functions  of  a  which 
satisfy  the  three  equations 

Ax,y,a)^o,      g  =  o,      1  =  0, 

and  hence  also  the  equation  df/da  =  0.  It  follows  that  x  and  y 
satisfy  the  equation  R(x,  y)  =  0  obtained  by  eliminating  a  between 
the  two  equations  /=  0  and  df/da  =  0.  In  the  general  case  the 
curve  R(xy  y)  =  0  is  composed  of  two  analytically  distinct  parts, 
one  of  which  is  the  true  envelope,  while  the  ojbher  is  the  locus  of 
the  singular  points. 

Example.   Let  us  consider  the  family  of  curves 

f{x,  y,  a)  =  y*  -  y^  -f  (a:  —  af  =  0. 

The  elimination  of  a  between  this  equation  and  the  derived  equation 


da 


2(x-a)  =  0 


gives  y*  —  y^  =z  0,  which  represents  the  three  straight  lines  y  =  0, 
y  =  -h  1,  y  =  —  1.  The  given  family  of  curves  may  be  generated 
by  a  translation  of  the  curve  y*  —  y^  -\-  x^  =  0  along  the  x  axis. 
This  curve  has  a  double  point  at  the  origin,  and  it  is  tangent  to 
each  of  the  straight  lines  y  =  ±1  at  the  points  where  it  cuts  the 
y  axis.  Hence  the  straight  line  y  =  0  is  the  locus  of  double  points, 
whereas  the  two  straight  lines  y  =  ±1  constitute  the  real  envelope. 

202.  If  the  curves  C  have  an  envelope  E,  any  point  of  the  envelope 
is  the  limiting  position  of  the  jjoint  of  intersection  of  two  curves  of 
the  family  for  which  the  values  of  the  parameter  differ  by  an  infini- 
tesimal.    For,  let 

(J)  A^,  y,  «)  =  0,         f(x,  y,  a  -h  A)  =  0 

be  the  equations  of  two  neighboring  curves  of  the  family.  The 
equations  (7),  which  determine  the  points  of  intersection  of  the  two 
curves,  may  evidently  be  replaced  by  the  equivalent  system 

/(:,,  y,  a)  =  0.      /(^.  y>  <-  +  f^l-zA^^^^  =  0, 
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the  second  of  which  reduces  to  ofjha.  =  0  as  A  approaches  zero,  that 
is,  as  the  aecoad  of  the  two  curves  approaches  the  first.  This  prop- 
erty is  fairly  evident  geometrically.  In  Fig,  37,  a.  ior  iustauce,  the 
point  of  intersection  ,V  of  the  two  neighboring  curves  C  and  C' 
approaches  the  point  of  tangency  3f  as  C  approaches  the  cuive  C 


Fw.  .IT,  a  Fto.  .■tr,  b 

as  its  limiting  position.  Likewise,  in  Fig.  37,  ft,  where  the  given 
curves  (1)  are  supposed  to  have  double  points,  the  point  of  intersec- 
tion of  two  neighboring  curves  C  and  C  approaches  the  point  where 
C  cuts  tlie  envelope  as  C  approaches  C. 

The  remark  just  made  explains  why  the  locus  of  singular  points 
is  found  along  with  the  envelope.  For,  suppose  that /(a;,  y,  a)  is  a 
polynomial  of  degree  m  in  u.  For  any  point  M^^x^,  y^  chosen  at 
laodom  in  the  plane  the  equation 

(8)  A'.,  y.,  »)  =  0 

will  have,  in  general,  m.  distinct  roots.  Through  such  a  point  there 
pass,  in  general,  m  different  curves  of  the  given  family.  But  if  the 
point  Af„  lies  on  the  curve  Rix,  y)  =  0,  tlie  equations 


^A,  y., «)  = 


=  0 


are  satisfied  simultaneously,  and  the  equation  (S)  has  a  double  root. 
The  equation  fi{x,  y)  =  0  may  therefore  be  said  to  represent  the 
locus  of  those  points  in  the  plane  for  which  two  of  the  curves  of 
the  given  family  which  pass  through  it  have  merged  into  a  single 
one.  The  figures  37,  a,  and  37,  b,  show  clearly  the  manner  in  which 
two  of  the  curves  through  a  given  point  merge  into  a  single  one  as 
that  point  approaches  a  point  of  the  curve  R{x,  ij)  =■  0,  whether  on 
the  true  envelope  or  on  a  locus  of  double  points. 
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Note.   It  often  becomes  necessary  to  find  the  envelope  of  a  family 
of  curves 

(9)  F(x,  y,a,b)  =  0 

whose  equation  involves  two  variable  parameters  a  and  b,  which 
themselves  satisfy  a  relation  of  the  form  <f>(af  b)  =  0.  This  case 
does  not  differ  essentially  from  the  preceding  general  case,  however, 
for  b  may  be  thought  of  as  a  function  of  a  defined  by  the  equation 
^  =  0.  By  the  rule  obtained  above,  we  should  join  with  the  given 
equation  the  equation  obtained  by  equating  to  zero  the  derivative 
of  its  left-hand  member  with  respect  to  a : 

da       db  da 

But  from  the  relation  <f>(ayb)  =  0  we  have  also 

d<l>      d<fi  db  _  ^ 
da       db  da         ' 

whence,  eliminating  db/da,  we  obtain  the  equation 

which,  together  with  the  equations  F=  0  and  ^  =  0,  determine  the 
required  envelope.  The  parameters  a  and  b  may  be  eliminated 
between  these  three  equations  if  desired. 

SOS.  Enyelope  of  a  straight  line.  As  an  example  let  us  consider  the  equation 
of  a  straight  line  D  in  normal  form 

(11)  accosa  +  ysina —/(a)  =  0, 

where  the  variable  parameter  is  the  angle  a.  Differentiating  the  left-hand  side 
with  respect  to  this  parameter,  we  find  as  the  second  equation 

(12)  —  xsina  +  ycosa  — /'(a)  =0. 

These  two  equations  (11)  and  (12)  determine  the  point  of  intersection  of  any 
one  of  the  family  (11)  with  the  envelope  E  in  the  form 

(  X  =  f{a)  cos  a  -  f{a)  sin  a , 
^    '  \y  =/(a)  sin  a  +/'(a)  cos  a . 

It  is  easy  to  show  that  the  tangent  to  the  envelope  E  which  is  described  by  this 
point  (x,  y)  is  precisely  the  line  D,    For  from  the  equations  (13)  we  find 

idx  =  -  [f(a)  +r(a)]  sin  a  da, 
^    '  '   \dy=     [/(a)  + /-(a)]  cos  a  da, 

whence  dy/dx  =  —  cot  a ,  which  is  precisely  the  slope  of  the  line  D. 


Moreover,  if  a  denote  the  length  of  the 
point  upoQ  it,  ne  hare,  from  (14), 
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of  the  envelope  from  any  fiied 


i[/W+/'»Jd«, 


b  [//(«)d<T +/■(«)] 


Hence  the  envelope  will  be  a  curve  which  is  easily  reclifiable  it  we  merely  chcKMe 
[or/(rt)  the  derivative  of  a,  linowii  function.* 

As  an  example  let  ub  set  /(it)  =  I  sin  a  cos  it.  Taking  y  =  0  and  x  =  0  buc- 
cessively  in  the  equation  (11),  we  find  (Fig.  3S)  OA  =  i  sin  a.  OB  =  I  cosa, 
reBpeelively  ;  hence  AB  =  (.  The  required 
curve  is  therefore  the  envelope  of  a  straight 
line  of  conHtant  length  /,  whose  extremitiea 
always  tie  on  the  two  axes.  The  formulas 
(13)  give  in  this  case 


=  fsL 


y  =  U, 


and  the  equation  of  the  envelope  is 

which  repreaenta  a  hypocycloid  with  four 
cusps,  of  the  form  indicated  in  the  figure. 
As  (I  varies  from  0  to  ii/2,  the  point  of  con- 
tact describes  the  arc  DC.     Hence  the  length  of  the 


!,  counted  from  I),  i 


-P 


32  si 


Jsada  = 


Let  I  be  the  fourth  vertex  of  the  rectangle  determined  by  OA  and  OB,  and  Jf 
the  foot  of  the  perpendicular  let  fall  from  I  upon  AB.  Then,  from  the  iri- 
uiglee  Jiff  and  AFM,  we  find,  successively, 

AM=Al<:oea  =  lco&*a,         AP  =  AJfsinor^  icos^nsina. 

Hence  OP  =  OA,  —  AP  =  I  ain>a,  and  the  point  31  is  the  point  of  tangODcy  of 
the  line  AB  wilh  the  envelope.     Moreover 


heoee  Uie  length  of  the  i 


BM=l-  Ait=tBia''a; 
TaDM  =  3BM/2. 


*  Each  of  thd  quantities  which  occur  in  the  formula  tor  j,  ■  =  fla)  +f/(tt)  da, 
has  a  geometrical  meaning:  a  is  the  angle  helween  the  x  axis  and  the  pBrpendicular 
ON  let  lall  upon  the  variable  line  from  the  origin ;  /{aj  Is  the  dlslaoca  ON  from  tlie 
origin  to  the  vsriiiblo  line;  and  /"(a)  Is,  except  (or  sign,  the  distance  My  from 
the  point  M  where  the  variable  line  touches  its  envelope  to  the  foot  2/  ot  ttie  perpen- 
dlcidar  let  fall  upon  the  line  bom  the  origlD.  The  formola  (or  a  Is  often  called 
Legendre't  formula. 
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S04.  Enyelope  of  a  circle.   Let  us  consider  the  family  of  circles 

(16)  (X  -  a)a  +  (y  _  6)2  _  p2  =  0, 

where  a,  6,  and  p  are  functions  of  a  variable  parameter  t.  The  points  where  a 
circle  of  this  family  touches  the  envelope  are  the  points  of  intersection  of  the 
circle  and  the  straight  line 

(16)  (X  -  a)a'  +  (y  -  6)6"  +  pp'  =  0. 

This  straight  line  is  perpendicular  to  the  tangent  MT  to  the  curve  C  described 
by  the  center  (a,  b)  of  the  variable  circle  (16),  and  its  distance  from  the  center  is 

p  dp/dSf  where  a  denotes  the  length  of 

the  arc  of  the  curve  C  measured  from 

some  fixed  point.   Consequently,  if  the 

^O  line  (16)  meets  the  circle  in  the  two 

points  N  and  N\  the  chord  NN*  is 

/cl   bisected  by  the  tangent  MT  at  ri^t 

/         angles.    It  follows  that  the  envelope 


Fig.  39 


consists  of  two  parts,  which  are,  in 
general,  branches  of  the  same  analytic 
curve.  Let  us  now  consider  several 
special  cases. 

1)  If  p  is  constant,  the  chord  of  con* 
tact  NN'  reduces  to  the  normal  PP'  to 
the  curve  C,  and  the  envelope  is  com- 
posed of  the  two  parallel  curves  Ci  and 
Ci  which  are  obtained  by  laying  oft  the  constant  distance  p  along  the  normal, 
on  either  side  of  the  curve  C 

2)  If  p  =  s  H-  X,  we  have  p  dp/d8  =  p,  and  the  chord  NN'  reduces  to  the  tan- 
gent to  the  circle  at  the  point  (^.  The  two  portions  of  the  envelope  are  merged 
into  a  single  curve  r,  whose  normals  are  tangents  to  the  curve  C.  The  curve  C 
is  called  the  ecolxde  of  r,  and,  conversely,  F  is  called  an  inoolxtie  of  C  (see  §  206). 
If  dp>d8j  the  straight  line  (16)  no  longer  cuts  the  circle,  and  the  envelope  ie 
imaginary. 

Secondary  catistica.  Let  us  suppose  that 
the  radius  of  the  variable  circle  is  propor- 
tional to  the  distance  from  the  center  to  a 
fixed  point  O.  Taking  the  fixed  point  O  as 
the  origin  of  coordinates,  the  equation  of  the 
circle  becomes 


(X  -  a)2  +  (y  -  6)«  =  k^(a^  +  f^), 

wliere  A;  is  a  constant  factor,  and  the  equation 
of  ttie  chord  of  contact  is 

(X  -  a)a'  +  (y  -  6)6'  +  k^{aa'  +  660  =  0. 

If  8  and  8'  denote  the  distances  from  the 

center  of  the  circle  to  the  chord  of  contact  and  to  the  parallel  to  it  through  the 
origin,  respectively,  the  preceding  equation  shows  that  8  =  k^8\  Let  P  be  a 
point  on  the  radius  MO  (Fig.  40),  such  that  MP  =  J^MO,  and  let  C  be  the 
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locuB  of  the  ctenter.  Then  the  equation  just  found  shows  that  the  chord  of  con- 
tact is  the  perpendicular  let  (all  from  P  upon  the  tangent  to  C  at  the  ceoter  M. 
Let  UH  suppose  that  k  is  less  than  unity,  and  lot  E  denote  that  branch  of  the 
envelope  which  lies  on  the  same  side  of  the  tangent  MT  as  does  the  point  0. 
Let  t  and  r,  respect ivety,  denote  the  two  angles  which  the  two  lines  MO  and 
UN  make  with  the  normal  MI  to  the  curve  C.    Then  we  shall  have 


Mq 

"  mq' 


Mp 

'  mn' 


sinr 


~  Mp      MP 


Now  let  US  imagine  that  the  point  O  is  a  source  of  light,  and  that  the  curve  C 
separates  a  certain  homogeneous  medium  in  which  0  lies  from  another  medium 
whose  index  of  refraction  with  respect  to  the  first  is  \/k.  Aft^r  refraction  the 
incident  ray  OM  will  bo  turned  into  a,  refracted  ra;  MR,  which,  by  the  law  of 
refraclio[i,  is  the  extension  of  the  line  NM.  Hence  all  Ibe  refracted  rays  MR 
are  norma!  to  the  envelope,  which  is  called  the  uxondary  caustic  of  refraction. 
The  true  caustic,  that  is,  the  envelope  of  the  refracted  rays,  is  the  evolut«  of  the 
secondary  caustic. 

The  second  branch  E'  of  the  envelope  evidently  has  no  physical  meaning; 
it  would  correspond  lo  a  negative  index  of  refraction.  If  we  set  k  =  \,  the 
envelope  E  reduces  to  the  single  point  0,  while  the  portion  E"  becomes  the  locus 
of  the  points  situated  symmetrically  with  0  wtih  respect  to  the  tangents  to  C. 
This  portion  of  llie  envelope  is  also  the  secondaiy  caustio  of  rtS^tetion  for  inci- 
dent rays  reflecMd  from  C  which  issue  from  the  fixed  point  O.  It  may  be  shown 
in  a  manner  similar  to  the  above  that  if  a  circle  be  described  about  each  point  of 
C  with  a  radius  proportional  to  the  distance  from  its  center  to  a  fixed  straight 
line,  the  envelope  of  the  family  will  be  a  secondary  caustic  with  respect  to  a 
qritem  of  parallel  rays. 

11.   CURVATL'HE 

205.  Radius  of  curvature.  The  first  idea  of  cuTvatuie  is  that  the 
curvature  of  one  curve  is  greater  than  that  of  another  if  it  recedes 
more  rapidly  from  its  taageut.  In  order  to  render  this  somewhat 
Tague  idea  precise,  let  us  lirst  consider  the  case  of  a  circle.  Its 
ouTvature  increases  as  its  radius  diminishes;  it  is  therefore  quite 
natural  to  select  as  ttie  measure  of  its  (curvature  the  simplest  func- 
tion of  the  radius  which  increases  as  the  ra^lius  diminishes,  that 
is.  the  reciprocal  1/Ji  of  the  radius.  Let  AH  be  an  arc  of  a  circle 
of  radius  R  which  subtends  an  angle  u  at  the  center.  The  angle 
between  the  tangents  at  the  extremities  of  the  an;  A  li  is  also  <u,  and 
the  length  of  the  arc  is  a  =  Rta.  Henco  the  measure  of  the  curva- 
ture of  the  circle  is  iu/».  This  last  definition  may  be  extended  to 
an  arc  of  any  curve.  Let  Alihe  &n  arc  of  a  plane  curve  without  a 
point  of  inflection,  and  u  the  angle  between  the  tangents  at  the 
extremities  of  the  arc,  the  directions  of  the  tangents  being  taken 
in  the  same  sense  according  to  some  rule,  —  the  direction  from  A 
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toward  J5,  for  instance.  Then  the  quotient  w/arc  ^  J5  is  called  the 
aiferoffe  curvature  of  the  arc  AB.  As  the  point  B  approaches  the 
point  A  this  quotient  in  general  approaches  a  limit,  which  is  called 

the  curvature  at  the  point  A,  The 
radius  of  curvature  at  the  point  A  is 
defined  to  be  the  radius  of  the  circle 
which  would  have  the  same  curvature 
which  the  given  curve  has  at  the  point 
A\  it  is  therefore  equal  to  the  recipro- 
cal of  the  curvature.  Let  s  be  the 
length  of  the  arc  of  the  given  curve 
measured  from  some  fixed  point,  and 
a  the  angle  between  the  tangent  and 
some  fixed  direction,  —  the  x  axis,  for  example.  Then  it  is  clear 
that  the  average  curvature  of  the  arc  ^^  is  equal  to  the  absolute 
value  of  the  quotient  Aa/A^ ;  hence  the  radius  of  curvature  is  given 
by  the  formula 

Aa  da 

Let  us  suppose  the  equation  of  the  given  curve  to  be  solved  for  y 
in  the  form  y  =f(z).     Then  we  shall  have 

//"  dx 

a  =  arc  tan y',         da  =  j -t        ds  =  Vl-f  y'^dx, 

and  hence 

,1T)  n.±i^. 

Since  the  radius  of  curvature  is  essentially  positive,  the  sign  ± 
indicates  that  we  are  to  take  the  absolute  value  of  the  expression 
on  the  right.  If  a  length  equal  to  the  radius  of  curvature  be  laid 
off  from  A  upon  the  normal  to  the  given  curve  on  the  side  toward 
which  the  curve  is  concave,  the  extremity  /  is  called  the  center  of 
curvature.  The  circle  described  about  /  as  center  with  R  as  radius 
is  called  the  circle  of  curvature.  The  coordinates  (a^o,  yo)  of  the 
center  of  curvature  satisfy  the  two  equations 

which  express  the  fact  that  the  point  lies  on  the  normal  at  a  dis- 
tance R  from  A.     From  these  equations  we  find,  on  eliminating  Xi, 

.  i  +  y" 

yi-y  =  ±— ^;;; — 
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In  order  to  tell  which  sign  should  be  taken,  let  us  note  that  if  y"  is 
positive,  as  in  Fig.  41,  y\  —  y  must  be  positive ;  hence  the  positive 
sign  should  be  taken  in  this  case.  If  y"  is  negative,  ^i  —  ^  is  nega- 
tive, and  the  positive  sign  should  be  taken  in  this  case  also.  The 
coordinates  of  the  center  of  curvature  are  therefore  given  by  the 
formulae 

1 4-  v**  14-  v'* 

(18)        yi-y  =  ^^'      aH-x  =  -yiii^. 

When  the  coordinates  of  a  point  (x,  y)  of  the  variable  curve  are 
given  as  functions  of  a  variable  parameter  ty  we  have,  by  §  33, 


,  __  dy  ff  _  dx  (Py  —  dy  cPx 

dx  cto* 


and  the  formulae  (17)  and  (18)  become 


(19) 


dxd^y  —  dy  d^x 


^  •  dx  d^y  —  dy  d^x  dx  d^y  —  dy  d^x 


At  a  point  of  inflection  ^"  =  0,  and  the  radius  of  curvature  is 
infinite.  At  a  cusp  of  the  first  kind  y  can  be  developed  according 
to  powers  of  x'^'  in  a  series  which  begins  with  a  term  in  x ;  hence 
y^  has  a  finite  value,  but  y"  is  infinite,  and  therefore  the  radius  of 
curvature  is  zero. 

Note.  ■  When  the  codrdinates  are  expressed  as  functions  of  the  arc  a  of  the 

curve, 

x  =  0(«),        y  =  f(s), 

the  functions  0  and  ^  satisfy  the  relation 

since  dx^  +  djfl  =  dA\  and  hence  they  also  satisfy  the  relation 

Solving  these  equations  for  0'  and  ^^,  we  find 


where  c  =  :^  1,  and  the  formula  for  the  radius  of  curvature  takes  on  the  espe- 
cially elegant  form 

(20)  ^  =  [0''(«)]» + [rw?. 
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206.  Evolutes.  The  center  of  curvature  at  any  point  is  the  limit- 
ing position  of  the  point  of  intersection  of  the  normal  at  that  point 
with  a  second  normal  which  approaches  the  first  one  as  its  limiting 
position.     For  the  equation  of  the  normal  is 

where  X  and  Y  are  the  running  coordinates.  In  order  to  find  the 
limiting  position  of  the  point  of  intersection  of  this  normal  with 
another  which  approaches  it,  we  must  solve  this  equation  simulta- 
neously with  the  equation  obtained  by  equating  the  derivative  of  the 
left-hand  side  with  respect  to  the  variable  parameter  x,  i.e. 

The  value  of  Y  found  from  this  equation  is  precisely  the  ordinate 
of  the  center  of  curvature,  which  proves  the  proposition.  It  follows 
that  the  locus  of  the  center  of  curvature  is  the  envelope  of  the 
normals  of  the  given  curve,  i.e.  its  evolute. 

Before  entering  upon  a  more  precise  discussion  of  the  relations 
between  a  given  curve  and  its  evolute,  we  shall  explain  certain  con- 
ventions. Counting  the  length  of  the  arc  of  the  given  curve  in  a 
definite  sense  from  a  fixed  point  as  origin,  and  denoting  by  a  the 
angle  between  the  positive  direction  of  the  x  axis  and  the  direction 
of  the  tangent  which  corresponds  to  increasing  values  of  the  arc, 
we  shall  have  tan  a  =  ±  ^',  and  therefore 

,1  ,  dx 

cos  a  =  ±  — ,  =  ±  -r-- 

VITy»  ds 

On  the  right  the  sign  +  should  be  taken,  for  if  x  and  s  increase 
simultaneously,  the  angle  a  is  acute,  whereas  if  one  of  the  varia- 
bles X  and  s  increases  as  the  other  decreases,  the  angle  a  is  obtuse 
(§  81).  Likewise,  if  fi  denote  the  angle  between  the  y  axis  and  the 
tangent,  cos  j9  =  dy/ds.     The  two  formulas  may  then  be  written 

dx  .  dy 

cosa  =  -;->         sm  «  =  -—■> 
as  ds 

where  the  angle  a  is  counted  as  in  Trigonometry. 

On  the  other  hand,  if  there  be  no  point  of  inflection  upon  the 
given  arc,  the  positive  sense  on  the  curve  may  be  chosen  in  such  a 
way  that  s  and  a  increase  simultaneously,  in  which  case  R  =  ds/da 
all  along  the  arc.  Then  it  is  easily  seen  by  examining  the  two 
possible  cases  in  an  actual  figure  that  the  direction  of  the  segment 
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Starting  at  the  point  of  the  curve  and  going  to  the  center  of  curva- 
ture makea  an  angle  «,  =  a  +  7r/2  with  the  »•  axis.  The  coordinates 
(^1.  Ji)of  tliecejiter  of  curvature  are  therefore  given  by  the  formulffi 

ii  =T  4-  /f  cosl«  -+-  t;)  =  a;  —  if  sin  a, 

j,,  =  !/  +  n  ain/d  +~j  =  1,  +  Raosa, 


whence  v 


:  iiud 


dx,  =  P08  a  tig  —  R  cos  ada  —  s'm  a  dR  =  —  sin  a  dR, 
dy,  =  sin  ads  —  R  sin  a  da  +  cos  «  dR  =      cos  a  dli. 

In  the  first  place,  these  formulae  show  that  di/,/dxi  =  —  cot  a,  which 
proves  that  the  tangent  to  the  evolute  is  the  normal  to  the  given 
curve,  as  wc  have  already  seen.     Moreover 

ds{  =  dx',  +  di/l  =  dR', 

or  t/»i=±(//;.  Let  ua  suppose  tor  definiteness  that  the  radius 
of  curvature  constantly  increases  as  we  proceed  along  the  curve  C 
(Fig.  42)  from  Afi  to  M„  and  let  us  choose  the  positive  sense  uf 
motion  upon  the  evolute  (D)  in  such  a  way 
that  the  arc  x,  of  (iJ)  increases  simultane- 
ously with  /(,  Then  the  preceding  formula 
becomes  (/*,  =  d/t,  whence  s,  =  R  +  C.  It 
follows  that  the  arc  /i  1^==  R^  —  Rf,  and  we 
see  that  the  length  of  nn;/  are  of  the  evolute 
it  e'jual  to  the  difference  between  the  two 
radii  of  eunmture  of  the  curve  C  which  eor- 
respond  to  tJie  extremities  of  that  arc. 

This  property  enables  us  to  construct  the 
involute  C  mechanically  if  the  evolute  (D)  be  ' 

given.     If  a  string  be  attached  to  (f>)  at  an 

arbitrary  point  A  and  rolled  ai'ound  (D)  to  /,,  thence  following  the 
tangent  to  W,.  the  poiot  M.  will  describe  the  involute  C  as  the 
Btring,  now  held  taut,  is  wound  further  on  round  (D).  This  con- 
struction may  be  stated  as  follows :  On  each  of  the  tangents  /M  of 
tlie  evolute  lay  off  a  distance  IM  —  I,  where  1  +  s  =  const.,  *  being 
the  length  of  the  arc  AI  of  the  evolute.  Assigning  various  values 
to  the  constant  in  question,  an  intinite  number  of  involutes  may  be 
drawn,  all  of  which  are  obtainable  from  any  one  of  them  by  laying 
oEf  eonstant  lengths  along  the  normals. 
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All  of  these  properties  may  be  deduced  &oin  the  general  formula 
for  the  differential  of  the  length  of  a  straight  line  segment  (§  82) 

dl  s:  —  d<r\  cos  ai|  —  d<Tt  cos  W] . 
If  the  segment  is  tangent  to  the  curve  described  by  one  of  its 
extremities  and  normal  to  that  described  by  the  other,  we  may  set 
ni,  =  V,  (Uf  =  ir/2,  and  the  formula  becomes  dl  —  d<Ti  =  0.  If  the 
straight  line  Is  normal  to  one  of  the  two  curres  and  I  is  constant, 
dl  =  0,  cos  ui  =  0,  and  therefore  cos  u,  =  0. 

The  theorem  stated  above  regarding  the  arc  of  the  evolute  depends 
essentially  npon  the  assumption  that  tlie  radius  of  curvature  con- 
stantly increases  (or  decreases)  along  the  whole  arc  considared.  If 
this  condition  is  not  satisHed,  the  statement  of  the  theorem  must 
be  altered.  In  the  first  place,  if  the  radius  of  curvature  is  a  maxi- 
mum or  a  minimum  at  any  point,  dR  =  0  at  that  point,  and  hence 
dxi  =  dyi  ^  0.  Such  a  point  is  a  cusp  on 
the  evolute.  If,  for  example,  the  radius 
of  curvature  is  a  maximum  at  the  point  M 
(Fig.  43),  we  shall  have 

arc//,  =  /Af-/,Af„ 
arc//,  =  T^f—ltMt, 
y^,    whence 

arc /,//»  =  2 /ilf-  IiM,-ItMt. 
^°-^  Hence  the  difference  /,3/i  — /,Jlf,  is  equal 

to  the  differenee  between  the  two  arcs  II,  and  If^  and  ttot  their  sum. 

107.  Cycloid.  The  cycloid  is  the  path  of  a  point  upon  the  circQinference  of  a 
circle  which  rolla  without  slipping  on  a  fixed  etniight  line.    Let  us  take  the 
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fixed  line  as  the  x  axis  and  locate  the  origin  at  a  point  where  the  point  chosen  on 
the  circle  lies  iu  the  x  axis.     When  the  circle  has  rolted  to  the  point  /  (Fig.  44) 
the  point  on  the  circumference  which  was  at  O  hai  come  into  the  position  If, 
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where  the  circular  &rc  lilf  is  equal  Uj  the  segment  01.  Let  oa  take  the  angle  1> 
between  the  radii  CM  and  CI  as  the  variable  parameter.  Then  the  cottrdiiiates 
of  the  point  M  are 

1=  O/-/P  =  B0 -flsin*.  y  =  XP  =  IC  +  CQ=B~  Ecos4>. 
where  P  and  Q  are  Ihe  projections  af  M  on  the  twa  lines  01  and  IT,  respec- 
tirely.  It  is  easy  I*)  show  that  these  formiilu;  hold  (or  any  value  of  the  angle  #. 
In  one  complete  revolutiou  the  point  nhose  path  is  sought  describes  the  arc 
OBOj.  If  the  motion  be  continued  indelinilely,  we  obtain  nn  inlinite  number 
of  arcs  cougruent  M  this  one.     From  the  preceding  formulie  we  Hnd 

x  =  R(^-  sin^),         dx  =  R{\-  coB#)(l^,         <Px  =  /iTsin^dff', 
y  =  R{\- cos 4,),         (Iv=fisin«d^,  iPy  =  Rcoa^dilif, 

and  the  slope  of  the  tangent  is  seen  to  be 

dy  ^     sin^      _        * 
dz  ~  1  -  cos  #  ~         2 ' 
which  shows  that  the  tangent  at  M  )s  the  straight  line  MT,  since  the  angle 
MTC  -  0/2,  the  triangle  MTC  being  isosceles.     Hence  the  normal  at  JIf  is  the 
straight  line  MI  through  the  point  of  tangcucy  I  of  the  fixed  straight  line  with 
the  moving  circle.     For  the  length  of  the  arc  of  the  cycloid  we  find 


d«'  =  IP'<I*»[sin'*+(l- 


'«#)'■ 


if  the  are  be  counted  in  the  sense  i 
the  arc  from  the  point  0  as  origin, 


=  4R»sin»f  d^s 


or      iU  =  2RKn^difi, 
with  ^.    Hence,  counting 


(.-=»!). 


=  4fil 


Setting  #  =  2ir,  we  find  that  the  length  of  one  whole  section  080,  is  8R.     The 
length  of  the  arc  0MB  from  the  origin  to  the  maiimnm  B  is  therefore  4R,  and 
the  length  of  the  arc  BM  (Fig.  44)  is  iR  cos«/2.     From  the  triangle  MTC  the 
length  of  the  segment  MTis2R  cob^/2;  hence  arc  Ij.lf  ^  'iMT. 
Again,  the  area  up  to  the  ordinate  through  M  is 


k^C*ydx=j^R*(\~ 


e>*)d« 


"^>- 


Hence  the  area  bounded  by  the  whole  arc  OBOj  and  the  base  00|  is  ZttF^.  that 
ia,  three  limta  Ike  nrtn  ufthe  geneml.iTtg  circle.     (Galileo.) 

The  formula  tor  the  radius  of  curvature  of  a  plane  curve  gives  for  the  cycloid 


2Ji-->Bin*?d4^ 
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On  the  other  hand,  from  the  triangle  MCIy  MI  =  2R  sin  0/2.  Hence  p  =  21U, 
and  the  center  of  curvature  may  be  found  by  extending  the  straight  line  MI 
past  /  by  its  own  length.  This  fact  enables  us  to  determine  the  evolute  easily. 
For,  consider  the  circle  which  is  symmetrical  to  the  generating  circle  with 
respect  to  the  point  /.  Then  the  point  3f '  where  the  line  MI  cuts  this  second 
circle  is  evidently  the  center  of  curvature,  since  M'l  =  ML    But  we  have 


or 


arc  T'M'  =  kR  -  arc  Jlf'  =  kR  -  arc  Jlf  =  jeR  -  01, 
ATcT'M'=OH^OI  =  IH=  T'Bf. 


Hence  the  point  M'  describes  a  cycloid  which  is  congruent  to  the  first  one,  the 
cusp  being  at  B^  and  the  maximum  at  O.  As  the  point  M  describes  the  arc 
BOi ,  the  point  M'  describes  a  second  arc  B^Oi  which  is  symmetrical  to  the  arc 
OR  abready  described,  with  respect  to  BBf. 

208.  Catenary.   The  catenary  is  the  plane  curve  whose  equation  with  respect 
to  a  suitably  chosen  set  of  rectangular  axes  is 

(21)  y  =  ?/e5  +  e"«y 

Its  appearance  is  indicated  by  the  arc  MAM'  in  the  figure  (Fig.  45). 
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From  (21)  we  find 


Fig.  45 


If  0  denote  the  angle  which  the  tangent  TM  makes  with  the  x  axis,  the  formula 
for  1/  gives 


T  X 

.    ^      e«-c"«                ^            2 
sin0  =  1        cos0  = 


a 


X  X 


The  radius  of  curvature  is  given  by  the  formula 


iJ  = 


y"  a' 

But,  in  the  triangle  MPN^  MP  =  AfJV  cos  0 ;  hence 


MN  =  ^  =  y^  =  R. 

CO8  0         o 
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It  follows  that  the  nidins  ol  curTalure  iif  the  caienary  la  equal  to  the  length  of 
the  normal  MN.     Tbeevolute  may  be  fuund  wilbout  dlffii^ulty  from  Lbia  fact. 
The  length  ol  the  arc  AM  of  the  catenary  is  given  by  the  formula 


^r 


OT(  =  yBliif.     If  a  perpendicular  Pm  be  dropped  from  P  (Fig.  45)  upon  the 
taugeot  MT,  we  find,  from  the  Iriaugle  FMm, 


Eence  the  a: 


:  AM  is  equal 


Mm  =  MP  sin*  =  i 

J  the  distance  Mm. 


S09.  Tiactiix.  The  curve  described  by  the  point  m  <Flg.  45)  is  called  Ihe 
tractrix.  It  is  an  involute  of  the  catenary  and  has  a  cufip  at.  the  point  A.  The 
length  of  the  tangent  lo  the  tractrix  a  the  distance  mP.  But,  In  the  triangle 
MPm,  mP  =  vcoa*  =  a  ;  hence  the  length  fnP  measured  along  the  tangent  to 
the  tractrix  from  the  point  o(  tangencj  to  the  x  axis  is  constant  and  equal  to  a. 
The  IractrlK  is  the  only  curve  which  haa  this  property. 

Moreover,  In  the  triangle  MTP,  Mm  x  mT=  a'.  II 
radius  of  curvature  and  the  normal  ie  a  constant  [or  the 
ii  shared,  bowever,  by  an  Inlinite  number  of  other  plani 

The  coiirdiaatea  (Zi,  i/i)  "^  ^^  point  in  are  given  hy  the  formuhe 


the  product  of  the 
rix.     This  property 


ir,  settmg  f'"  ■- 
(32) 


:  tan  0/2,  the  equations  of  the  i 
xi  =  aco8e  +  ulog(Un-). 


As  the  parameter  B  varies  from  ii/2  to  ir,  the  point  (zt  >  l/i)  describes  the  arc 
Amn,  approaching  the  z  aiis  aa  asymptote.  As  d  varies  from  t/2  to  0,  the 
point  {xi,  yi)  deacribes  the  arc  Am'n',  symmetrieal  lo  the  first  with  respect  to 
the  y  ails.  The  area  Amn  and  Am'n'  correspond,  respectively,  to  the  arcs  AM 
and  AM'  of  the  catenary. 

210.  Intrinsic  equatioD,  Let  un  try  lo  determine  the  equation  of  a  plane 
curve  when  the  radius  of  eurAature  R  is  given  as  a  function  of  the  arc  «, 
B  =  #(>).  Let  a  be  the  angle  between  the  tangent  and  the  x  axis ;  then 
R  =  ±  d$/da,  and  therefore 


da  =  ±  —  =  ±  — TT  ■ 


A  first  integnttioD  give 


It 


*(•) 
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and  two  further  integrations  give  x  and  y  in  the  form 

X  =  «o  +  r  cosad*,        y  =  yo  +  r  sin ad«. 

The  curves  defined  by  these  equations  depend  upon  the  three  arbitrary  con- 
stants xoi  Vot  &ud  ao.  But  if  we  disregard  the  position  of  the  curve  and  think 
only  of  its  form,  we  have  in  reality  merely  a  single  curve.  For,  if  we  first  con- 
sider the  curve  C  defined  by  the  equations 

the  general  formulae  may  be  written  in  the  form 

x  =  Xo  +  Xcosaro  —  Fsina©, 
y  =  yo  +  X  sin  ao  +  Fcosa©, 

if  the  positive  sign  be  taken.  These  last  formulae  define  simply  a  transforma- 
tion to  a  new  set  of  axes.  If  the  negative  sign  be  selected,  the  curve  obtained 
is  symmetrical  to  the  curve  C  with  respect  to  the  A"  axis.  A  plane  curve  is 
therefore  completely  determined,  in  so  far  as  its  form  is  concerned,  if  its  radius 
of  curvature  be  known  as  a  fimction  of  the  arc.  The  equation  E  =  0(s)  is 
called  the  intrinsic  equation  of  the  curve.  More  igenerally,  if  a  relation  between 
any  two  of  the  quantities  i2,  s,  and  a  be  given,  the  curve  is  completely  deter- 
mined in  form,  and  the  expressions  for  the  coordinates  of  any  point  upon  it 
may  be  obtained  by  simple  quadratures. 

For  example,  if  i2  be  known  as  a  function  of  a,  R—f{a),  we  first  find 

ds  =  f(a)  da,  and  then 

dx  =  cos  af{a)  da, 

dy  =  sin  af(a)  da , 

whence  x  and  y  may  be  found  by  quadratures.  If  /2  is  a  constant,  for  instance, 
these  formulae  give 

x  —  XQ-\-B%ma,        y  =  yo—  Rcosa, 

and  the  required  curve  in  a  circle  of  radius  R.  This  result  is  otherwise  evident 
from  the  consideration  of  the  evolute  of  the  required  curve,  which  must  reduce 
to  a  single  point,  since  the  length  of  its  arc  is  identically  zero. 

As  another  example  let  us  try  to  find  a  plane  curve  whose  radius  of  curva- 
ture is  proportional  to  the  reciprocal  of  the  arc,  R  =  ays.     The  formulae  give 


and  then 


JC'sds       «2 
I     —  =  — 


2o"' 


=  I    cos — -CM,        y=  I    sm  —  ds. 
Jo         2a»  X         2a« 


Although  these  integrals  cannot  be  evaluated  in  explicit  form,  it  is  easy  to  gain 
an  idea  of  the  appearance  of  the  curve.  As  s  increases  from  0  to  +  oo,  a;  and  y 
each  pass  through  an  infinite  number  of  maxima  and  minima,  and  they  approach 
the  same  finite  limit.  Hence  the  curve  has  a  spiral  form  and  approaches 
asymptotically  a  certain  point  on  the  line  ^  =  x. 
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211.  Ordei  of  contaa.   Let  C  and  C  be  two  plane  curves  which 
are  tacgent  at  some  point  .1.     To  every  point  m  on  C  let  us  assign, 
according  to  any  arbitrai-y  law  whatever,  a  point  m'  on  C,  the  only 
requirement  being  that  the  point  m' 
should  approach  A  with  vi.    Taking 
the   arc  .4m  —  or,  what  amounts   to 
the  same  thing,  the  chord  Am  —  as 
the  principal  infinitesimal,  let  us  tirst 
investigate  what  law  of  correspond- 
ence will  make  the  order  of  the  infin- 
itesimal Trim.'  with  respect  to  Am,  as 
large  as  possible.     Let  the  two  curves    ' 
be  referred  to  a.  system  of  rectangular 
oi  oblique  cartesian  coordinates,  the  axi 
common  tangent  A  T.     Let 

in  ¥  =  F(x) 

be  tlie  equations  of  the  two  curves,  respectively,  and  let  (j-,,,  y^)  be 
the  coordinates  of  the  point  .1.  Then  the  coordinates  of  m  will 
be  [«„ -I- A, /(a;„  +  A)],  and  those  of  m'  will  be  [x„-\-  /.%  F(Xg  +  k)], 
where  A-  is  a  function  of  h  which  defines  the  correspondence  between 
the  two  curves  and  which  approaches  zero  witli  A. 

The  principal  infinitesimal  Am  may  be  replaced  by  li  =  ap,  for 
the  ratio  ap/Am  approaches  a  finite  limit  different  from  zero  as  the 
point  in  approaches  tlie  point  A.  Let  us  now  suppose  that  mm'  is 
an  infinitesimal  of  order  r  +  I  with  respect  to  A,  for  a  certain 
method  of  correspondence.  Then  mvi'  is  of  order  2r  +  2.  It  0 
denote  the  angle  between  the  axes,  we  shall  have 

^^■^  =  [F(i„  +  k)  -/(T„  +  h)  +  (k  -  h)  cos  e^  +  (k  -  hy  sin" 8 ; 

hence  each  of  the  differences  ft  —  A  and  F(x„  +  k)  —f{x„  +  A)  must 
be  an  infinitesimal  of  order  not  less  than  r  -H  1,  that  is, 


where  <f  and  ^ 
approaches  ze 
the  form 


^k'*',         F{x-o  +  1-)  -f{^.,  +  A)  =  ^A'^', 

e  functions  of  //  which  approach  finite  limits  as  A 
ero.     The  second  of  these  formula;  may  be  written  in 

F(,X„  +  h  +  ah'*') 
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If  the  expression  F(x„  +  A  +  cth'*')  be  developed  in  powers  of  a, 
the  termy  which  contain  it  form  an  infinitesimal  of  order  not  less 
than  r  +  1.     Hence  the  difference 

js  ;iu  infinitesimal  whose  order  is  not  lens  than  r+1  and  may  exceed 
r  +  1.  But  this  difference  A  is  equal  to  the  distance  mn  between 
the  two  points  in  which  the  curves  £'  and  C  are  cut  by  a  parallel 
to  the  2f  £ixis  through  m.  Since  the  order  of  the  infinitesimal  mm' 
is  increased  or  else  unaltered  by  replacing  m'  by  n,  it  follows  that 
t//e  distance  between  two  enfresponding  points  on  the  two  curves  i*  a« 
infinitesimal  of  the  greatest  poaaH/le  order  if  the  two  corresponding 
points  always  lie  on  a  parallel  to  the  ij  axis.  If  this  greatest  possi- 
ble order  is  r  +  1,  the  two  curves  are  said  to  have  eontaet  of  order  r 
at  the  point  A. 

Notes.  This  definition  gives  rise  to  several  remarks.  The  »/  axis 
was  any  line  whatever  not  parallel  to  the  tangent  A  T.  Hence,  in 
order  to  find  the  order  of  contact,  corresponding  points  on  the  two 
curves  may  be  defined  to  be  those  in  which  the  ciirves  are  cut  by 
lineft  parallel  to  any  fixed  line  D  which  is  not  parallel  to  the  tan- 
gent at  their  common  point.  ThL-  preceding  argument  shows  that 
the  order  of  the  infinitesimal  obtained  is  independent  of  the  direc- 
tion of  D,  —  a  conclusion  which  is  easily  verified.  Let  m-n  and  mm' 
be  any  two  lines  through  a  point  in  of  the  curve  C  which  are  not 
parallel  to  tbe  common  tangent  (Fig.  46).     Then,  from  the  triangle 


As  the  point  in  approaches  the  point  .4,  the  angles  iiinm'  and  mm'n 
approach  limits  neither  of  which  is  zero  or  tt,  since  the  chord  m'n 
approaches  the  tangent  AT.  Hence  mm'/mn  approaches  a  finite 
limit  different  from  ^ero,  and  mm'  is  an  infinitesimal  of  the  same 
order  as  mn.  The  same  reasoning  shows  that  mm'  cannot  be  of 
higher  order  than  7iin,  no  matter  what  construction  of  this  kind  is 
used  to  determine  m'  from  m,  for  the  numerator  sinmnm'  always 
approaches  a  finite  limit  different  from  zero. 

The  principal  infinitesimal  used  above  was  the  arc  Am  oi  the 
chord  Am.  We  should  obtain  the  same  results  by  taking  the  are 
^n  of  the  curve  C  for  the  principal  infinitesimal,  since  Am  and  An 
are  infinitesimals  of  the  same  order. 
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If  two  curves  C  and  C  have  a  contact  of  order  r,  the  points  w' 
on  C'  may  be  assigned  to  the  points  m  on  C  in  an  infinite  number 
of  ways  which  will  make  mm*  an  infinitesimal  of  order  r  -}- 1,  —  for 
th^t  purpose  it  is  sufficient  to  set  A;  =  ^  -f  aA'+^,  where  «Sr  and 
where  a  is  a  function  of  h  which  remains  finite  for  h  =  0.  On  the 
Qther  hand,  if  «  <  r,  the  order  of  mm'  cannot  exceed  s  -f  1. 

212.  Analytic  method.  It  follows  from  the  preceding  section  that 
the  order  of  contact  of  two  curves  C  and  C  is  given  by  evaluating 
the  order  of  the  infinitesimal 

y  -  y  =  F(«o  4-  h)  -/(xo  -f  h) 

with  respect  to  h.  Since  the  two  curves  are  tangent  at  Aj 
P(xq)  =/(a:o)  and  F'(xq)  =/'(a:o).  It  may  happen  that  others  of  the 
derivatives  are  equal  at  the  same  point,  and  we  shall  suppose  for 
the  sake  of  generality  that  this  is  true  of  the  first  n  derivatives : 

but  that  the  next  derivatives  F'"+"(xo)  and/<"+"(xo)  are  unequal. 
Applying  Taylor's  series  to  each  of  the  functions  F(x)  and/(a;),  we 
find 

Y=F(Xo)  +  \f'(Xo)  +  -- 

or,  subtracting, 

(24)   y-y  =  i^.^"(^^i)  [^'"^"(Xo)  -/"^"(^o)  +*-€'], 

where  c  and  c'  are  infinitesimals.  It  follows  that  the  order  of  contact 
of  two  curves  is  equal  to  the  order  n  of  the  highest  derivatives  of  F{x) 
and  fix)  which  are  equal  for  x  ==  Xq. 

The  conditions  (23),  which  are  due  to  Lagrange,  are  the  necessary 
and  sufficient  conditions  that  x  =  Xq  should  be.  a  multiple  root  of 
order  n  4- 1  of  the  equation  F(x)  =  f(x).  But  the  roots  of  this 
equation  are  the  abscissae  of  the  points  of  intersection  of  the  two 
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curves  C  and  C ;  hence  it  may  be  said  that  two  curves  which  have 
contact  of  order  n  have  n  -}-  1  coincident  points  of  intersection. 

The  equation  (24)  shows  that  Y  —  y  changes  sign  with  ^  if  n  is 
even,  and  that  it  does  not  if  n  is  odd.  Hence  curifes  which  have 
contact  of  odd  order  do  not  cross y  but  curves  which  have  conto/Ct  of 
even  order  do  cross  at  their  point  of  tangency.  It  is  easy  to  see  why 
this  should  be  true.  Let  us  consider  for  definiteness  a  curve  C' 
which  cuts  another  curve  C  in  three  points  near  the  point  A,  If 
the  curve  C  be  deformed  continuously  in  such  a  way  that  each  of 
the  three  points  of  intersection  approaches  Ay  the  limiting  position 
of  C  has  contact  of  the  second  order  with  C,  and  a  figure  shows  that 
the  two  curves  cross  at  the  point  A.  This  argument  is  evidently 
general. 

If  the  equations  of  the  two  curves  are  not  solved  with  respect  to 
Y  and  y,  which  is  the  case  in  general,  the  ordinary  rules  for  the 
calculation  of  the  derivatives  in  question  enable  us  to  write  down 
the  necessary  conditions  that  the  curves  should  have  contact  of 
order  n.  The  problem  is  therefore  free  from  any  particular  diffi- 
culties. We  shall  examine  only  a  few  special  cases  which  arise 
frequently.  First  let  us  suppose  that  the  equations  of  each  of  the 
curves  are  given  in  terms  of  an  auxiliary  variable 

and  that  il/(to)  =  <^(^o)  ^^^^  ^Vo)  =  <^'W>  ^•^'  ^^^^  t^®  curves  are  tan- 
gent at  a  point  A  whose  coordinates  are  /(^o)»  <^(^o)-  ^ff'M  ^  **^^ 
^eroy  as  we  shall  suppose,  the  common  tangent  is  not  parallel  to  the 
y  axis,  and  we  may  obtain  the  points  of  the  two  curves  which  have 
the  same  abscissa}  by  setting  u  =  t.  On  the  other  hand,  x  —  XqIS  of 
the  first  order  with  respect  to  t  —  toy  and  we  are  led  to  evaluate  the 
order  of  il/(f)  —  <t>(t)  with  respect  to  ^  —  ^o-  Iii  order  that  the  two 
curves  have  at  least  contact  of  order  n,  it  is  necessary  and  sufficient 
that  we  should  have 

(25)  ^(g  =  <l>(to)  y       ^'(g  =  <^'(g ,       •  •  • ,       i^">  (g  =  *(»>  (g , 

and  the  order  of  contact  will  not  exceed  n  if  the  next  derivatives 
V^""^^^(^o)  and  <^^'*+^^(g  ai'e  unequal. 

Again,  consider  the  case  where  the  curve  C  is  represented  by  the 
two  equations 

(26)  x=f{t),        y  =  <Kt), 
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and  the  curve  C*  by  the  single  equation  F(x,  y)  =  0.  This  case  may 
be  reduced  to  the  preceding  by  replacing  x  in  F{x,  y)  by  f{t)  and 
considering  the  implicit  function  y  =  \ff(t)  defined  by  the  equation 


(27) 


^[/(O,  ^(0]  =  0. 


Then  the  curve  C  is  also  represented  by  two  equations  of  the  form 


(28) 


x=/(0,       y  =  ^co- 


in order  that  the  curves  C  and  C  should  have  contact  of  order  n  at 
a  point  A  which  corresponds  to  a  value  t^  of  the  parameter,  it  is 
necessary  that  the  conditions  (25)  should  be  satisfied.  But  the 
successive  derivatives  of  the  implicit  function  \ff(t)  are  given  by  the 
equations 


(dF 


(29) 


dF 


d^'F,   .   dF 


dF 


4-^[^W7-f^/"(0  +  ^^"(0  =  o 


a-F 


dF 


^[/'(0]"-f..-f-^^">(0  =  o. 


Hence  necessary  conditions  for  contact  of  order  n  will  be  obtained 
by  inserting  in  these  equations  the  relations 

The  resulting  conditions  may  be  expressed  as  follows : 
Let 

F(0  =  Flf(t),  Ht)] ; 

then  the  two  given  curves  will  have  at  least  contact  of  order  n  if  and 
only  if 

(30)  F(^o)  =  0,  F'(g  =  0,         . . .,         F->(^o)  =  0. 

The  roots  of  the  equation  F(^)  =  0  are  the  values  of  t  which  cor- 
respond to  points  of  intersection  of  the  two  given  curves.  Hence 
the  preceding  conditions  amount  to  saying  that  ^  =  ^^  is  a  multiple 
root  of  order  n,  i.e.  that  the  two  curves  have  » -f  1  coincident  points 
of  intersection. 
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213.  Osculddng  curves.    Given  a,  lixed  curve  C  aod  anothei 
C"  which  depends  upon  w  +  I  parameters  a,  b,  c,  ■-  ■,  I, 


(31) 


n',  i.  ■ 


■,o-». 


it  is  possible  in  general  to  choose  these  n  +  1  parameters  in  such  a 
wsty  that  C  and  C  shall  have  contact  of  order  n  at  any  preassigned 
point  of  C.  For,  let  C  be  given  by  the  erjuations  x  =  /(t),  if  =  4'(t)- 
Then  the  conditions  that  the  curves  C  and  C  should  have  contact 
of  order  w  at  the  point  where  t  —  t„  are  given  by  the  equations  (30), 
where 

Fw  =  n/w.  *('),°,*,c, ---,0- 

If  l^  be  given,  these  n  -I'l  equations  determine  in  general  the  fi  -|-1 
parameters  a,  b,  c,  ■•-,  I.  The  curve  C"  obtained  in  this  way  is 
called  an  osculating  curve  to  the  curve  C. 

Let  us  apply  this  theory  to  the  simpler  classes  of  curves.  The 
equation  o£  a  straight  lino  i/  —  /ix  +  h  depends  upon  the  two  param- 
eters a  and  b ;  the  corresponding  osculating  straight  lines  will  have 
contact  of  the  first  order.  If  y=f{r-)  is  the  equation  of  the  curve  C, 
the  parameters  a  and  b  must  satisfy  the  two  equations 

/(;.,)  =  <«,  +  »,         fV,)  =  a; 

hence  the  osculating  line  is   the  ordinary  tangent,  as  we  should 
expect. 
The  equation  of  a  circle 


(32)  {x  - 

depends  upon  the  thre 


«)*+(y-*r-fl'  =  o 


!  parameters  ra,  6,  and  R ;  hence  the  corre- 
sponding osculating  circles  will  have  contact  of  the  second  order. 
Let  y  =  f(x)  be  the  equation  of  the  given  curve  C ;  we  shall  obtain 
the  correct  values  of  a,  J,  and  R  by  requiring  that  the  circle  should 
meet  this  curve  in  three  coincident  points.  This  gives,  besides  the 
equation  (32),  the  two  equations 


(33) 


a  +  (J/  -  *)y'  =  0,        1  +  i*"  +  ((/  -  b)ij"  : 


The  values  of  a  and  b  found  from  the  equations  (33)  are  precisely 
the  co5rdinatea  of  the  center  of  curvature  (§  205);  hence  the  otcu- 
lating  circle  coincide*  with  the  circle  of  curvature.  Since  the  oon- 
taot  is  in  general  of  order  two,  we  may  conclude  that  in  general  the 
eirele  of  curvature  of  a  plane  curve  crosses  the  curve  at  their  point 
of  tangeney. 
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All  the  above  results  might  have  been  foreseen  a  priori.  For, 
since  the  coordinates  of  the  center  of  nurvature  depend  only  on 
^1  Vi  y'l  *"d  y'\  ^"y  two  curves  which  have  contact  of  the  eecoud 
order  have  the  same  center  of  curvatui'e.  But  tlie  center  of  curva- 
ture of  the  oaculatiog  circle  is  evidently  the  center  of  that  circle 
itself;  hence  the  circle  of  curvature  must  coincide  with  the  oscu- 
lating circle.  On  the  other  hand,  let  us  I'onsider  two  circles  of 
curvature  near  each  other.  The  difference  between  their  radii, 
which  is  equal  to  the  arc  of  the  evolute  between  the  two  centers, 
is  greater  than  the  distance  between  the  centers;  hence  one  of 
the  two  circles  must  lie  wholly  inside  the  other,  which  could  not 
happen  if  both  of  them  lay  wholly  on  one  side  of  the  curve  C  in 
the  neighborhood  of  the  point  of  contact.  It  follows  that  they 
cross  the  curve  C. 

There  are.  however,  on  any  plane  curve,  in  general,  certain  points 
at  which  the  osculating  circle  docs  not  cross  the  curve ;  this  excep- 
tion to  the  rule  is,  in  ftict,  typical.  Given  a  curve  C'  which  depends 
upon  R  4- 1  parameters,  we  may  add  to  the  n+1  equations  (30)  the 
new  equation 

provided  that  we  regard  ta  as  one  of  the  unknown  quantities  and 

mine  it  at  the  same  time  that  we  determine  the  parameters 
a,  b,  c,  ■■-,  I.  It  follows  that  there  are,  in  general,  on  any  plane 
curve  C,  a  certain  number  of  points  at  which  the  order  of  con- 
tact with  the  osculating  curve  /''  is  «  -|-1.  For  esample,  there  are 
usually  points  at  which  the  tangent  has  contact  of  the  second  order ; 
these  are  the  points  of  inflection,  for  which  i/"  =  0.  In  order  to  find 
the  points  at  which  the  osculating  circle  has  contact  of  the  third 
order,  the  last  of  equations  (33)  must  be  dilferentiated  ^ain,  which 

3y-l/"  +  {!/-b)y'"  =  0, 
or  finally,  eliminating  y  —  b, 

(34)  (i  +  j,")y"-3yy"  =  o. 

The  points  which  satisfy  this  last  condition  are  those  for  which 
•IRfdx  =  0,  i.e.  those  at  which  the  radius  of  curvature  is  a  maxi- 
1  or  a  minimum.  On  the  ellipse,  for  example,  these  points  are 
the  verti'!es ;  on  the  cycloid  they  are  the  points  at  which  the  tan- 
gent ia  parallel  to  the  base. 
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214.  Osculating  curves  as  limiting  curves.    It  is  evident  that  an 

osculating  curve  may  \k  thought  of  as  the  limiting  position  of  a 
curve  C  which  meets  the  fixed  curve  C  in  ii  +  1  paints  near  a  fixed 
point  A  of  C,  which  is  the  limiting  position  of  each  of  the  points 
of  interaectioD,  Let  us  consider  for  definiteness  a,  family  of 
curves  which  depends  upon  three  parameters  a,  b,  and  c,  and  let 
(„  +  A,,  t„  +  hf,  and  t„  +  /t,  he  three  values  of  (  near  t„.  The  curve 
C  which  meets  the  curve  C  in  the  three  corresponding  points  is 
given  by  the  three  equations 

(35)  F(^„  +  Ai)  =  0,         F((„  +  A,)  =  0,         F(A,  +  A,)  =  0. 

Subtracting  the  first  of  these  equations  from  each  of  the  others  and 
applying  the  law  of  the  mean  to  each  of  the  differences  obtained, 
we  find  the  equivalent  system 

(36)  F(/„+A,)  =  0,  F'((o  +  A-,)  =  0,  F'(t„+ki)  =  0, 

where  ^i  lies  between  hi  and  h^,  and  k^  between  hi  and  A,.  Again, 
Btibtracting  the  second  of  these  equations  from  tlie  third  and  apply- 
ing the  law  of  the  mean,  we  find  a  third  system  equivalent  to  either 
of  the  preceding, 

(37)  F(/„  +  A,)-0,         F'('„  +  A-,)  =  0,         F"{l„  + f,)  =  0, 

where  /,  lies  between  ki  and  k,.  As  A,,  A,,  and  h^  all  approach 
zero,  A|,  kj,  and  i,  also  all  approach  zero,  and  the  preceding  equa- 
tions become,  in  the  limit, 

F(/„)=0,         F'(O  =  0,         F"(g  =  0, 

which  are  the  very  equations  which  determine  the  oscnlating  curve. 
The  same  argument  applies  for  any  niiuiber  of  parauioters  whatever. 
Indeeil.  we  might  define  the  osculating  curve  to  lie  the  limiting 
position  of  a  curve  C  which  is  tangent  to  C  a.tp  points  and  outs  C 
at  y  other  points,  where  2/i  +  '/  =  «  4-  It  Jls  all  these  p  +  q  points 
approach  coincidence. 

For  instance,  the  osculating  circle  is  the  limiting  position  of  a 
cirt-le  which  cuts  the  given  curve  C  in  three  neighboring  points.  It 
is  also  the  limiting  position  of  a  circle  which  is  tangent  to  C  and 
which  euts  C  at  another  point  whose  distance  from  the  point  of 
tangency  is  infinitesimal.  Let  us  consider  for  a  moment  the  ]atter 
property,  which  is  easily  verified. 

Let  us  take  the  given  point  on  C  as  the  origin,  the  tangent  at 
that  point  as  the  x  axis,  and  the  direction  of  the  normal  toward  tha 


oenter  of  corrature  as  the  positive  direction  of  the  if  axis.     At  the 
origin,  y'  =  0.     Hence  R  =  1/y",  and  therefore,  by  Taylor's  s 


K^-). 


where  t  approaches  zero  with  a-.  It  fol- 
lows that  W  is  the  limit  of  the  expres- 
sion x^/(2ij)  =  0P''/{2MP)  as  the  point 
M  approaches  the  origin.  On  the  other 
hand,  let  fii  be  the  radius  of  the  circle 
Ci  which  is  tangent  to  the  x  axis  at  the 
origin  and  which  passes  through  M. 
Then  we  shall  have 

op'  =  Mm'  =  MP(2I,\  - 
or 

MP, 


2MP 
hence  the  limit  of  the  radius  />, 
curvature  R. 


.  really  equal  to  the  radius  of 


1.  Apply  tbe  general  formulic  to  tind  the  evolute  of  an  ellipse ;  of  an  hyper- 
bola ;  of  a  parabola, 

2.  Shaw  that  the  radius  of  curvature  of  a  conic  is  proportional  to  the  cube 
of  the  segment  of  the  utirmal  between  ila  points  □(  intereection  nllh  tbe  carve 
uid  with  an  axis  of  symmetry. 

3.  Show  that  tho  radius  of  curvature  of  the  parabola  is  equal  to  twice  the 
Mgment  of  Uio  normal  between  the  curve  and  the  directrix. 

4.  Let  F  and  F'  be  the  foci  of  an  ellipse,  M  a  point  nn  the  ellipse,  MN  tbe 
normal  at  that  point,  and  N  the  point  of  intersection  of  that  normal  and  the 
major  axle  of  the  ellipse.  Erect  a  perpendicular  NK  to  MN  at  N,  meeting  MF 
M  K.  At  K  erect  a  perpendicular  KO  to  MF,  meeting  MN  at  O.  Show  tliat 
0  is  the  center  of  curvature  of  the  ellipse  at  the  point  M. 

5.  For  tbe  extremities  of  the  major  axis  the  preceding  construction  becomes 
lUuRory.  Let  AOA'  be  the  major  axis  and  BCB  the  minor  axle  of  the  ellipfle. 
On  the  segments  OA  and  OB  conalruct  the  rectangle  OA  EB.  From  E  let  fall 
a  perpendlciOar  on  AB,  meeting  the  major  and  minor  axes  at  C  and  D,  respec- 
tively. Show  (bat  C  and  D  are  the  centers  of  curvature  at  the  ellipse  for  the 
paints  A  and  tt,  rc8|)cctivoly. 


6.  Show  that  tbe  evolute  of  the  spiral  p  = 
^ven  spin). 


"^  is  a  spiral  congruent  lo  tbe 
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7.  The  path  of  an;  point  on  the  circurafersnce  nf  n  circle  which  rolli  with- 
out ilipping  along  another  (tixed)  circle  is  called  an  epKt/cloid  or  an  Ayporyctoid. 
Show  that  the  evolute  of  an;  EUch  curve  is  another  curve  of  the  same  kind. 

S.  Let  ^  B  be  an  arc  of  a  curve  upon  which  there  are  do  aiagular  poinla  snd 
no  point*  of  Inflection.  At  each  point  m  of  this  arc  la;  off  from  the  point  m 
along  the  normal  at  in  a  given  constant  length  [  Iq  each  dlreclioii.  Let  in,  and 
nil  be  the  extreniities  of  these  segments.  As  the  point  m  describes  the  arc  AH, 
the  points  mi  and  ni;  will  describe  two  corresponding  arcs  A,Bi  and  A3B1. 
Derive  the  formulie  S,  =  S  -  W,  83  =  3  +  10,  where  8.  81,  and  Si  are  the 
lengths  of  the  arcs^B,  AiBi,  and  A^iH^,  respectively,  and  where  e  U  the  angle 
between  the  nnrmala  nt  the  poii^U't  A  and  B.  It  is  supposed  that  the  arc  AjBi 
lies  on  the  fiame  side  of  ^it  as  the  evulute,  and  that  it  does  not  meet  theevoluw. 
[Licence,  Paris,  July,  18711.] 

9.  Determine  a  curve  such  that  the  radius  of  cnrvatares  p  at  any  point  M 
and  the  length  of  the  arc  h  =  AM  measured  from  any  fixed  point  A  on  the  curve 
Htisfy  the  equation  oi  =  p^  +  a',  where  a  is  a  given  constant  length. 

[Licence,  Pari*,  July,  1888.] 

10.  Let  C  bo  a  given  curve  of  the  third  degree  which  lias  ti  double  point 
at  O.  A  right  angle  MON  revolves  about  the  point  O,  meeting  the  ciirre  C  in 
two  variable  points  M  and  N.  Determine  the  envelope  of  the  straight  line  ISN. 
In  particular,  solve  the  problem  for  each  of  the  curves  \j/^  =  x'  and  z'  +  if'  =  (ixy. 

[LioMce,  Bordeaux,  July,  1885.] 

11.  Find  the  points  at  which  the  curve  represented  by  the  eijuations 

has  contact  of  higher  order  than  the  second  with  the  osculating  circle. 

[Licence,  Grenoble,  July,  1886.] 

12.  Let  m,  mi,  and  m^  be  three  neighboring  points  on  a  plane  curve.  Find 
the  limit  approached  by  the  radius  of  the  circle  circuitiscribed  about  the  triangle 
formed  by  the  tangents  at  these  three  points  as  the  points  approach  coincidence. 

13.  Jf  the  evolute  of  a  piano  curve  without  points  of  inflection  is  a  closed 
curve,  the  total  length  of  the  evolute  is  equal  to  twice  the  difference  between  the 
■um  of  the  maximum  radii  of  curvature  and  the  sum  of  the  minimum  tndU  of 
curvature  of  the  given  curve. 

14.  At  each  point  of  a  curve  lay  off  a  constant  segment  at  a  constant  angle 
with  the  normal.  Show  that  the  locus  of  llie  extremity  of  this  segment  is  a 
curve  vrbose  nornial  passes  through  the  center  of  curvature  of  the  given  curve. 

16.  Let  r  be  the  length  of  the  radius  vector  from  a  fixed  pole  to  any  point  of 
a  plane  curve,  and  p  the  perpendicular  distance  imm  the  pole  ta  the  tangent. 
Derive  the  formula  fi  ^^  ±  rdr/dp,  where  R  is  the  radius  of  curvature. 

16.  Show  that  the  locus  of  the  foci  of  the  parabolas  which  have  contact  ol 
the  second  order  with  a  given  curve  at  a  fixed  point  is  a  circle. 

17.  Find  the  locus  of  the  centers  of  the  ellipRen  whose  axe?  have  aflxed  direc- 
tion, and  which  bare  contact  of  the  second  order  at  a  fixed  gioint  with  a  given 


CHAPTER  XI 

SKEW  CURVES 

I.   OSCULATING  PLANE 

215.  Definition  and  equation.  Let  MT  be  the  tangent  at  a  point  M 
of  a  given  skew  curve  F.  A  plane  through  J/r  and  a  point  3f'  of 
r  near  M  in  general  approaches  a  limiting  position  as  the  point  Jf' 
approaches  the  point  M.  If  it  does,  the  limiting  position  of  the  ^ 
plane  is  called  the  osculating  plane  to  the  curve  F  at  the  point  M, 
We  shall  proceed  to  find  its  equation. 

Let 

(1)  x^fit),   y  =  <^(o,   ^  =  m 

be  the  equations  of  the  curve  F  in  terms  of  a  parameter  t,  and  let  t 
and  ^  +  A  be  the  values  of  t  which  correspond  to  the  points  M  and 
M\  respectively.     Then  the  equation  of  the  plane  MTM'  is 

where  the  coefficients  A ,  B,  and  C  must  satisfy  the  two  relations 
(2)  V'(0  +  B<^'(0  +  ^^'(0  =  0, 

(3)  Aif(t-^h) -y(0]  +  ^[<^(^+  ^)  - <^(0]  +  <"[^(^+^) -^(0] =0. 

Expanding  f(t  -f  /*)»  ^{^  +  ^)  *^^  ^(^  +  ^)  ^Y  Taylor's  series,  the 
equation  (3)  becomes 


^{v'(0+i^[/'W  +  ^i]}+^{^<^W  +  o[<^''(0  +  c,]} 


+  •    =0. 


After  multiplying  by  //,  let  us  subtract  from  this  equation  the  equa- 
tion (2),  and  then  divide  both  sides  of  the  resulting  equation  by 
A*/2.     Doinj^  so,  we  find  a  system  equivalent  to  (2)  and  (3) : 

Af(t)  +  B<l>Xt)  -f  Cil,'(t)  =  0, 
Air(t)  -f  q]  -f  B[<l>"(f)  -h  c^]  -f  C[^"(0  +  cs]  =  0, 

where  c^,  cs,  and  cg  approach  zero  with  h.  In  the  limit  as  h 
approaches  zero  the  second  of  these  equations  becomes 

(4)  Af"{t)  -f  B<l>"(t)  -h  C^"(0  =  0. 
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Hence  the  equation  of  the  osculating  plane  is 

(5)  A(X  -  x)  -f  B(Y-  y)  -f  C {Z  -  «)  =  0, 
where  Ay  B,  and  C  satisfy  the  relations 

iAdx   -\-Bdy    -^  C dz   =0, 

(6)  \  -r       y    -r  , 

^  ^  (Ad^x-{'Bd^y-hCd^z  =  0. 

The  coefficients  Ay  By  and  C  may  be  eliminated  from  (5)  and  (6), 
and  the  equation  of  the  osculating  plane  may  be  written  in  the  form 


X-x     Y  —  y    Z  —z 

dx  dy  dz 

d^x         d^y         d^z 


=  0 


Among  the  planes  which  pass  through  the  tangent,  the  osculating 
jylane  is  the  one  ivhich  the  curve  lies  nearest  near  the  point  of  tan- 
gency.  To  show  this,  let  us  consider  any  other  plane  through  the 
tangent,  and  let  F{t)  be  the  function  obtained  by  substituting 
f{t  -f  h)y  <l>{t  H-  h)y  il/{t  -f  //)  for  .Y,  F,  Z,  respectively,  in  the  left-hand 
side  of  the  equation  (5),  which  we  shall  now  assume  to  be  the  equa- 
tion of  the  new  tangent  plane.     Then  we  shall  have 

F{t)  =  ^  lAf'it)  +  Br{t)  +  vr{t) + ,], 

where  17  approaches  zero  with  h.  The  distance  from  any  second 
point  M*  of  r  near  M  to  this  plane  is  therefore  an  infinitesimal  of 
the  second  order ;  and,  since  F{t)  has  the  same  sign  for  all  sufficiently 
small  values  of  A,  it  is  clear  that  the  given  curve  lies  wholly  on  one 
side  of  the  tangent  plane  considered,  near  the  point  of  tangency. 

These  results  do  not  hold  for  the  osculating  plane,  however.  For 
that  plane,  ^1/"  -h  ^^"  -f  C^"  =  0 ;  hence  the  expansions  for  the 
coordinates  of  a  point  of  F  must  be  carried  to  terms  of  the  third 
order.     Doing  so,  we  find 

^^^>  - 1:2:3  V  d^  ■*■  V' 

It  follows  that  the  distance  from  a  point  of  F  to  the  osculating 
plane  is  an  infinitesimal  of  the  third  order ;  and,  since  F(Jt)  changes 
sign  with  A,  it  is  clear  that  a  skew  curve  crosses  its  osculating  plane 
at  their  common  point.  These  characteristics  distinguish  the  oscu- 
lating plane  sharply  from  the  other  tangent  planes. 
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216.  Stationary  osculating  plane.  The  results  just  obtained  are  not 
valid  if  the  coefficients  A,  B,  C  of  the  osculating  plane  satisfy  the 
relation 

(7)  A<Px  4-Bd'y  +  Cd*a  =  0. 

If  this  relation  is  satisfied,  the  expansions  for  the  coordinates  must 
be  carried  to  terms  of  the  fourth  order,  and  we  should  obtain  a 
relation  of  the  form 


m- 


A  d*x  +  Bd*i/  +  Cd*i 


dt* 


+  ,. 


The  osculating  plane  is  said  to  be  ataiionary  at  any  point  of  F  for 
which  (7)  is  satisfied;  if  Ad*x  +  Bd^y  +  C d*z  does  not  vanish 
also,  — and  it  does  not  in  general,  —  F{t)  changes  sign  with  A  and 
the  curve  does  not  cross  its  osculatiny  plane.  Moreover  the  distance 
from  a  point  on  the  curve  to  the  osculating  plane  at  such  a  point  is 
an  infinitesimal  of  the  fourth  order.  On  the  other  hand,  if  the 
relation  A  d^x  +  Bd* y  +  C d*s  =  Q  i.s  satisfied  at  the  same  point, 
the  expansions  would  have  to  be  carried  to  terms  of  the  fifth  order ; 
and  so  on. 

Eliminating  A,  B,  and  C  between  the  equations  (ij)  and  (7),  we 
obtain  the  e(|uatiun 

dir     dy     ds 

(8)  A=     d*x     (fy     iPa     =0, 

fPx     rf*y    d"* 

whose  roots  are  the  values  of  (  which  correspond  to  the  points  of  T 
where  the  osculating  plane  is  stationary.  There  are  then,  usually, 
on  any  skew  furve,  points  of  this  kind. 

■  This  leads  us  to  inquire  whether  there  are  curves  all  of  whose 
osculating  planes  are  stationaiy.  To  be  precise,  let  us  try  to  find 
all  the  possible  sets  of  three  functions  x,  y,  z  of  a.  single  variable  t, 
which,  together  with  all  their  derivatives  up  to  and  including  those 
of  the  third  order,  are  continuous,  and  which  satisfy  the  equation 
(8)  for  all  values  of  (  between  two  limits  a  and  6  (a  <  It). 

Let  us  suppose  first  that  at  least  one  of  the  minors  of  A  which 
correspond  to  the  elements  of  the  third  row,  say  dx  d'y  —  dy  d}x, 
not  vanish  in  the  interval  (a,  b).     The  two  equations 


<») 


,  rfs  =  r,  dx 
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which  are  equivalent  to  (6),  determine  Ci  and  C,  as  continuous 
functions  of  t  in  the  interval  (a,  b).  Since  A  =  0,  these  functiotiij 
also  satisfy  the  relation 

(10)  rf'a  =  C,<?x+C,d'j/. 

IKfferentiatiDg  each  of  the  equations  (9)  and  making  use  of  (10), 
we  find 

dC^dx  +  dC,dy  =  0,         dC,<?x  +  dC^d'y  =  0, 

whence  dC,  =  dC^  =  0.  It  follows  that  each  of  the  coefficients  C, 
and  Ct  is  a  constant;  hence  a  single  integration  of  the  first  of 
equations  (9)  gives 

z  =  C\x  +  C\t,  +  Ct, 

where  C,  is  another  constant.  This  shows  that  the  curre  T  is  a 
plane  curve. 

I(  the  determinanL  AdPn  —  dy^x  vaniahee  for  aoino  value  c  ot  the  variable  t 
between  a  and  b,  the  preceding  proof  tails,  for  the  coefficients  C|  and  Ci  might 
be  Intinite  or  lndeterniinal«  at  audi  a  point.  Let  ub  suppose  for  deSnit«nees 
that  the  preceding  deter tiiinaiit  vauiitbes  fur  no  ullier  value  of  I  in  the  interval 
(a,  b),  and  that  the  analogous  determinant  di: if  x  —  ditPz  does  not  vanish  for 
t  =  e.  The  argument  given  above  sliowa  that  all  the  polnt«o£  tbeeurve  r  which 
correspond  <o  values  of  1  between  a  and  c  lie  in  a  plane  P,  and  that  at)  the 
points  ol  r  which  correspond  to  values  of  t  between  e  and  6  also  lie  in  some 


it  vanish  for  t  =  e;  bence  a  number  h 
?s  not  vanish  anywhere  in  the  Interval 
on  r  which  correspond  to  valuea  of  ( 
tome  plane  R.  Since  R  man  have  an 
vlth  P  and  also  with  Q,  it  foUowa  that 


plane  Q.  But  dx(Pz  —  dzd'x  does  n 
can  be  found  such  that  that  minor  d< 
(c  -  ft,  c  +  A).  Hence  all  the  points 
between  c  —  It  and  c  +  h  must  lie  in 
Infinite  number  of  poinis  ii 
these  three  planes  must  coincide. 

Similar  reasoning  shows  thai  all  the  points  of  T  lie  in  the  game  plane  unJeM 
at]  three  of  the  determinonla 

dxd'y  ~  dgiPx,         dxifz  —  dz(Px,        dyiPz  —  dztPy 
vanish  at  the  same  point  In  the  interval  (a,  b).     If  these  three  determlnania  do 
vanish  simultaneoasly,  it  may  happen  that  Ihe  curve  1'  is  composed  of  several 
porLions  which  tie  io  different  planes,  the  poluu  of  junction  being  points  at 
which  the  OBCulatlng  plane  is  indel«rminatv.* 

If  all  three  of  the  preceding  determinants  vanish  Identicall]' -  in  a  certain 
Interval,  the  curve  r  is  a  straight  line,  or  ia  composed  of  several  portions  of 
Bir:iight  lines.  If  dx/dt  does  not  vanish  in  the  interval  (a,  h),  for  example,  we 
may  write 

(Pytte  —  djid^x      „         iPzdx  —  dxiPx  _ 


whence 


(di)» 


{dx)' 
dy  =  Cidx,        dz^Cdx, 


=  0, 
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where  (7i  uid  C^  are  consUnts.     Fiaally,  anoiher  iniegrntion  givee 


which  Bhowa  that  r  is  a  atruighi  line. 

SIT.  Statjonary  tanganta.  The  preceding  paragraph  suggestB  the  study  of 
certain  points  on  a  skew  curve  which  He  had  not  previously  deUned,  namely 
the  points  &t  whicli  we  liave 

dz       dv       dx 


(") 


The  tangent  at  such  a  point  U  said  to  be  Ualiomiry.  It  in  easy  to  show  by  the 
formula  for  the  distance  between  a  point  and  a  straight  line  that  the  distance 
from  a  point  of  r  to  tlie  tangent  at  a  neighboring  point,  which  is  in  general  an 
Infill itesiuial  of  the  second  order,  ie  of  the  third  order  for  a  stationary  tangent. 
If  the  given  curve  r  is  a  plane  curve,  the  stationary  tangents  are  the  tangents  at 
the  points  of  inflection.  The  preceding  paragraph  shows  that  the  only  curve 
whose  tangents  are  all  stationary  is  the  iitraiglit  line. 

At  B  point  where  the  tangent  la  stationary,  i  =  0,  and  the  equation  ot  the 
osculating  plane  becomes  indeterminate.  But  in  general  this  indeterminalion 
can  be  removed.  For,  returning  to  the  calculation  at  the  beginning  of  §  216 
and  carrying  the  expansions  of  the  coiirdlnates  of  JV'  to  terms  of  the  third  order. 
It  is  eas;  to  show,  by  means  of  (11),  that  the  equation  of  the  plane  tbruUfjU  M' 
and  the  tangent  at  il  is  of  the  form 

I       X-x  Y-y  Z-z       I 

/•(()  «'(ll  if'{t)        Uo, 

I    /'"{O  +  t,    *'"{()  +  t,   vt"'(()  +  «,    I 

where  ci,  <],  <■  approach  zero  with  h.    Hence  that  plane  approaches  a  perleclly 
deflniM  limiting  position,  and  the  equation  ot  the  osculating  plane  is  given  by 
replacing  the  second  of  equations  (C)  by  the  equation 
vld'i  +  Bd'v  +  Cd>*  =  0. 
U  the  coiirdinates  of  the  point  M  also  satisfy  the  equation 
d»2  _  d^y  _  d*z 
dx        dy        dz        ' 
the  second  of  the  equations  (0)  should  be  replaced  by  the  equation 

Adix=  Bdiy  +  Cd«z  =  i}, 
where  q  is  the  least  integer  (or  which  this  latter  equation  is  distinct  from  the 
e<]ualion  Adz=  Bdy  +  Cdz  =  0.     The  proof  of  this  statouieut  and  the  exami- 
nation of  the  behavior  of  the  curve  with  respect  to  its  osculating  plane  are  left 
to  the  reader. 

Usually  Ihe  preceding  equaUon  involving  the  third  differentials  Is  sufficient, 
and  the  coefficients  A,  B,  C  do  not  satisfy  the  equation 
Ad'x  +  Bd*v  +  e#i  =  0. 
In  thin  ca^  the  curve  crosses  every  tangent  plane  except  the  osculating  plane. 
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218.  Spedal  carves.   Let  us  consider  the  skew  curves  r  which  satisfy  a 
relation  of  the  form 

(12)  zdy  -ydx  =  Kdz, 

where  IT  is  a  given  constant.     From  (12)  we  find  immediately 

.,ov  (  Xd2y-     yd^X:=Kd»Z, 

*     '  lxd^y-yd»z-\-dxcPy-dydPz  =  Kd^z. 

Let  us  try  to  find  the  osculating  plane  of  r  which  passes  through  a  given  point 

(a,  by  c)  of  space.     The  coordinates  (x,  y,  z)  of  the  point  of  taugency  must  satisfy 

tlie  equation 

a  —  X    b  —  y    c  —  z 

dx        dy        dz        =  0, 
d»x      (J2y      cPz 

which,  by  means  of  (12)  and  (13),  may  be  written  in  the  form 

(14)  ay-bx-\-  K(c  -z)  =  0. 

Hence  the  possible  points  of  tangency  are  the  points  of  intersection  of  the 
curve  r  with  the  plane  (14),  which  passes  through  (a,  6,  c). 

Agaiu,  replacing  dz,  d^z  and  d^z  by  their  values  from  (12)  and  (13),  the  equa- 
tion A  =  0,  which  gives  the  points  at  which  the  osculating  plane  is  stationary, 
becomes 

A=  -(dxd^y  -dyd^xy  =  0; 

hence  we  shall  have  at  the  same  points 

d^x  _  d^y  _  yd^x  —  xd^y  _  cPz 


dx       dy         ydx  —  xdy        dz 


» 


which  shows  that  the  tangent  is  stationary  at  any  point  at  which  the  osculating 
plane  is  stationary. 

It  is  easy  to  write  down  the  equations  of  skew  curves  which  satisfy  (12) ;  for 
example,  the  curves 

where  A^  B,  C,  m,  and  n  are  any  constants,  are  of  that  kind.  Of  these 
the  simplest  are  the  skew  cubic  x  =  U  1/  =  ^^»  «  =  ^'«  and  the  skew  quartic 
x  =  t,  y  =  i^  2  =  <♦.     The  circular  helix 

X  =  a  cos  t ,        y  =  a  sin  t ,        z  =  Kt 

is  another  example  of  the  same  kind. 

In  order  to  find  all  the  curves  which  satisfy  (12),  let  us  write  that  equation  in 

the  form 

d(xy  -  Kz)  =  2ydx. 
If  we  set 

X  =/(<),        xy-Kz  =  <p{t), 
the  preceding  equation  becomes 

2yr(O  =  0'{O. 
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.Solving  these  three  equations  for  z,  y,  and  z,  we  find  the  general  equatioiiB  of  r 
in  the  form 


(16) 


=/(«. 


where  /(t)  and  ^(1)  are  arbitrary  functions  of  the  parameter  t.  It  is  clear,  how- 
ever, that  one  of  tliesa  fuiictioiia  may  he  assigned  at  random  without  liiss  of 
generality.  lu  fact  we  mayset/fO  =  ^  sinct)  this  amouiita  to  choowiig/(t)  aa  ■ 
iifw  parameter. 


II.   ENVELOPES  OF  StlBFACES 

Before  taking  up  the  atiidy  of  the  curvature  of  skew  curvea,  we 
shall  discuss  the  theory  of  envelopes  of  surfaces. 

219.  One-parameter  families.    Let  .s'  be  a  surface  of  the  family 

(10)  /(x,,,  =,»)  =  0, 

where  a  is  the  variable  parameter.  If  there  exists  a  surface  E  which 
is  tangent  to  each  of  the  surfaces  .S  along  a  curve  C,  the  surface  E 
is  called  the  envelope  of  the  family  (16).  and  the  curve  of  tangeuey 
C  of  the  two  surfaces  S  and  IC  is  called  the  eharaeterisfie  curve. 

Ill  order  to  see  whether  an  envelope  exists  it  is  evidently  neces- 
sary to  discover  whether  it  is  possible  to  iind  a  curve  C  on  each  of 
the  surfaces  .V  such  that  the  locus  of  all  these  curves  is  tangent  to 
each  surface  S  along  the  corresponding  curve  ( '.  Let  (x,  y,  x)  be 
the  coordinates  of  a  point  J/  on  a  characteristic.  If  M  is  not  a 
singular  point  of  S,  the  equation  of  the  tangent  plaue  to  .V  at  M  is 


'A^- 


^d)' 


-y) 


»/ 


(Z-=)  =  0. 


As  we  pass  from  point  to  point  of  the  surface  E,  x,  y,  s,  and  a  are 
evidently  functions  of  the  two  independent  variables  which  express 
the  position  of  the  point  upon  E.  and  these  functions  satisfy  the 
equation  (16).     Hence  their  differentials  satisfy  the  relation 


'-  d-x-\ 


"y 


dy^ 


'-  dx-\ 


-da  =  Q. 


Moreover  the  necessary  and  sufficient  condition  that  the  tangent 
plane  to  E  should  coincide  with  the  tangent  plaue  to  :<  is 
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Conversely,  it  is  easy  to  show,  as  we  did  for  plane  curves  (§  201), 
that  the  equation  R{xy  y,  z)  =  0,  found  by  eliminating  the  param- 
eter a  between  the  two  equations  (16)  and  (18),  represents  one  or 
more  analytically  distinct  surfaces,  each  of  which  is  an  envelope 
of  the  surfaces  S  or  else  the  locus  of  singular  points  of  5,  or  a  com- 
bination of  the  two.  Finally,  as  in  §  201,  the  characteristic  curve 
represented  by  the  equations  (16)  and  (18)  for  any  given  value  of  a 
is  the  limiting  position  of  the  curve  of  intersection  of  S  with  a 
neighboring  surface  of  the  same  family. 

220.  Two-parameter  families.    Let  S  be  any  surface  of  the  two- 
parameter  family 

(19)  /(a-,  y,  ^,  a,  i)=0, 

where  a  and  b  are  the  variable  parameters.  There  does  not  exist, 
in  general,  any  one  surface  which  is  tangent  to  each  member  of  this 
family  all  along  a  curve.  Indeed,  let  h  =  <li(a)  be  any  arbitrarily 
assigned  relation  between  a  and  b  which  reduces  the  family  (19)  to 
a  one-parameter  family.  Then  the  equation  (19),  the  equation 
b  =  ^(a),  and  the  equation 

(20)  If  + 1  *  W  =  0 

represent  the  envelope  of  this  one-parameter  family,  or,  for  any 
iixed  value  of  « ,  they  represent  the  characteristic  on  the  correspond- 
ing surface  S.  This  characteristic  depends,  in  general,  on  ^'(a), 
and  there  are  an  infinite  number  of  characteristics  on  each  of  the 
surfaces  »S^  corresponding  to  various  assignments  of  ^(a).  There- 
fore the  totality  of  all  the  characteristics,  as  a  and  b  both  vary  arbi- 
trarily, does  not,  in  general,  form  a  surface.  We  shall  now  try  to 
discover  whether  there  is  a  surface  E  which  touches  each  of  the 
family  (19)  in  one  or  more  points,  —  not  along  a  curve.  If  such  a 
surface  exists,  the  coordinates  (x,  y,  z)  of  the  point  of  tangency  of 
any  surface  S  with  this  envelope  E  are  functions  of  the  two  variable 
parameters  a  and  b  which  satisfy  the  equation  (19)  ;  hence  their  dif- 
ferentials dx,  dy,  dz  with  respect  to  the  independent  variables  a 
and  b  satisfy  the  relation 

(21)  fdx  +  ^/-<1y  +  fdz  +  fda^%dh  =  0. 

^     ^  OX  cy    '        dz  da  ob 
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Moreover,  in  order  that  the  surface  which  la  the  loeim  of  the  point 
of  tangency  (x,  y,  2)  should  be  tangent  to  H,  it  is  also  necessary 
that  we  should  have 


,  by  (21), 


5    '^  +  ' 
ex 

1, 


Since  a  and  h  are  independent  variables,  it  follows  that  the  equations 


(22) 


=  0 


must  be  satisfied  simultaneously  by  the  coordinates  (x,  y,  z)  of  the 
point  of  tangenuy.  Hence  we  shall  obtain  the  equation  of  the 
envelope,  if  one  exists,  by  eliminating  »  and  b  between  the  three 
equations  (19)  and  (22).  The  surface  obtained  will  sui'ely  be  tan- 
gent to  5  at  (z,  y,  2)  unless  the  equations 


-^^^  =  0 


are  satisfied  simultaneously  by  the  values  (x,  1/,  i)  which  satisfy  (19) 
and  (22) ;  hence  this  surface  is  either  the  envelope  or  else  the  locus 
of  singular  points  of  S. 

We  have  seen  that  there  are  two  kinds  of  envelopes,  depending 
on  tlie  number  of  parameters  in  the  given  family.  For  example, 
the  tangent  planes  to  a  sphere  form  a  two-parameter  family,  and 
each  plane  of  the  family  touches  the  surface  at  only  one  point. 
On  the  other  hand,  the  tangent  planes  to  a  cone  or  to  a  cylinder 
form  a  one-parameter  family,  and  each  member  of  the  family  is 
tangent  to  the  surface  along  the  whole  length  of  a  generator. 

221.  Developable  surfaces.  Theenvelopeof  anyone-parameter  family 
of  planes  is  calleil  a,  developable  surface.     Let 

(23)  s  =  a:e +  ,,/(«)  +  *(«) 
be  the  equation  of  a  variable  plane  P,  where  c 
■where  f{a)  and  (^(<r)  are  any  two  functions  of 
tion  (23)  and  the  equation 

(24)  x-Hy/'(<0  +  *'(")  =  0 

represent  the  envelope  of  the  family,  or,  for  a  given  value  of  a,  th^ 
Tepiesent  the  characteristic  on  the  corresponding  plane.     But  these 


is  a  parameter  and 
t.     Then  the  equa- 
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two  equations  represent  a  straight  line;  hence  each  characteristic 
is  a  straight  line  G,  and  the  developable  surface  is  a  ruled  surface. 
We  proceed  to  show  that  all  the  straight  lines  G  are  tangent  to  the 
same  skew  curve.  In  order  to  do  so  let  us  differentiate  (24)  again 
with  regard  to  a.     The  equation  obtained 

(26)  yf'\a)  +  <^"(a)  =  0 

determines  a  particular  point  M  on  G,  We  proceed  to  show  that  G 
is  tangent  at  M  to  the  skew  curve  V  which  M  describes  as  a  yaries. 
The  equations  of  F  are  precisely  (23),  (24),  (25),  from  which,  if  we 
desired,  we  might  find  x,  y,  and  z  as  functions  of  the  variable 
parameter  a.  Differentiating  the  first  two  of  these  and  using  the 
third  of  them,  we  find  the  relations 

(26)  dz  =  adx  -\-f{a)dy,         dx  +/'(«) dy  =  Oy 

which  show  that  the  tangent  to  F  is  parallel  to  G.  But  these  two 
straight  lines  also  have  a  common  point ;  hence  they  coincide. 

The  osculating  plane  to  the  curve  F  is  the  plane  P  itself.  To 
prove  this  it  is  only  necessaiy  to  show  that  the  first  and  second 
differentials  of  x,  y,  and  z  with  respect  to  a  satisfy  the  relations 

dz  =^  adx   -\-f{(x)  dy, 
d^z  =  ad^x-\-f(a)d^y. 

The  first  of  these  is  the  first  of  equations  (26),  which  is  known  to 
hold.     Differentiating  it  again  with  respect  to  a,  we  find 

d^z  =  ad^x  -{■f{a)d^y  -f  [dx  -{'f'(a)dy]da, 

which,  by  the  second  of  equations  (26),  reduces  to  the  second  of  the 
equations  to  be  proved. 

It  follows  that  any  developable  surface  may  he  defined  as  the  locus 
of  the  tangents  to  a  certain  skew  curve  F.  In  exceptional  cases  the 
curve  F  may  reduce  to  a  point  at  a  finite  or  at  an  infinite  distance ; 
then  the  surface  is  either  a  cone  or  a  cylinder.  This  will  happen 
whenever  /"(or)  =  0. 

Conversely,  the  locus  of  the  tangents  to  any  skew  curve  F  is  a 
developable  surface.     For,  let 

be  the  equations  of  any  skew  curve  F.     The  osculating  planes 

A{X-x)-\'  B(Y-  y)  -f  C(Z  -  «)  =  0 
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form  a  nne-parameter  family,  whose  envelope  is  given  by  the  pre- 
ceding eL[uation  and  the  et^uation 

dA  {X  -x)  +  dB(  y-^)  +  dC\Z  -  a)  =  0 . 
For  any  fixed  value  of  (  the  same  equations  represent  the  charac- 
teristic in  the  corresponding  osculating  plane.     We  shall  aliow  that 
this  characteristic  is  precisely  the  tangeut  at  the  corresponding 
point  of  r.     It  will  be  sufficient  to  establish  the  equations 

A  dx  :i\-  Bdy  +  C dz  ^  a ,  dA  dx  +  dB  d>/  +  dC  Us  =  0. 

The  first  of  these  is  the  first  of  (6),  while  the  second  is  easily 
obtained  by  differentiating  the  first  aud  then  making  use  of  the 
second  of  (6),  It  follows  that  the  characteristic  is  parallel  to 
the  tangent,  aiul  it  is  evident  that  each  of  them  passes  through 
the  point  (x,  y,  z);  hence  they  coincide. 

This  method  of  forming  the  developable  gives  a  clear  idea  of 
the  appearance  of  the  surface.  Let  --I B  be  an  arc  of  a  skew  curve. 
At  each  point  .1/  of  AB  draw  the  tangent,  and  consider  only  that 
half  of  the  tangent  which  extends  in  a  certain  direction, — -from  A 
toward  /J,  for  exampto.  These  halt  rays  form  one  nappe  S,  of  the 
developable,  bounded  on  three  sides  by  the  arc  A  B  and  the  tan- 
gents A  and  B  and  extending  to  infinity.  The  other  ends  of  the  tan- 
gents form  another  nappe  .%  simitar  to  .s'l  and  joined  to  .V,  along  the 
arc  A  B.  To  an  observer  placed  above  them  these  two  nappes  appear 
to  cover  each  other  partially.  It  is  evident  that  any  plane  not  tan- 
gent to  r  through  any  point  O  of  AB  cuts  the  two  nappies  S,  and  .s', 
of  the  developable  in  two  branches  of  a  curve  which  has  a  cusp  at  O. 
The  skew  curve  r  is  often  called  the  edye  of  regression  of  the 
developable  surface.* 

It  is  easy  to  verify  directly  the  statement  just  made.  Let  us 
take  O  aa  origin,  the  secant  plane  as  the  xy  plane,  the  tangent  to  T  as 
the  asis  of  s,  aud  the  osculating  plane  as  the  xx  plane.  Assuming 
that  the  coordinates  x  and  //  of  a  point  of  r  can  be  expanded  in  powers 
of  the  independent  variable  z,  the  equations  of  V  are  of  the  form 
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must  be  satisfied  at  the  origin.     Hence  the  equations  of  a  tangent 
at  a.  point  near  the  origin  are 


=  Z  -z 


2a,z  +  - 


Setting  Z  =  0,  the  oodrdinates  X  and  ¥  of  the  point  where  the  tan- 
gent meets  the  secant  plane  are  found  to  have  developments  which 
begin  with  terms  in  s*  and  in  s*,  respectively ;  hence  there  is  surely 
a  cusp  at  the  origin. 

BxampU.   Let  ua  Baled  aa  the  edge  of  regreaaion  the  ekew  cubic  x  =  t,y  —  l*, 
z  =  t*.    The  equation  of  the  oaculatiDg  plane  to  the  curve  la 


hence  we  shall  oblain  the  equation  of  the  correspond inj;  developable  by  wriling 
down  the  condllton  that  (21)  should  have  a  double  root  in  1,  which  a 
eliminating  t  between  the  equations 

,„„,  j,  t^-2tX  +  Y=0, 

The  result  of  this  elimination  la  the  equation 

(xr  -  z)»  -  4(J»  -  r){r'  -  xz)  = 

which  showB  that  the  developable  is  of  the  fourth  order. 

It  should  be  noticed  that  the  oquations  (2B)  represent  the  tangent  to  the  given 

322.  DiSerentul  equation  of  developable  surfaces.  If  s  =  F(x,  y)  be 
the  equation  of  a,  developable  surface,  /he  func/inn  F(r,  y)  satiejies 
the  equation,  s^  —  rt  =  0,  where  r,  a,  and  t  reprsHent,  as  usual,  the 
three  second  partial  derivatives  of  the  function  F(x,  y). 

For  the  tangent  planes  to  the  given  surface, 

Z=pX  +  qT-\-z-pi 

must  form  a  one-parameter  family;  hence  only  one  of  the  three 
coetfifients  p,  q,  and  s  —  px  —  qy  can  vary  arbitrarily.  In  particnlar 
there  must  be  a  relation  between  p  and  q  of  the  form  f(p,  q)  =  0. 
It  follows  that  the  Jacobian  D{p,  q)/D{x,  y)  =  rt  —  »'  must  vanish 
identically. 

Conversely,  if  F(x,  y)  satisfies  the  equation  rt  —  «*  =  0,  p  and  q 
are  connected  by  at  least  one  relation.  If  there  were  two  distinct 
relations,  p  and  q  would  be  constants,  P(x,  y)  would  be  of  the  form 
ax  +  by-^-e,  and  the  surface  s  =  F(x,  y)  would  be  a  plane.    If  then 
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is  a  shigle  relation  between  p  and  q,  it  may  be  written  in  the  form 
q  =f(^p'),  wJiere  p  does  not  reduce  to  a  constant.     But  we  also  have 


!/(rt-s')- 


_D{s-px  -qy,p)_ 


hence  z—px  —  qy  is  also  a  function  of  p,  say  ^jo),  whenever 
rt  —  s"  =  0.  Then  the  unknown  function  F(x,  y)  and  its  partial 
derirativeB  p  and  q  satisfy  the  two  equations 

of  these  equations  with  respect  to  x  and 


Differentiating  thi 
witli  respect  to  y, 


e  find 


Since  />  does  not  reduce  to  a  constant,  we  must  have 

hence  the  equation  of  the  surface  is  to  be  found  by  eliminating  p 
between  this  equation  and  the  equation 

^=px  +  yi,(^p)  +  <p{p), 

which  is  exactly  the  process  for  finding  the  envelope  of  the  family 
of  planes  represented  by  the  latter  equation,  /'  being  thought  of  as 
the  variable  parameter. 


223.  Envelope  of  a  family  of  ekew  curves.  A  one-parameter  family 
of  skew  curves  has,  in  general,  no  envelope.  Let  us  consider  first 
a  family  of  straight  lines 


(29) 


=  bz  +  q. 


where  a,  6,  p,  and  q  are  given  functiond  of  a  variable  parameter  a. 
\  We  shalt  proceed  to  find  the  conditions  under  which  every  member 
of  this  family  is  tangent  to  the  same  skew  curve  V.  Let  s  =  ^(a) 
be  the  s  coordinate  of  the  point  M  at  which  the  variable  straight 
line  D  touches  its  envelope  T.  Then  the  required  curve  T  will  be 
represented  by  the  equations  (29)  together  with  the  equation 
z  =  ^{a),  and  the  direction  cosines  of  the  tangent  to  V  will  be  pro- 
portional to  dx/da,  dy/da,  dz/da,  i.e.  to  the  three  quantities 


+  a'4,i_a)+p',  i.^'(«)+6'*(  ■')  +  '?'. 


*'("). 
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where  a',  b\  p'^  and  7'  are  the  derivatives  of  a,  b,  p,  and  q,  respec- 
tively. The  necessary  and  sufficient  condition  that  this  tangent  be 
the  straight  line  D  itself  is  that  we  should  have 

dx  __     dz  dy  __  j^dz 

da  da  da         da 

that  is, 

a'«^(a)  4-y  =  0,  h'4^{a)  -f  y'  =  0. 

The  unknown  function  <^(a)  must  satisfy  these  two  equations; 
hence  the  family  of  straight  lines  has  no  envelope  unless  the  two 
are  compatible,  that  is,  unless 

a'y'  -  h'p'  =  0. 

If  this  condition  is  satisfied,  we  shall  obtain  the  envelope  by  setting 
4>{a)  =  -  p^/a^  =  -  q^/b\ 

It  is  easy  to  generalize  the  preceding  argument.    Let  us  consider  a 
one-parameter  family  of  skew  curves  (C)  represented  by  the  equations 

(30)  F(x,y,z,a)^0,         *(a:,  y,  «,  a)  =  0, 

where  a  is  the  variable  parameter.  If  each  of  these  curves  C  is 
tangent  to  the  same  curve  r,  the  coordinates  (x,  y,  z)  oi  the  point 
M  at  which  the  envelope  touches  the  curve  C  which  corresponds  to 
the  parameter  value  a  are  functions  of  a  which  satisfy  (30)  and 
which  also  satisfy  another  relation  distinct  from  those  two.  Let 
dxy  dy,  dz  be  the  differentials  with  respect  to  a  displacement  of  M 
along  C ;  since  a  is  constant  along  C,  these  differentials  must  satisfy 
the  two  equations 


(31) 


TT-  dx  4-  TT-  dv  -\-  -TT-  dz  =  0, 
dx  dy  ^       dz  ' 

d^  d^  d^  _ 


On  the  other  hand,  let  &r,  8y,  8;^,  8a  be  the  differentials  of  Xj  y,  z, 
and  a  with  respect  to  a  displacement  of  M  along  r.  These  differen- 
tials satisfy  the  equations 


(32) 


(dF^     ,dF^     .  dF.     ,  dF. 
dx  dy  oz  ca 
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The  necessary  and  sufficient  conditions  that  the  curves  C  and  1 
be  tangent  are 

dx_rfy_  rfz 
Si  ~  Sy  ~  §3  ' 
or,  making  use  of  (31)  and  (32), 

8F,._„  8*. 


It  follows  that  the  coordinaies  (x,  y,  z)  of  the  po'mt.  of  tangency  m,iut 
aatUfy  the  equafiona 

(33)  F=0,        *  =  0,         3^  =  0.        ^  =  ^- 

Hence,  if  the  family  (30)  is  to  have  an  envelope,  the  four  equations 
(33)  must  be  rompatible  for  all  values  of  a.  Conversely,  if  these 
four  equations  have  a  common  solution  in  r,  <j,  and  ;;:  for  all  values 
of  a,  the  argument  shows  that  the  curve  V  described  by  the  point 
(x,  !/,  a)  is  tangent  at  each  point  (x,  y,  z)  upon  it  to  the  correspond- 
ing curve  C.  This  is  all  under  the  supposition  that  the  ratios  between 
dx,  dy,  and  dz  ate  determined  by  the  equations  (31),  that  is,  that  the 
point  (a;,  y,  z)  is  not  a  singulai-  point  of  the  curve  C. 

Note.  If  the  curves  C  are  the  characteristics  of  a  one-parameter 
family  of  surfaces  F(x,  y,  x,  a)  =  0,  the  equations  (33)  reduce  to 
the  three  distinct  equations 

0F  3*F 

hence  the  curve  represented  by  these  equations  is  the  envelope 
of  the  characteristics.  This  is  the  generalization  of  the  theorem 
proved  above  for  the  generators  of  a  developable  surface. 

The  equations  of  a.  one-parameter  family  of  Htraight  lioes  ire  often  written 


where  Xg,  yot  to>  o,  6,  c  are  funclions  of  »  variable  parameter  a.  It  ia  eaij  to 
And  directly  the  condition  that  this  family  should  have  an  envelope.  Let  E 
denote  the  common  value  of  each  nf  the  preceding  ratios ;  then  the  coordinates 
of  onj  point  of  the  straight  line  are  given  by  the  equaUons 

and  Qia  quenion  ia  to  determine  whether  it  ifi  poaaible  to  substitute  for  ( such  a 
(OQCtlon  of  a  that  the  variable  straight  Hue  should  always  remain  tangent  to 
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the  curve,  described  by  the  point  (x,  y,  z).    The  necessary  condition  for  this  is 
that  we  should  have 


(36) 


a 


Denoting  by  m  the  common  value  of  these  ratios  and  eliminating  I  and  m  from 
#  the  three  linear  equations  obtained,  we  find  the  equation  of  condition 


(87) 


z6  y6  zo 
a  b  c 
or     6'     c' 


=  0. 


If  this  condition  is  satisfied,  the  equations  (36)  determine  I,  and  hence  also  the 
equation  of  the  envelope. 


III.   CURVATURE  AND  TORSION  OF  SKEW  CURVES 

224.  Spherical  indicatrix.  Let  us  adopt  upon  a  given  skew  curve  F 
a  definite  sense  of  motion^  and  let  s  be  the  length  of  the  arc  AM 
measured  from  some  fixed  point  A  as  origin  to  any  point  AT,  affixing 
the  sign  -f  or  the  sign  —  according  as  the  direction  from  A  toward 
M  is  the  direction  adopted  or  the  opposite  direction.  Let  MT  be 
the  positive  direction  of  the  tangent  at  M,  that  is^  that  which  cor- 
responds to  increasing  values  of  the  arc.  If  through  any  point  O  in 
space  lines  be  drawn  parallel  to  these  half  rays,  a  cone  5  is  formed 
which  is  called  the  directing  cone  of  the  developable  surface  formed 
by  the  tangents  to  F.  Let  us  draw  a  sphere  of  unit  radius  about  0 
as  center,  and  let  2  be  the  line  of  intersection  of  this  sphere  with 
the  directing  cone.     The  curve  2  is  called  the  spherical  indicatrix 


FiQ.  48 


of  the  curve  F.  The  correspondence  between  the  points  of  these  two 
curves  is  one-to-one :  to  a  point  M  of  F  corresponds  the  point  m  where 
the  parallel  to  il/r  pierces  the  sphere.    As  the  point  A/ describes  the 
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curve  r  in  the  positive  sense,  the  point  ?ji  describes  the  curve  2  in 
a  certain  sense,  which  we  shall  adopt  aa  positive.  Tlien  the  corre- 
spoudiiig  arcs  a  and  a  increase  simultaneously  (Fig.  iS). 

It  is  evident  that  if  tlie  point  U  be  displaced,  the  whole  curve  S 
undergoes  the  same  translation ;  hence  we  may  suppose  that  O  lies 
at  the  origin  of  coBrdinates.  Likewise,  if  the  positive  sense  on  the 
curve  r  be  reversed,  the  curve  2  is  replaced  by  a  curve  symmetrical 
to  it  with  respect  to  the  point  Oj  but  it  should  be  noticed  that  the 
positive  seuse  of  the  tangent  »it  to  2  is  independent  of  the  sense  of 
motion  on  P. 

The  tangent  plane  to  the  directing  cone  along  the  generator  Om  is 
parallel  to  the  mcidafmg  plane  at  M.  For,  let  ^-Y  -\-  BY  +  CZ  =  <i 
be  the  equation  of  the  plane  0mm',  the  center  0  of  the  sphere  being 
at  the  origin.  This  plane  is  parallel  to  the  two  tangents  at  M  and 
at  At';  hence,  if  i  and  ^  +  ^  are  the  parameter  values  which  corre- 
spond to  ,1/  and  M',  respectively,  we  must  have 

(38)  .4/'(()  +  B*'(0+Cf(0  =  0. 

(39)  Af\l  +  A)  +  B*'((  +  h)  +  C^'(l  +  A)  =  0. 

The  8«cond  of  these  equations  may  be  replaced  by  the  equation 

^  /•(!  +  A)  ~/V)  ,   ^  ■j.y  +  h)  ~  ^-(t)   ^    ^,  ^'{t  +  A>  -  f  (/)  ^  ^ 
A  A  A  ' 

which  becomes,  in  the  limit  aa  A  approaches  zero, 

(40)  Af"{t)  +  B-p'Xt)  +  C^"{t)  =  0. 

The  equations  (38)  and  (40),  which  determine  A,  B,  and  C  for  the 
tangent  plane  at  m,  are  exa<.-tly  the  same  as  the  equations  (6)  which 
determine  A,  fl,  and  C  for  the  osculating  plane. 

225.  Badiua  of  curvature.  Let  •»  be  the  angle  between  the  positive 
directions  of  the  tangents  jl/7'and  M"!"  at  two  neighboring  points 
M  and  M'  of  V.  Then  the  limit  of  the  ratio  m/mc  MM',  as  M 
approaches  M',  is  called  the  eurvatiire  of  P  at  the  point  M,  just  as 
for  a  plane  curve.  The  reciprocal  of  the  curvature  is  called  the 
TodUa  of  ejirvature:  it  is  the  limit  of  arc  A/.l/'/tu. 

Again,  the  radius  of  curvature  R  may  be  detined  to  be  the  limit 
of  the  ratio  of  the  two  infinitesimal  arcs  MM'  and  mm',  for  we  have 

McMM'      a,ra  MM' 
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and  eax;h  of  the  fractions  (arc  mm')/(chord)  mm*  and  (chord  mm*)/ta 
approaches  the  limit  unity  as  m  approaches  m'.  The  arc8«(= J/Af) 
and  <r{=mm')  increase  or  decrease  simultaneously;  hence 

(«,  u  .  g. 

Let  the  equations  of  T  be  given  in  the  form 

(42)  x=f(t),        y=-^(t),         z  =  ^(t), 

where  O  is  the  origin  of  coordinates.  Then  the  coordinates  of  the 
point  m  are  nothing  else  than  the  direction  cosines  of  MT,  namely 

_^dx  /J  _  ^y  __dz 

ds  ds  ^      ds 

Differentiating  these  equations^  we  find 
,         dsd^x  —dxd^s       ._      dscPy  —  ducPs       _        dscPz  —  dzd^s 

<f'^  =  — dii — '  ^P= — d? — '  *^^= — d^ — ' 

da^  =  dc^-hdp^  +  rfy2  =  ^^^ — L., 

where  o  indicates  as  usual  the  sum  of  the  three  similar  terms 
obtained  by  replacing  x  by  x,  ?/,  z  successively.  Finally,  expanding 
and  making  use  of  the  expressions  for  ds^  and  ds  d^s,  we  find 

ds* 

By  Lagrange's  identity  (§  131)  this  equation  may  be  written  in 
tlie  form 

'^^  = d? ' 

where 

iA=dyd^z  —  dzd^i/,         B  =  dzd^x  —  dxd^z, 

^  '^        (  C  =  dxd^y-dyd^x, 

a  notation  which  we  shall  use  consistently  in  what  follows.  Then 
the  formula  (41)  for  the  radius  of  curvature  becomes 

ds^ 


(44)  «« = 


^2  4.  j52  4.  C^ 


and  it  is  evident  that  E}  is  a  rational  function  of  a;,  y,  «,  x\  y',  «', 
aj",  y",  «".  The  expression  for  the  radius  of  curvature  itself  is 
irrational,  but  it  is  essentially  a  positive  quantity. 


CURVATLKK       TORSION 


Note.   If  the  independent  variable  selected  is  the  arc  s  of  the 
^Coive  r,  the  functions /(*),  i^(s),  and  ^(s)  satisfy  the  equation 


r{»)  +  ^-^s)  +  r\>')='^- 


(45) 


,ln  =f"is)d8,         d0  =  <f."(s)ds,         dy  =  ^"(s)(fa, 


and  the  expression  for  tlie  radio 
ularly  elegant  form 


of  curvature  assumes  the  partic- 


("') 


^,  =  [/"(•)]•  + WW? + W"w:^ 


226.  Principal  nonnsl.  Center  of  curvatnre.  Let  us  draw  a  line 
through  M  (on  T)  parallel  to  mt,  tlie  tangent  to  S  at  m.  Let  ^/JV 
be  the  direction  on  this  line  which  corresponds  to  the  positive  direc- 
tion mt.  The  new  line  -l/.V  is  called  the  principal  normtil  to  T  at  M : 
it  is  that  normal  which  lies  in  the  osculating  plane,  since  mt  is 
perpendicular  to  Om  and  Onit  is  parallel  to  the  osculating  plane 
(§  2l'4).     The  direction  MN  is  called  the  positive,  dlivction  of  t/ie 

'.Hcipal  normal.  This  direction  is  uniquely  defined,  since  the  posi- 
itive  direction  of  mt  does  not  ilepend  upon  the  choice  of  the  poaitivf 
.direction  upon  T.  We  shall  see  in  a  moment  how  the  direction  in 
question  might  be  defined  without  using  the  indioatrix. 

If  a  length  MC  equal  to  the  radius  of  curvatnre  at  M  be  laid  off 
on  MN  from  the  point  M,  the  extremity  C  is  called  the  center  of 
l!«itrvature  of  V  at  M,  and  the  circle  drawn  around  C  in  the  oaculat- 
iag  plane  with  a  radius  MC  is  called  the  circle  of  evrputiire.  Let 
■«',  ff,  y'  be  the  direction  cosines  of  the  principal  normal.  Then  the 
coordinates  (xi ,  y, ,  2,)  of  the  center  of  curvature  are 


e  also  have 

,     da      6 


',  =  y  +  Rff, 


^dsfPi-dxiPs 


■  da       as  da  ds  ds^ 

\iKbA  similar  formultb  for  0'  and  y'.     Replacing  a'  by  its  valui 
ulie  expression  for  x,  we  find 


s  find 


472  SKEW  CURVES  [XI.  §226 

But  the  coefficient  of  R^  may  be  written  in  the  form 

ds^  ds* 

or,  in  terms  of  the  quantities  A,  B,  and  C, 

Bdz  —  Cdy 
ds* 

The  values  of  yi  and  «i  may  be  written  down  by  cyclic  permutation 
from  this  value  of  Xi ,  and  the  coordinates  of  the  center  of  curvature 
may  be  written  in  the  form 

^  -  ^  4.  p2  Bdz -Cdy 


(46) 


,    ^^Cdx  —  Adz 

y^  =  y^^" — d? — ' 


These  expressions  for  Xj,  y^,  and  «i  are  rational  in  Xy  y,  «,  x\  y\  z\ 
x'\  y",  z^\ 

A  plane  Q  through  M  perpendicular  to  MN  passes  through  the 
tangent  MT  and  does  not  cross  the  curve  r  at  M,  We  shall  proceed 
to  show  that  the  center  of  curvature  and  the  points  of  F  near  M  lie 
on  the  same  side  of  Q,  To  show  this,  let  us  take  as  the  independent 
variable  the  arc  s  of  the  curve  V  counted  from  M  as  origin.  Then 
the  coordinates  Xy  Y,  Z  oi  a,  poipt  3/'  of  r  near  M  are  of  the  form 


*    Uf'JC  S~       I  il~'JC  \ 


s  dx        s^    /d^x 
i  rf«  "^172  \d^ 


the  expansions  for  Y  and  Z  being  similar  to  the  expansion  for  X 
But  since  s  is  the  independent  variable,  we  shall  have 

dx  _  d^x  _^da  __da  da- _1     , 

ds  '  ds^        ds       da-  ds       R 

and  the  formula  for  .Y  becomes 

If  in  the  equation  of  the  plane  Q, 

a'iX  -x)  +  p\  1'  -  y)  +  y'{Z  -  «r)  =  0, 
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X,  Y,  and  Z  be  replaced  by  these  ezpansions  in  the  left-liand  member, 
the  value  of  that  member  is  found  to  be 

where  ij  approaches  zero  with  a.  This  quantity  is  positive  for  all 
values  of  s  near  zero.  Likewise,  replacing  (X,  }',  Z)  by  the  coordi- 
nates {x  +  Ra',  y  +  R^\  z  -f-  /fy')  of  the  center  of  curvature,  the 
result  of  the  substitution  is  R,  which  is  essentially  positive.  Hence 
the  theorem  is  proved. 

227.  Polar  line.  Polar  surface.  The  perpendicular  \  to  the  oani- 
iating  plane  at  the  center  of  curvature  is  called  the  poUir  line.  This 
straight  line  ia  the  characteristic  of  the  normal  plane  to  T.  For,  in 
the  first  place,  it  is  evident  that  the  line  of  intersection  D  of  the 
normal  planes  at  two  neighboring  points  M  and  M'  is  perpendicular 
to  each  of  the  lines  MT  and  M'T' ;  hence  it  is  also  perpendicular  to 
the  plane  mOni.'.  As  Af  approaches  M,  the  plane  mOm'  approaches 
parallelism  to  the  osculating  plane ;  hence  the  line  D  approaches  a 
line  perpendicular  to  the  osculating  plane.  On  the  other  hand,  to 
show  that  it  passes  through  the  center  of  curvature,  let  »  be  the 
independent  vai'iable ;  then  the  equation  of  the  normal  plane  is 

(47)  «(.Y  -x)  +  P(Y-!,)  +  y{Z-z)  =  0, 

and  the  characteristic  is  defined  by  (47)  together  with  the  equation 

(48)  ^(•'^-^)  +  f(>'-!')  +  j'(^-=)-i=l>- 

This  new  equation  represents  a  plane  perpendicular  to  the  principal 
normal  through  the  center  of  curvature;  hence  the  intersection  of 
the  two  planes  is  the  polar  line. 

The  polar  lines  form  a  ruled  surface,  which  is  called  the  polar 
surface.  It  is  evident  that  this  surface  is  a  developable,  since  we 
have  just  seen  that  it  is  the  envelope  of  the  normal  plane  to  r. 
If  r  is  a  plane  curve,  the  polar  surface  is  a  cylinder  whose  right 
section  is  the  evolute  of  T ;  in  this  special  ea.se  the  preceding  state- 
ments are  self-evident. 

228.  Torsion.  If  the  words  "tangent  line"  in  the  deliuitiou  of 
curvature  (§  225)  be  replaced  by  the  words  "osculating  plane,"  a 
new  geometrical  concept  is  introduced  which  measures,  in  a  manner, 
thfl  rate  at  which  the  osculating  plane  turns.  Let  w'  be  the  angle 
between  the  osculating  plaues  at  two  neighboring  points  Af  and  M '; 
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then  the  limit  of  the  ratio  (o'/arc  MM\  as  M  approaches  M\  is  called 
the  torsion  of  the  curve  V  at  the  point  M,  The  reciprocal  of  the 
torsion  is  called  the  radius  of  torsion. 

The  perpendicular  to  the  osculating  plane  at  M  is  called  the 
binormal.  Let  us  choose  a  certain  direction  on  it  as  positive,  —  we 
shall  determine  later  which  we  shall  take,  —  and  let  a",  fi'\  y"  be 
the  corresponding  direction  cosines.  The  parallel  line  through  the 
origin  pierces  the  unit  sphere  at  a  point  n,  which  we  shall  now  put 
into  correspondence  with  the  point  M  of  F.  The  locus  of  n  is  a 
spherical  curve  0,  and  it  is  easy  to  show,  as  above,  that  the  radius 
of  torsion  T  may  be  defined  as  the  limit  of  the  ratio  of  the  two  corre- 
sponding arcs  MM '  and  nn'  of  the  two  curves  F  and  0.  Hence  we 
shall  have 

T*  =  — f 

where  t  denotes  the  arc  of  the  curve  0. 

• 

The  coordinates  of  n  are  a",  fi!',  y",  which  are  given  by  the  formulae 
(§  216) 

a"= ,     ^  B"= ,-^  y"  = ~ 


±Vi4^-j-^M-C^  ±^A^-\-B'^-\-C^  iV^-^-f-^+C* 

where  the  radical  is  to  be  taken  with  the  same  sign  in  all  three 
formula?.  From  these  formulae  it  is  easy  to  deduce  the  values  of 
da",  dp"y  dy";  for  example, 

„  (A^  +  B^  +  C^dA  -A(AdA  -\- B dB -\- C dC) 

whence,  since  dr^  =  da"^  +  dfi"^  +  dy"\ 


2 


(^A^  +  B^+  Cy 
or,  by  Lagrange^s  identity, 

^  SJBdC-CdBf 

(J^  -h  B'  +  Cy 

where  S  denotes  the  sum  of  the  three  terms  obtained  by  cyclic  per- 
mutation of  the  three  letters  A,  B,  C,  The  numerator  of  this  expres- 
sion may  be  simplified  by  means  of  the  relations 

Adx-\-    Bdy-\-    Cdz  =  Oy 

dA  dx  4-  dBdy  +  dC dz  =  0, 
whence 

/ION  ^^       ^        ^y        =        <^g        ^  1 

^  *  ^     BdC  -  C  dB      C  dA  -  A  dC       A  dB  -  B  dA       k' 
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where  JT  is  a  quantity  defined  by  the  eqiiation  (49)  itself.    This  gives 


(A'  +  B'+cy 
where  K  is  defined  by  (49) ;  or,  expanding, 


de     dx 

\dx      dy   \ 

dx     dy 

d^s    d^x  \ 

\<Px    d^y\ 

\  iPi    ^y 

=  S{dzS^x^y-d:ii^zd*y), 

where  ^  denotes  the  sum  of  the  three  terms  obtained  by  eyclic  pei'* 
mutation  of  tlie  three  letters  x,  y,  a.  But  this  value  of  A'  is  exactly 
the  development  of  the  determinant  A  [(8),  §216]  i  hiaace 


-4'  +  B'  +  C 
and  therefore  the  radius  of  torsion  is  given  by  the  formula 


(60) 


T=±- 


I 


If  we  agree  to  consider  T  essentially  positive,  as  we  did  the  radius 
of  curvature,  its  value  will  be  the  absolute  value  of  the  second  mem- 
ber. But  it  should  be  noticed  that  the  expression  for  T  is  rational 
in  r,  y,  x,  x',  y',  x',  x",  ij",  z"  \  hence  it  is  natural  to  represent  the 
radius  of  torsion  by  a  length  affected  by  a  sign.  The  two  signs 
which  T  may  have  correspond  to  entirely  different  aspects  of  the 
curve  r  at  the  point  M. 

Since  the  sign  of  T  depends  only  on  that  of  A,  we  shall  investigate 
the  difference  in  the  appearance  of  r  near  M  wlien  A  has  different 
signs.  Let  us  suppose  that  the  trihedron  Oxyz  is  placed  so  that  an 
observer  standing  on  the  xy  plane  with  his  feet  at  O  and  his  head  in 
the  positive  z  axis  would  see  the  x  axis  turn  through  90°  to  his  left 
if  the  X  axis  turned  round  into  the  y  axis  (see  footnote,  p.  477). 
Suppose  that  the  positive  direction  of  the  binomial  MN,.  has  been  so 
chosen  that  the  trihe<lron  formed  from  the  lines  MT,  MN,  MN^  has 
the  same  aspect  as  the  trihedron  formed  from  the  lines  Ox,  Oy,  Ox; 
that  is,  if  the  curve  X  be  moved  into  such  a  position  that  M  coincides 
with  O,  MT  with  Ox,  and  MN  with  Oy,  the  direction  fl/.\\  ivill  coin- 
cide with  the  positive  %  axis.  During  this  motion  the  absolute  value 
of  r  remains  unchanged ;  hence  \  cannot  vanish,  and  hence  it  canoot 
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even  change  sign.*  In  this  position  of  the  curve  T  with  respect  to 
the  axes  now  in  the  figure  the  cobrdinates  of  a  point  near  the  origin 
will  be  given  by  the  formulae 


(61) 


ait  +  t*(at  +  «), 

6,<«  +  <»(6,  +  €'), 


where  c^  c',  c''  approach  zero  with  ty  provided  that  the  parameter  t,  is 
so  chosen  that  f  =  0  at  the  origin.  For  with  the  system  of  axes 
employed  we  must  have  dy  =  dz  =  cPz  =  0  when  ^  =  0.  Moreover 
we  may  suppose  that  ai  >  0,  for  a  change  in  the  parameter  from  t  to 
—  t  will  change  a^  to  —  aj .  The  coefficient  b^  is  positive  since  y  must 
be  positive  near  the  origin,  but  c,  may  be  either  positive  or  neg^ive. 
On  the  other  hand,  for  f  =  0,  A  =  12aib2C^  df\  Hence  the  sign  of  A 
is  the  sign  of  Cg.  There  are  then  two  cases  to  be  distinguished.  If 
c^>  0,  X  and  z  are  both  negative  for  —  h  <  t  <  0,  and  both  positive 
for  0  <  ^  <  A,  where  h  is  a  sufficiently  small  positive  number ;  i.e. 
an  observer  standing  on  the  xf/  plane  with  his  feet  at  a  point  P  on 


Fig.  49,  a 


Pig.  49,  6 


the  positive  half  of  the  principal  normal  would  see  the  arc  MM*  at 
his  left  and  above  the  osculating  plane,  and  the  arc  MM"  at  his  right 
below  that  plane  (Fig.  49,  a).  In  this  case  the  curve  is  said  to  be 
slnistrorsaL  On  the  other  hand^  if  Cg  <  0,  the  aspect  of  the  curve 
would  be  exactly  reversed  (Fig.  49,  />),  and  the  curve  would  be  said 
to  be  dextrorsal.  These  two  aspects  are  essentially  distinct.  For 
example,  if  two  spirals  (helices)  of  the  same  pitch  be  drawn  on  the 
same  right  circular  cylinder,  or  on  two  congruent  cylinders,  they 
will  be  superposable  if  they  are  both  sinistrorsal  or  both  dextrorsal ; 
but  if  one  of  them  is  sinistrorsal  and  the  other  dextrorsal,  one  of 
them  will  be  superposable  upon  the  helix  symmetrical  to  the  other 
one  with  respect  to  a  plane  of  symmetry. 


♦  It  would  be  easy  to  show  directly  that  A  does  not  change  sign  when  we  pass  from 
one  set  of  rectangular  axes  to  another  set  which  have  the  same  aspect. 
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In  consequence  of  these  results  we  shall  write 

Le.  at  a  point  where  the  curve  is  dextrorsal  T  ahall  be  positive,  while 
T  shall  be  negative  at  a  point  where  the  curve  is  sinistrorsal.  A  dif- 
ferent arrangement  of  the  original  coordinate  trihedron  Oxi/s  would 
lead  to  exactly  opposite  results.* 

229.  Frenet's  formulae.   Each  point  M  of  r  is  the  vertes  of  a  tri- 

rectangular  trihedron  whose  aspect  is  the  same  as  tliat  of  the  trihe- 
dron Oxffz,  and  whose  edges  are  the  tangent,  the  principal  normal, 
and  the  bincirmal.  The  positive  dirertion  of  the  principal  normal  is 
already  fixed.  That  of  the  tangent  may  be  chosen  at  pleasure,  but 
this  choice  then  fixes  the  positive  direction  on  the  binomial.  The  dif- 
ferentials of  the  nine  direction  cosines  (n,  ^,  y),  (it',  yS',  y'),  (it",  fi",  y") 
of  these  edges  may  be  expressed  very  simply  in  terms  of  R,  T,  and 
the  direction  cosines  tliemselvcs,  by  means  of  certain  formulae  due 
to  Frenet.t    We  have  already  found  the  formulse  for  da,  dfi,  and  dy : 


(53) 


ds       R 


ds     n 


The  direction  cosines  of  the  positive  binormal  {§  228)  are 


"     -y/.r'  +  B'  +  C^  Vj  =  +  B»+7^  -^A'  +  B'  +  C 

where  «  =  ±  1.     Since  the  trihedron  (.1/7",  .U-V,  MN^)  has  the  same 
aspect  as  the  trihedron  Oxyz,  we  must  have 

On  the  other  hand,  the  formula  for  dn"  may  be  written 


da-  = 


B(ISilA  --Adli)-{-C(rdA 
(.1'  +B'-\ 


or,  by  (49)  and  the  relation  /f  =  a, 


■It  U  nraal  in  Ainprlcn  to  adopt  an  arrnngement  of  axes  precisely  opposltB  la  that 
dMcritwd  BbovB.  Hence  we  Bhoiil.l  write  r  =+{.!'+  B*  4-  C'^j/A,  etc.  See  alaa 
tbe  (ootnole  to  fonuuU  (M),  $  3BD.  — Tbahi. 

^  Nouvellu  Annulet  de  MatMnutliqium,  1864,  p.  381, 
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The  coefficient  of  a'  is  precisely  1/T,  by  (52).  The  formulae  for 
dp"  and  dy"  may  be  calculated  in  like  manner,  and  we  should  find 

^     ^  ds         t'         ds         t'         ds        t' 

which  are  exactly  analogous  to  (53).* 

In  order  to  find  da'y  dp\  dy\  let  us  differentiate  the  well-known 
formulae 

aa'  -h  PP'  +  yy'  =  0, 

replacing  da,  dp,  dy,  da",  dfi",  rfy"  by  their  values  from  (63)  and 
(54).     This  gives 

a'da'  +  p'dp'  +  y'dy  =0, 

a  da'-^P  dp'^y  rfy' +  ^  =  0, 

ds 
a"da'  +  p"dp'  +  y"dy'-^'^  =  Oi 

whence,  solving  for  da',  dp',  dy', 

(55)    ll^  =  -il-f^',     ^'  =  _^-^,     ^'  =  _.z^:^. 

^     ^      ds  R        T         ds  R       T         ds  R       T 

The  formulae  (53),  (54),  and  (55)  constitute  Frenet's  formulae. 

Note.  The  formulae  (54)  show  that  the  tangent  to  the  spherical 
curve  0  described  by  the  point  n  whose  coordinates  are  a",  p'\  y"  is 
parallel  to  the  principal  normal.  This  can  be  verified  geometrically. 
Let  S'  be  the  cone  whose  vertex  is  at  O  and  whose  directrix  is  the 
curve  0.  The  generator  On  is  perpendicular  to  the  plane  which  is 
tangent  to  the  cone  S  along  Om  (§  228).  Hence  S'  is  the  polar  cone 
to  S,  But  this  property  is  a  reciprocal  one,  i.e.  the  generator  Om 
of  S  is  surely  perpendicular  to  the  plane  which  is  tangent  to  5' 
along  On.  Hence  the  tangent  mt  to  the  curve  2,  since  it  is  perpen- 
dicular to  each  of  the  lines  On  and  Om,  is  perpendicular  to  the 
plane  mOn.  For  the  same  reason  the  tangent  nt'  to  the  curve  0  is 
perpendicular  to  the  plane  mOn.  It  follows  that  rrU  and  nt'  are 
parallel. 

•  If  we  had  written  the  formula  for  the  torsion  In  the  form  1/T  =  A/{A^  +  ^  +  C), 
Frenet's  formulaB  would  have  to  be  written  in  the  form  daf' /d%  =  —  o'/T,  etc. 
[Hence  this  would  be  the  form  if  the  axes  are  taken  as  usual  in  America.  — Trans.] 
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230.  Expansion  of  x,  y,  and  z  in  powers  of  s.  GivcTi  two  functions 
R  —  ip{ft),  T  =  i^(k)  of  an  indepeudeut  variftble  s,  the  liist  of  which 
ia  positive,  there  exists  a  skew  curve  T  which  is  completely  defined 
except  for  its  position  iu  space,  and  whose  radius  of  curvature  and 
radius  of  torsion  are  expressed  by  the  given  equations  in  terms  of  . 
the  arc  s  of  the  curve  counted  from  some  fixed  point  upon  it.  A  rig- 
orous proof  of  this  theorem  cannot  be  given  until  we  have  discussed 
tlie  theory  of  differential  equations.  Just  now  we  shall  merely  show 
how  to  find  the  cxpansioiiB  for  the  cobrdinates  of  a  point  on  the 
required  curve  in  powers  of  a,  assuming  that  such  expansions  exist. 

Let  us  take  as  axes  the  tangent,  the  principal  normal,  and  the 
binormal  at  O,  the  origin  of  arcs  on  r.     Then  we  shall  have 

where  x,  i/,  and  3  are  tlie  coordinates  of  a  point  on  r.     But 


whence,  differentiating, 


R\R       T/ 


In  general,  the  repeated  application  of  Frenet's  formul;e  gives 

■—-  =  /,.« +  3f,«' +  /■,«", 
da* 

where  /-,,  A/.,  P,  are  known  functions  of  R,  T,  and  their  successive 

derivatives  with  respect  to  s.     In  a  similar  manner  the  successive 

derivatives  of  1/  and  z  are  to  be  found  hy  replacing  (a.  a',  a")  by 

{;8.  ^,  P")  and  (y,  y',  y"),  respectively,     lint  we  have,  at  the  origin, 

a,  =  1,  ft,  =  0,  y„  =  0,  tr;  =  0,  yK  =  1 .  y^  =  0,  <  =  0,  ff,'  =  0,  yi'  =  1  ; 

hence  the  formulee  (56)  become 


1 


(660 


6R^ 
^   dR 
'  GR^da  ^ 
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where  the  terms  not  written  clown  are  of  degree  higher  than  tliree. 
It  is  understood,  of  course,  that  R,  T,  dR/ds^  •  •  •  are  to  be  replaced 
by  their  values  for  5  =  0. 

These  formulae  enable  us  to  calculate  the  principal  parts  of  cer- 
tain infinitesimals.  For  instance,  the  distance  from  a  point  of  the 
curve  to  the  osculating  plane  is  an  infinitesimal  of  the  third  order, 
and  its  principal  part  is  —  s*/6RT,  The  distance  from  a  point  on 
the  curve  to  the  x  axis,  i.e.  to  the  tangent,  is  of  the  second  order, 
and  its  principal  part  is  3^/2R  (compare  §  214).  Again,  let  us  cal- 
culate the  length  of  an  infinitesimal  chord  c.     We  find 

o»  =  x«  +  y^-h«»  =  5«-J|^^  +  ..., 

where  the  terms  not  written  down  are  of  degree  higher  than  four. 
This  equation  may  be  written  in  the  form 

which  shows  that  the  difference  5  —  c  is  an  infinitesimal  of  the 
third  order  and  that  its  principal  part  is  s*/24iJ^ 

In  an  exactly  similai*  manner  it  may  be  shown  that  the  shortest 
distance  between  the  tangent  at  the  origin  and  the  tangent  at  a 
neighboring  point  is  an  infinitesimal  of  the  third  order  whose  prin- 
cipal part  is  s^/12RT.     This  theorem  is  due  to  Bouquet 

231.  Involutes  and  evolutes.  A  curve  Fi  is  called  an  involute  of  a 
second  curve  T  if  all  the  tangents  to  F  are  among  the  normals  to  Fj , 
and  conversely,  the  curve  F  is  called  an  evolute  of  F^ .  It  is  evident 
that  all  the  involutes  of  a  given  curve  F  lie  on  the  developable  sur- 
face of  which  F  is  the  edge  of  regression,  and  cut  the  generators  of 
the  developable  orthogonally. 

Let  (xj  i/y  z)  be  the  coordinates  of  a  point  M  of  F,  (a,  p,  y)  the 
direction  cosines  of  the  tangent  A/T*,  and  I  the  segment  MMi  between 
3/  and  the  point  Mi  where  a  certain  involute  cuts  MT,  Then  the 
coordinates  of  Mi  are 

Xi  =  x-{-la,         yi  =  y  +  //8,         Zi  =  Z'}-ly, 
whence 

dxi  =  dx  -{-  I  da  -{-  a  dlj 

di/i  =  di/  +  ldp-{-pdl, 

dz\  =  dz  •\-  Idy  -\-  y  dl. 


S331]  CURVATURE       TORSION  481 

In  order  that  the  curve  described  by  .W,  should  be  normal  to  ;l/M, 
it  is  necessary  and  suiBoieut  that  <it£r,  +  fidi/,  +  ydzx  should  vanish, 
i.e.  that  we  should  have 

adx  +  pdy  +  ydz  +  dl  +  l{adtt  +  pdp  -i-  ydy)  =  0, 


It  follows  that  the  involutes  to  a 
construution  which 


which  reduces  to  ds  +  dl 

giveu  skew  curve  V  may  be  drawn  by  the 

was  used  for  plane  curves  (S  206). 

Let  us  try  to  find  all  the  evolutes  of  a 
given  curve  F,  that  is,  let  us  try  to  pick 
out  a  one-parameter  family  of  normals  to 
tlie  given  curve  according  to  some  contin- 
uous law  which  will  group  these  normals 
into  a  developable  surface  (Fig.  fiO).  Let 
D  be  an  evolute,  tp  the  angle  between  the 
normal  3/^1/,  and  the  principal  normal  MN, 
and  /  the  segment  Atl'  between  M  and  the 

projection  P  of  the  point  Mi  on  the  principal  normal.     Then  the 
eoordinates  (a-,,  y,,  Zi)  of  M,  aie 


(57) 


Xi^X  +  In'  +  la"t3LlHl>, 

y.  =  i'  +  '|8'  +  //S"tan</., 
a,  =  a  +  ly'  +  /y"  tan  ^ , 


we  see  by  projecting  the  broken  line  Ml'Mi  upon  the  three  axes 
I  Buccessively,  The  tangent  to  the  curve  describe!  by  the  point  M, 
f  must  be  the  line  A/.U,  itself,  that  is,  we  must  have 

dxi ^ dxy 


.   Let  k  denote  the  common  value  of  these  ratios ;  then  ttie  condition 
I  &!,  =  ft(xi  --  J-)  may  be  transformed,  by  inserting  the  values  of  j-, 
and  dxi  and  applying  Frenet's  formulie,  into  the  form 


'■('-5)+"'('"  +  ""*F-«) 


"D 


d{l  tan  1^)  -  ^z; kl  tan  ^ 


L  The  conditions  t/y,  =  k(i/i  ~  y)  and  da,  =  A  («,  —  z)  lead  to  eiactly 

Eoimilar  forms,  which  may  be  deduced  from  the  preceding  by  repla- 

JBg  (a,  <*',  «")  by  (/3,  j8',  fi")  and  (y,  y',  y"),  respectively.    Since  the 
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determinant  of  the  nine  direction  mstnes  is  equal  to  uDity,  these 
three  equations  are  equivalent  to  ihe  set 

(68)  J      rf/  +  /  tan  *  -  =  Ai, 

d(l  tan  1^) — -  =  kl  tan  <f>. 

From  the  first  of  these  I  —  R,  which  shows  that  the  point  P  is  the 

center  of  curvature  and  that  the  line  I'M  is  the  polar  line.  It  fol- 
lows that  all  the  evoltifes  of  a  given  skew  oin-e  T  lie  oti  the  polar  sur- 
face. In  order  to  det«rniine  these  evolutea  completely  it  only  remains 
to  eliminate  k  between  the  last  two  of  equations  (58).  Doing  so 
and  replacing  I  by  R  throughout,  we  find  dm—T  di^.  Hence  ^  may 
be  found  by  a  single  quadrature : 

(59)  ♦  =  ♦.  +f  J.- 

If  we  consider  two  different  determinations  of  the  aDgle  if,  which 
correspond  to  two  different  values  of  the  constant  if>o,  the  difference 
between  these  two  determinations  of  ^  reniaioa  constant  all  along  r. 
It  follows  that  two  nnrmaU  to  the  curve  V  which  are  tangent  to  two 
different  ei'oliites  intersect  at  a  conttant  angle.  Hence,  if  we  know 
a  single  family  of  normals  to  T  which  form  a  developable  surface, 
all  other  families  of  normals  which  form  developable  surfaces  may 
be  found  by  turning  each  member  of  the  given  family  of  normals 
through  the  same  angle,  which  is  otherwise  arbitrary,  around  its 
point  of  intersection  with  T. 

Note  I.  If  r  is  a  plane  curve,  T  is  infinite,  and  the  preceding 
formula  gives  ^  =  ^o-  The  evolute  which  corresponds  tn  ^u  =  0  is 
the  plane  evolut«  studied  in  S  206,  which  is  the  locus  of  the  centers 
of  curvature  of  r.  There  are  an  infinite  number  of  other  evolutes, 
which  lie  on  the  cylinder  whose  right  section  is  the  ordinary  evo- 
lute. We  shall  study  these  curves,  which  are  called  helices,  in  the 
next  section.  This  is  the  only  case  in  wliicli  the  locus  of  the  cen- 
ters of  curvature  is  an  evolut«,  In  order  that  (.'i9)  should  be  satis- 
fied by  taking  i^  =  0,  it  is  necessary  that  T  sliould  bi'  infinite  or 
that  A  should  vanish  identically ;  hence  the  curve  is  in  any  case  a 
plane  curve  (S  216), 
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Note  II.  If  the  ourve  O  ia  an  evolute  of  V,  it  followK  that  V  is  an 
involute  of  D.     Hence 

rfs,  =d(MJ/,), 

where  Si  denotes  the  length  of  the  arc  of  the  ecolute  counted  from 
some  fixed  point.  This  shows  that  all  the  evolutes  of  any  given 
curve  are  rectifiable. 

833.  Bellcei.  Let  C  be  any  plane  curve  uid  let  u«  Iny  oS  oo  the  perpendlo- 
nlar  lo  the  plane  of  C  erected  at  any  point^i  on  C  a  length  mM  propOTtlonal  to 
the  length  of  the  arc  tr  of  C  coanted  from  Bouie  Bxed  point  A.  Then  the  skew 
curve  r  described  b;  the  puiut  Jf  is  called  a  heliz.     Let  xa  take  the  plane  of  C 

as  the  xy  plane  and  let 

!  =  /(„),         v  =  *,(<r) 

be  the  co&rdinales  of  a  point  m  of  C  ia  terms  of  the  arc  a.  Then  the  coordi- 
nates of  the  corresponding  point  Jf  of  the  curve  r  will  be 


where  K  is  the  pven  factor  of  proportionality.  The  funetions  /  and  ^  satisfy 
the  relation  /'*  +#'«  =  !;  hence,  from  (60), 

(W=  (/•!  +  *'»  +  K^)da^  =  (1  +  E^)da-', 
whereadeuntee  the  length  of  the  arc  of  r.    It  follows  thats  =  aVl  +  K^  ■\-  B, 
or.  if  «  and  IT  be  counted  from  the  same  point  j<  on  C,  •  =  o-Vl  +  iC*,Bincofl'  =  0. 
The  direction  cosinea  of  the  tangent  to  r  are 

CD  a.-O^,         J=-S°L,         ,  =  ^i=.. 

Vl  +  Jf»  Vl  +  JC"  -Jl  +  K' 

Since  7  is  independent  of  xr.  It  is  evident  that  the  tangent  to  T  makes  a  constant 
angle  witli  thei  axis;  this  property  is  chnraclerislic :  Any  eiime  mhoK  tangent 
maket  a  consMtd  angle  viiih  afized  straight  line  ia  a  helix.  In  order  lo  prove 
this,  let  lu  take  the  i  axis  parallu)  lo  the  given  straight  line,  and  let  C  be  the 
projection  of  the  given  curve  r  on  the  xy  plane.  The  equations  o£  r  may  always 
be  written  in  the  form 

(82)  l=/(<r).         !/  =  *("),         i^fM, 

where  the  functions  /  and  ^  satisfy  the  relation  /''  +  #'*  =  1,  for  this  merely 
amounta  to  taking  the  arc  <r  of  C  as  the  independent  variable.     It  follows  that 

ds       Vf'  +  *'"'  +  ^''      vT-f  >'' ' 
hence  the  necessary  and  snfficient  condition  that  7  be  constant  is  that  ^'  should 
be  constant,  that  is,  that  ^(tr)  should  be  of  the  form  Kit  +  xa.     It  follows  that 
the  equations  of  the  curve  T  will  be  of  the  form  (00)  if  the  origin  be  moved  to 
the  point  i  =  0,  y  =  0,  z  =  lu. 

Since  7  is  constant,  the  formula  dy/dt  =  y'/R  shows  that  y'  =  0.  Hence  the 
principal  normal  is  perpendicular  to  the  generators  of  the  cylinder.  Since  it  Is 
also  perpendicular  lo  the  tangent  to  the  hellz,  it  is  normal  to  the  cylinder,  and 
therefore  the  osculating  plane  is  normal  to  the  cylinder.     It  follows  that  the 
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binormal  lies  in  the  tangent  plane  at  right  angles  to  the  tangent  to  the  helix ; 
hence  it  also  makes  a  constant  angle  with  the  z  axis,  i.e.  y'^  is  constant. 

Since  7'  =  0,  the  formula  dY/ds  =  -  7/K  -Y'/T  shows  that  y/R  +  7''/  T  =  0; 
hence  the  ratio  T/R  is  constant  for  the  helix. 

Each  of  the  properties  mentioned  above  is  characteristic  for  the  helix.  Let 
us  show,  for  example,  that  exi&ry  cwroe  for  which  the  ratio  T/R  is  constant  is  a 
helix.     (J.  Bertrand.) 

From  Frenet^s  formulae  we  have 

da^'  ~  dSF'  r  dy '  "  5  "  77  * 

hence,  if  ^  is  a  constant,  a  single  integration  gives 

where  A^  B,C  are  three  new  constants.  Adding  these  three  equations  after 
multiplying  them  by  a,  /3,  7,  respectively,  we  find 

Aa-h  Bp-h  Cy  =  H, 
or 

Aa-h  Bfi-h  Cy  H 


But  the  three  quantities 

A  B  C 


y/A^  +  B^  +  C2  VA^  -hB^-hC^  VA'^'-h  B^  +  C^ 

are  the  direction  cosines  of  a  certain  straight  line  A,  and  the  preceding  equa- 
tion shows  that  the  tangent  makes  a  constant  angle  with  this  line.  Hence  the 
given  curve  Is  a  helix. 

Again,' let  us  find  the  radius  of  curvature.     By  (53)  and  (61)  we  have 

R        ds       l-hK^      ^  R       l-{-K^      ^  '' 

whence,  since  7'  =  0, 

(03)  —  = ^ [/"2  (cr)  -f  0''2  Ur)  ] . 

This  shows  that  the  ratio  (1  +  K'^)/R  is  independent  of  K.  But  when  K  =  0 
this  ratio  reduces  to  the  reciprocal  1/r  of  the  radius  of  curvature  of  the  right 
section  C,  which  is  easily  verified  (§  205).  Hence  the  preceding  formula  may 
be  written  in  the  form  i?  =  r(l  -f  K^),  which  shows  that  the  ratio  of  the  radius 
of  curvature  of  a  helix  to  the  radius  of  curvature  of  the  corresponding  curve  C 
is  a  constant. 

It  is  now  easy  to  find  all  the  curves  for  which  R  and  T  are  both  constant. 
For,  since  the  ratio  T/R  is  constant,  all  the  curves  must  be  helices,  by  Bertrand^s 
theorem.  Moreover,  since  R  is  &  constant,  the  radius  of  curvature  r  of  the 
curve  C  also  is  a  constant.  Hence  C  is  a  circle,  and  the  required  curve  is  a 
helix  which  lies  on  a  circular  cylinder.     This  proposition  is  due  to  Puiseux.* 

*  It  is  assumed  in  this  proof  that  we  are  dealing  only  with  real  curves,  for  we 
assumed  that  A^ -^  I^  ■{■  (.^  does  not  vanish.  (See  the  thesis  by  Lyon:  Stir  Its 
courbes  a  torsion  coiistantCy  1890.) 
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'e  also  the 


83S.  BBrtrand'a  currei.  The  principal  normals  to  a  plani 
principal  Doniials  to  an  inHnJte  number  of  otber  curves,  —  thu  parallels  to  the 
given  Gurre.  J.  Beitmnd  attempted  to  find  in  a  Eimilar  manner  all  the  skea 
curves  whose  principal  normals  are  the  principal  normals  to  a  given  eken 
curve  r.  Let  the  coilrdinates  x,ii,  e  ol  &  point  of  r  be  given  as  functions  of  tbe 
arc  I.  Let  UB  lay  oB  on  each  principal  normal  a  segment  of  length  /,  and  let  the 
coordinates  of  the  eitremity  of  this  segment  be  -T,  T,  Z ;  then  we  shall  have 


(64) 


a  +  t-^, 


r^v  +  if 


f'7'- 


The  necessary  and  sufficient  condition  that  the  principal  n^irnial  In  the  riirve  P' 
described  by  the  point  {X,  Y,  Z)  should  coincide  with  the  principal  normal  to  r 
is  that  the  two  equations 

!i'dX  +  ^dr+y-dZ  =  0, 
a'{dY<PZ  -  dZfPY)  +  p-idZdiX  -  dXrPZ)  +  y'{dZiPr -  dYi'X)  =  0 

sbould  be  Batislied  simuitancously.  The  meaning  of  each  of  these  equations  is 
evident.  From  tbe  first,  if2  =  0;  hence  the  length  of  tbe  segment  I  aliould  be  a 
constant.  Iteplocing  d.V,  iPX,  dF,  -  ■  •  in  tlie  second  eijiintion  by  their  values 
from  Frenet'a  furmulic  and  from  the  formula  obtained  by  differentiating 
Freuet's,  and  then  aimplifying,  we  finally  find 


whence,  integrating, 
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Note.  It  is  easy  to  find  the  general  formulu!  [ortill  skew  curres  whose  rtulinscif 
corvature  is  eoiiBtant.  1*1  /{ be  the  given  eoniilant  radius  and  let  a,  /J,  >  be  any 
three  functions  of  a  variable  parameter  which  aatisfy  tlie  relation  n'  +  jj'  -f  y*  =  1. 
Then  the  equaliona 


(66) 


Z  =  Iif. 


-  R  fpdtr,        Z  =  H  fydif, 


where  do-  =  Vdn*  +  dff'  +  dy'',  represent  a  curve  which  has  the  required  prop- 
erty, and  it  is  ensy  ti>  show  that  all  curves  which  liave  that  property  may  be 
obtainnl  in  this  manner.  For  n,  p,  y  are  exactly  the  direction  cosines  of  tlie 
curve  defined  by  (68),  and  a  ia  the  arc  of  its  spherical  indicatrii  (§  226). 


IV.    CONTACT  BETWEEN  SKEW  UUEVES 
CONTACT  BETWEEN  CUKVES  ANU  SURFACES 

834.  Contact  between  two  curves.  The  order  of  contact  of  two 
skew  curves  is  defined  in  Ihe  saaue  way  as  for  plane  curves.  Let  r 
and  r'  be  two  curves  which  are  tangent  atapoint  A.  To  each  point 
M  of  r  near  .4  let  us  assign  a  point  M'  of  T'  according;  to  such  a  law 
that  M  and  M'  approach  A  simultaneously.  We  proceed  to  tind 
the  maximum  order  of  the  inHiiitesiinal  AfM'  with  respect  to  the 
principal  infinitesimal  AM,  the  arc  of  r.  If  this  maximum  order 
is  n  -f  1,  we  shall  say  that  the  two  curves  have  rontaet  of  order  «, 

Let  ua  assume  a  system  of  tri rectangular  •  axes  in  space,  such 
that  the  yz  plane  is  not  parallel  to  the  common  tangent  at  A,  and 
let  the  equations  of  the  two  curves  be 


m 


(n 


P 


If  Xg,  %,  Cg  are  the  coordinates  of  A.  the  coctrdinates  of  M  and  M' 
are,  respectively, 

[a;a  +  A,  A'^t  +  A),  *(x<,  +  A)],       [a;„  +  k,  F(x,  +  ft),  *(*•„  +  k)] . 

where  *  is  a  function  of  A  which  is  defined  by  the  law  of  corre- 
spondence assumed  between  M  and  ^t'  and  wliioh  approaches  zero 
with  A.  We  may  select  A  as  the  principal  infinitesimal  instead  of 
the  arc  .4jI/  (§211);  and  a  necessary  condition  that  MAf  should 
be  an  intinitesiinal  of  order  n  +  1  is  that  each  of  the  differences 

A  -  A,        F(x„  +  k)  -^x.,  +  A) ,        <b(x^  +  ft)  -  *(Xo  +  A) 
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should  be  an  inftaitesiinal  of  order  n  +  1  or  more.  It  follows  that 
we  must  have 

k-h  =  ah.**\  F(a:,+  ft)-/(x„-f  A)  =  ^A-  +  ', 

*(a!„  +  lc)~  <f,(x^  +h)  =  yk"^', 

where  u,  ^,  y  remain  finite  as  h  approaches  zero.  Replacing  k  by 
ita  value  k  +  .t/t'*'  from  the  first  of  these  equations,  the  latter  two 
become 

F(x„  +  h  +  (lA"*')  -/(x„  +  A)  =  ^A"*S 
*(j-„  +  k  +  uA-+')  -^:c„  +  A)  =  yA"+'. 

Expanding  F(Xo  + '' + '«A"  +  ')  and  *(a:o  +  A  +  qA»*')  by  Taylor's 
series,  all  the  terms  which  contain  a  will  bare  a  factor  A"*';  hence, 
in  order  that  the  preceding  condition  be  satisfied,  each  of  the 
differences 

F{x,  +  A)  -  J{x,  +  h) ,         *(;r„  +  A)  -  *(!„  +  A) 

should  be  of  order  n  +  1  or  more.  It  follows  that  if  MM'  is  of 
order  »  +  1,  the  distance  .1/.V  between  the  points  M  and  N  of  the 
two  curves  which  have  the  same  abscissa  x^  +  A  will  be  at  least  of 
order  n  +  1.  Hence  the  maximuiii  order  of  the  infinitesimal  in 
question  will  be  obtained  hy  putting  into  correspondence  the  points 
of  the  two  curves  which  have  the  same  aiscissa. 

This  maximum  order  is  easily  evaluated.     Since  the  two  curves 
are  tangent  we  shall  have 

Let  us  suppose  for  generality  that  we  also  have 

f\x,)  =  F'\x,),         ■ . .,         /-'(r,)  =  F"\x,), 

VM  =  *"W.       ■  ■  ■.     '  *'"'K)  =  f-X^u), 
f  but  that  at  least  one  of  the  differences 

F'" * '>(«„)  - /<■  +  "(.r„) ,         *"•  ^ ■' (x„)  -  *<" * " (X,) 

•  does  not  vanish.  Then  the  distance  MM'  will  be  of  order  «  +  1 
I  and  the  contact  will  be  of  order  n.  This  result  may  also  be  stated 
as  follows  :  To  find  the  order  of  contact  of  two  curves  F  and  F',  eon- 
rider  the  two  sets  of  pny'eetions  (C,  C')  aitd  (Cj,  C()  of  the  given 
I  curves  on  the  xi/  plane  and  the  xz  plane,  respectively,  and  find  the 
\  order  of  contact  of  each  set :  then  the  order  of  contact  of  the  given 
\  curves  V  and  F'  wilt  be  the  smaller  of  these  two. 
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If  the  two  curves  T  and  V  are  given  in  the  form 
(r)  x=f(t),        y  =  Ht),         z  =  ^{t), 

(r)  ^=/W,      y  =  *(t^),     z  =  ^(u), 

they  will  be  tangent  at  a  point  u  =  ^  =  ^o  i^ 

ijf  t£76  suppose  that  f'(to)  is  not  zero,  the  tangent  at  the  point  of 
contact  is  not  parallel  to  the  yz  plane,  ^d  the  points  on  the  two 
curves  which  have  the  same  abscissa  correspond  to  the  same  value 
of  t.  In  order  that  the  contact  should  be  of  order  w  it  is  neces- 
sary and  sufficient  that  each  of  the  infinitesimals  ^(t)  —  <^(t)  and 
Sif(t)  —  \lf(t)  should  be  of  order  n  -+- 1  with  respect  to  ^  —  ^o>  i-©*  ^^^^ 
we  should  have 

*'(^o)  =  <I>XQ ,  •  •  • ,  <!»<->  (to)  =  4^<->  (to) , 

and  that  at  least  one  of  the  differences 

*^"  ■"  '^  (^o)  -  <^'" "-  '^  (to) ,         ^^^  •"  '^  (to)  -  i/^-  -^  *>  (to) 

should  not  vanish. 

It  is  easy  to  reduce  to  the  preceding  the  case  in  which  one  of  the 
curves  T  is  given  by  equations  of  the  form 

(67)  x=/(0,        y  =  *(0.        ^  =  ^(0> 

and  the  other  curve  F'  by  two  implicit  equations 

F(x,y,z)  =  0,         F,(x,i/,z)  =  0, 

Resuming  the  reasoning  of  §  212,  we  could  show  that  a  necessary 
condition  that  the  contact  should  be  of  order  ?i  at  a  point  of  F 
where  t  =  to  is  that  we  should  have 

^    ^      <F.(<o)  =  0,         F!(<.)  =  0,        ••.,         F{"'(<„)  =  0, 
where 

^(t)  =  nAt\  4^(t)y  Kt)l ,       Fi  (0  =  F,  if(t),  4>(t),  ,^(0] . 

235.  Osculating  curves.  Let  T  be  a  curve  whose  equations  are 
given  in  the  form  (67),  and  let  F'  be  one  of  a  family  of  curves  in 
2n  -h  2  parameters  a,  6,  c,  •  •  • ,  /,  which  is  defined  by  the  equations 

(69)     F(.r,  ?/,  5f,  a,  6,  •.,/)  =  0,         Fi  (x,  y,  «,  a,  b,c," .,  I)  =  0. 
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III  general  it  is  possible  to  determine  the  2n  +  2  parameters  in  Buch 
a  way  that  the  corresponding  curve  F'  has  contact  ot  order  n  with 
the  given  curve  r  at  a  given  point.  The  curve  thus  determined  is 
called  the  osailiUmp  curve  of  the  family  (69)  to  the  curve  F.  The 
aquations  which  determine  the  values  of  the  parameters  n,b,c,  ■■-,1 
are  precisely  the  2n  +  2  equations  (fi8).  It  should  be  noted  that 
these  equations  cannot  be  solved  unless  each  of  the  functions  F  and 
Fj  contain  at  least  n  +  1  parameters.  For  example,  if  the  curves 
r'  are  plane  curves,  one  of  the  equations  (ti9)  contains  only  three 
parameters ;  hence  a  plane  curve  cannot  have  contact  of  order 
higher  than  two  with  a  skew  curve  at  a  point  taken  at  random  on 
the  curve. 

us  apply  this  theory  to  the  simpler  classes  of  curves,  —  the 
straight  line  and  the  circle.     A  straight  line  depends  on  four  param- 

hencc  the  osculating  straight  line  will  have  contact  of  the 
first  order.  It  is  easy  to  show  that  it  coincides  with  the  tangent, 
for  if  we  write  the  equations  of  the  straight  line  in  the  form 


^+P, 


=  bz  +  q 


the  equatiftns  (C8)  become 

where  (xg,  y„,  e^)  is  the  supposed  point  of  contact 
these  equations,  we  find 


which  are  precisely  the  values  which  give  the  tangent  A  necea- 
eary  condition  that  the  tangent  shonld  have  contact  of  the  second 
order  is  that  x'a  =  n^'i  y'a  =  fi~-a,  that  is, 


The  points  where  this  happens  are  those  discussed  in  %  217. 

The  family  of  all  circles  in  space  depends  on  six  parameters; 
hence  the  osmtlnting  eireln  will  have  contact  of  the  second  order. 
Let  the  equations  of  the  circle  be  written  in  the  form 
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where  the  parameters  are  a,  b,  c,  R,  and  the  two  ratios  of  the  thiee 
coefficients  A,  B,  C.  The  equations  which  determine  the  osculating 
circle  are 

A(x  —  tf)  -f  /%  -  /')  +  C(z  —  c)  =  0, 

^  dx     .    ^dy  dz 

(x  -  af  +  (y  -  by  +  («  -  cf  =  R\ 

where  x,  y,  and  5;  are  to  be  replaced  by  f(t)y  <t>(t),  and  ^(^),  respec- 
tively. The  second  and  the  third  of  these  equations  show  that  the 
plane  of  the  osculating  circle  is  the  osculating  plane  of  the  curve  F. 
If  a,  bf  and  c  be  thought  of  as  the  running  coordinates,  the  last 
two  equations  represent,  respectively,  the  normal  plane  at* the  point 
(x,  y,  z)  and  the  normal  plane  at  a  point  whose  distance  from 
(x,  //,  z)  is  infinitesimal.  Hence  the  center  of  the  osculating  circle 
is  the  point  of  intersection  of  the  osculating  plane  and  the  polar 
line.  It  follows  that  the  osculating  circle  coincides  with  the  circle 
of  curvature,  as  we  might  have  foreseen  by  noticing  that  two  curves 
which  have  contact  of  the  second  order  have  the  same  circle  of 
curvature,  since  the  values. of  y\  z\  y",  «"  are  the  same  for  the  two 
curves. 

236.  Contact  between  a  curve  and  a  surface.  Let  5  be  a  surface 
and  r  a  curve  tangent  to  «S  at  a  point  A,  To  any  point  M  of  V 
near  A  let  us  assign  a  point  3/'  of  <S  according  to  such  a  law  that 
M  and  M^  approach  A  simultaneously.  First  let  us  try  to  find  what 
law  of  correspondence  between  M  and  M'  will  render  the  order 
of  the  infinitesimal  MW  with  respect  to  the  arc  AM  a  maximum. 
Let  us  choose  a  system  of  rectangular  coordinates  in  such  a  way 
that  the  tangent  to  r  shall  not  \ye  parallel  to  the  yz  plane,  and  that 
the  tangent  plane  to  S  shall  not  be  parallel  to  the  z  axis.  Let 
(^o>  Iht  ^0)  be  the  coordinates  of  ^4 ;  Z  =  F{Xy  y)  the  equation  of  S\ 
y  =/(^)j  ^  —  </>(-^)  ^h®  equations  of  T;  and  n-\-\  the  order  of  the 
infinitesimal    A/A/'   for   the   given   law   of  correspondence.      The 
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coordinates  of  M  are  [x^  4-  h,f{x^  +  /-),  <^(a-<,  +  A)].  Let  A',  I',  and 
Z  =  F{X,  Y)  be  the  coordinates  of  M'.  In  ordtr  that  MM'  should 
be  ot  order  n  +  1  with  respect  to  the  arc  AM,  or,  what  amounts  to 
the  same  thing,  with  respect  to  h,  it  is  necessary  that  eacli  of  the 
differences  A'  —  i.  Y  —  y,  and  Z  —  s  should  be  an  infinitesimal  at 
least  of  order  n  +  1,  tliat  is,  that  we  should  have 
X-  x  =  ah'*^,  Y  -y^  ffh'+',  Z  -  is  =  F(X,  Y)  -  z  =  yk'*' . 
where  a,  ft  y  remain  finite  as  A  approaches  zero.  Hence  we  shall 
have 

F{x  +  ah'^',  y  +  0h'*')  -  s  =  yh'*\ 

and  the  difference  F{x,  y)  —  z  will  be  itself  at  least  of  order  n  +  1. 
This  shows  that  the  order  of  the  infinitesimal  MN,  where  N  \e  the 
point  where  a  parallel  to  the  z  axis  pierces  the  surface,  will  be  at 
least  as  great  as  that  of  MM'.  The  maximum  order  of  contact  — 
which  we  shall  call  the  order  of  contact  of  the  curve  and  the  surface 
—  is  tlierefure  that  of  the  distance  MN  with  respect  to  the  arc  AM 
or  with  respect  to  A,  Or,  again,  we  may  say  that  the  order  of  con- 
tact of  the  curve  and  the  surface  is  the  order  of  coniaet  between  T 
and  the  ciirre  V  in  which  the  surface  S  is  cut  by  the  cylinder  which 
projects  r  upon  the  xy  plane.  (It  is  evident  that  the  s  axis  may  be 
any  line  not  parallel  to  the  tangent  plane.)  For  the  equations  of 
the  curve  r'  are 

j-/(x).  Z=F[»,/(x)]  =  »(*), 

and,  by  hypothesis, 

9{x„)  =  4.(x„),         t'(x„)  =  ^'(x,). 
It  we  also  have 

the  curve  and  the  surface  Iiave  contact  of  order  n.  Since  the  equa- 
tion *{r)  =  <f>{x)  gives  the  abscisste  of  the  points  of  intersection  of 
the  curve  and  the  surface,  these  conditions  for  contact  of  order  n 
at  a  point  A  may  be  expressed  by  saying  that  the  curve  meets  the 
surface  in  n  +  1  coincident  points  at  A. 

Finally,  if  the  curve  V  is  given  by  equations  ot  the  form  x  =fl.t), 
y  =  ^If),  2  =  ^(f),  and  the  surface  S  is  given  by  a  single  equation 
of  the  form  F{x,  y,  z)  =  0,  the  curve  T'  just  defined  will  have  equa- 
tions of  the  form  x  ■=f{t\  y  =  ^(f),  *  =  "■{')!  where  7r{/)  is  a.  func- 
tion defined  by  the  equation 

nAf)-  *('),  ■7^(0]  = 
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In  order  that  F  and  F'  should  have  contact  of  order  n,  the  infini- 
tesimal 7r(^)  —  \lf(t)  must  be  of  order  n  -+- 1  with  respect  to  ^  —  ^o  > 
that  is,  we  must  have 

Using  F(^)  to  denote  the  function  considered  in  §  234,  these  equa- 
tions may  be  written  in  the  form 

These  conditions  may  be  expressed  by  saying  that  the  curve  and 
the  surface  have  n  -{-  1  coincident  points  of  intersection  at  their 
point  of  contact. 

If  5  be  one  of  a  family  of  surfaces  which  depends  on  n  -f  1 
parameters  a,  b,  c,  •,  I,  the  parameters  may  be  so  cHosen  that  5 
has  contact  of  order  n  with  a  given  curve  at  a  given  point ;  this 
surface  is  called  the  osculating  surface. 

In  the  case  of  a  plane  there  are  three  parameters.  The  equations 
which  determine  these  parameters  for  the  osculating  plane  are 

Af  (t)  -f  B4^  (0  +  C^  (0  +  ^  =  0, 
Af(t)-{-B4>'(t)-^Cil;'(t)  =0, 

AfXt)  +  B4>^\t)  +  C^"(0  =  ^• 

It  is  clear  that  these  are  the  same  equations  we  found  before  for 
the  osculating  plane,  and  that  the  contact  is  in  general  of  the  second 
order.     If  the  order  of  contact  is  higher,  we  must  have 

Af'it)  -h  B4>"Xf)  -h  crv)  =  0, 

i.e.  the  osculating  plane  must  be  stationary. 

237.  Osculating  sphere.  The  equation  of  a  sphere  depends  on  four 
parameters;  hence  the  osculating  sphere  will  have  contact  of  the 
third  order.  For  simplicity  let  us  suppose  that  the  coordinates 
Xy  y,  IS  of  a  point  of  the  given  curve  F  are  expressed  in  terms  of  the 
arc  s  of  that  curve.  In  order  that  a  sphere  whose  center  is  (a,  b,  e) 
and  whose  radius  is  p  should  have  contact  of  the  third  order  with 
F  at  a  given  point  (x,  y,  «)  on  F,  we  must  have 

F{8)  =  0,         F(s)  =  0,         F"(.-)  =  0,         F'Xs)  ^  0, 

where 

F(»)  =  (x  -  ay  +  (y  -  by  +  (z-  c)«  -  p* 


Ill 
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and  where  x,  y,  z  are  expressed  as  functions  of  s.  Expanding  the 
last  three  of  the  equations  of  condition  and  applying  Frenet's 
formulae,  we  find 

F'  («)  =  (a;  -  a)  a  -f  (y  -  ft)  )8  +  («  -  c)  y  =  0 , 
F"(5)  =  (x-a)|'  +  (.y-6)^  +  (^-Oj'+l=0, 

^^  R    \R^  tJ       r    \r^tI       r    \r^tI 

These  three  equations  determine  a,  hy  and  c.  But  the  first  of  them 
represents  the  normal  plane  to  the  curve  V  at  the  point  (Xy  y,  z)  in 
the  running  coordinates  (a,  h,  c),  and  the  other  two  may  be  derived 
from  this  one  by  differentiating  twice  with  respect  to  s.  Hence 
the  center  of  the  osculating  sphere  is  the  point  where  the  polar  line 
touches  its  envelope.  In  order  to  solve  the  three  equations  we  may 
reduce  th^  last  one  by  means  of  the  others  to  the  form 

{X  -  a)  a"  +  (y  -  b)P"  +  (^  -  c)y"  =T^. 

from  which  it  is  easy  to  derive  the  formulae 

.    «  ,      r^dR    „  ^  .    „^,      r^dR  ^, 

a^x  +  Ra'  -T—  a",  b  =  y -{- Rfi' -  T  ^  p\ 

Hence  the  radius  of  the  osculating  sphere  is  given  by  the  formula 

If  R  is  constant,  the  center  of  the  osculating  sphere  coincides  with 
the  center  of  curvature,  which  agrees  with  the  result  obtained  in 
§233. 

238.  Osculating  straight  lines.  If  the  equations  of  a  family  of 
curves  depend  on  n  +  2  parameters,  the  parameters  may  be  chosen 
in  such  a  way  that  the  resulting  curve  C  has  contact  of  order  n  with 
a  given  surface  S  at  a  point  ^f.  For  the  equation  which  expresses 
that  C  meets  S  at  M  and  the  n  + 1  equations  which  express  that 
there  are  n  +  1  coincident  points  of  intersection  at  M  constitute 
ift  +  2  equations  for  the  determination  of  the  parameters. 
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For  exajnple,  the  equations  of  a  straight  line  depend  on  four 
parameters.  Hence,  through  each  point  M  of  a  given  surface  S, 
there  exist  one  or  more  straight  lines  which  have  contact  of  the 
second  order  with  the  surface.  In  order  to  determine  these  lines, 
let  us  take  the  origin  at  the  point  M,  and  let  us  suppose  that  the 
z  axis  is  not  parallel  to  the  tangent  plane  at  Af.  Let  a  =  F(x,  y) 
ho  the  equation  of  the  surface  witli  respect  to  these  ases.  The 
required  line  evidently  passes  through  the  origin,  and  its  equations 
are  of  the  form 

Henee  the  equation  ep  =  F(ap,  bp)  should  have  a  triple  root  p  =  Oj 
that  is,  we  should  have 

C=      I'P  +  I-'I, 

0  ^a'r  +  2'ibs  +  h''t. 
where /I,  J,  r,  s,  t  denote  the  values  of  the  first  and  second  deriva- 
tives of  F(x,  I/)  at  the  origin.  The  first  of  these  equations  expresses 
that  the  required  line  lies  in  the  tangent  plane,  which  is  evident 
a  priori.  The  second  equation  is  a  quadratic  equation  in  the  ratio 
b/a,  and  its  roots  are  real  if  **  —  rt  is  positive.  Hence  there  are  in 
general  two  and  only  two  straight  lines  through  any  point  of  a  given 
surface  which  have  contact  of  the  second  order  with  that  surface. 
These  lines  will  be  real  or  imaginary  according  as  s'  —  rt  is  positive 
or  negative.  We  shall  meet  these  lines  again  in  the  following 
chapter,  in  the  study  of  the  curvature  of  surfaces. 


1.  Fiii<l,  in  finite  form,  the  equalianB  of  the  evolutes  of  the  curve  whicb 
cuU  the  Glralght  line  generators  of  a  right  circular  cone  at  a  constant  angle. 
DiBOiiaa  tlie  problem. 

[Licenct,  Maiseillea,  July.  1884.] 

2.  Do  there  exist  skew  curves  r  for  which  the  three  points  of  iiitersecllnn 
of  a  fixed  plane  P  with  the  tangent,  the  principal  normal,  and  tJie  biaormal  ace 
the  vertices  of  an  equilateral  triangls  ? 

3.  Let  r  be  the  edge  of  regression  of  a  surface  which  ia  the  envelope  of 

a  nne-paramcter  family  of  spheres,  i.e.  the  envelope  of  the  aharaeteriatlccirclM. 
Show  thitt  the  curve  which  is  the  locus  of  the  centers  of  the  spheres  lies  on 
the  polar  surface  of  r.     Also  state  and  prove  the  convitrse. 

4.  Let  r  be  a  given  skew  curve,  M  a  point  on  T,  and  O  a  fixed  point  hi 
■pace.  Through  O  draw  a  line  parallel  to  the  polar  line  to  T  at  Jtf ,  and  laf  oft 
on  this  parallel  a  segment  ON  equal  to  the  radius  of  curvature  of  r  at  JV.    Show 
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ID  skew  curve  r  bu  a  (Hiiuuuit  radluB  a, 
1,  at  least  unleai  tbe  radius  of  curvature 


that  rhe  cun-e  r'  described  by  the  p'liiit  N  and  ibe  curve  T"  described  by  the 
center  of  curvature  of  F  bave  tbeir  taugents  perpendicular,  their  elemenU  of 
length  equal,  and  their  radii  of  curvature  equal,  at  correspondiug  puinta. 

[ROL'QUBT.] 

5.  If  the  oeculating  sphere  to  a  g! 
■hovr  that  T  lies  on  a  sphere  of  radim 
of  r  is  constant  and  equal  to  a. 

6.  Show  that  the  necessary  and  sufficient  coDditlon  that  the  locus  of  the 
center  of  curvature  of  a  helix  drawn  on  a  cylinder  should  be  another  helix  on  a 
cylinder  parallel  to  the  first  otie  U  that  the  right  section  of  the  second  cylinder 
should  be  a  circle  or  a  logarithmic  apiral.  In  the  latter  case  show  that  all  tbe 
belicea  lie  on  circular  cones  which  have  the  same  axis  and  ibe  same  vertex. 

[TissOT,  Ifoavellet  ^nnales,  Vol.  XI,  1852.] 

7*.  It  two  skew  curves  have  the  same  principal  normals,  the  osculating 
plonev  of  the  two  curves  at  the  points  where  the;  meet  tbe  same  normal  make 
a  constant  angle  with  each  other,  Tlie  two  poinia  just  mentioned  and  the  cen- 
ters of  curvature  of  the  two  curves  forui  a  system  of  four  points  whose  anhar- 
monic  ratio  la  constant.  The  product  of  tbe  radii  of  torsion  of  the  two  curves 
Kt  cvrrespooding  points  is  a  constant. 

[PtPL  Serhet;  Mansheiu;  Schell.] 


8*.  Let  z,  V,  z  be  the  n 
and  s  the  arc  of  that  curve. 


;t*iigular  coordinates  of  a  point  on  a  skew  curi 
Then  tbe  curve  To  defined  by  the  equations 


.,  Zo  are  the  running  coordinates, 
e  defined  by  tbe  equationa 


s  catled  the  eonjvgaU  c 


* 


Z  =  t 


«S4  tdilae, 


where  X,  F,  Z  a 


e  the  running  coiirdinates  and  9  is  a  constant  angle,  is  called 
Find  the  orlentatJou  of  tbe  fundamental  trihedron  for  each  of 
these  curves,  and  find  tbeir  radii  of  curvature  and  of  torsion. 

If  the  curvature  of  r  is  constant,  the  torsion  of  the  curve  Fo  is  constant,  and 
the  related  curves  are  curves  of  tlie  Bertrand  type  (§  233).  Hence  find  the 
genenl  equations  of  the  latter  curvea. 

9.  Let  r  and  r'  be  two  skew  curves  which  are  tangent  at  a  point  A.  From 
A  lay  off  infinilcaimnl  arcs  AM  and  AM'  from  A  along  the  two  curves  in  the 
•ame  direction.     Find  tbe  limiting  position  of  the  line  MM'. 

[Caucht.] 

XO.  In  order  that  a  straight  line  rigidly  connected  to  the  fundamental  trihe- 
dron of  a  skew  curve  and  passing  through  the  vertex  of  the  trihedron  should 
describe  a  developable  surface,  that  straight  line  must  coincide  with  the  tangent, 
at  least  onleos  the  given  skew  curve  is  a  helix.  In  the  latter  case  there  are  an 
infinite  number  of  straight  linos  which  have  the  required  property. 
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For  a  curve  of  the  Bertrand  type  thcro  exist  two  hyperbolic  paraboloids 
rigidly  connected  to  the  fundamental  trihedron,  each  of  whose  generators 
describes  a  developable  surface. 

[CesAro,  Rivista  di  Matfiematica,  Vol  II,  1892,  p.  155.] 

11*.  In  order  that  the  principal  normals  of  a  given  skew  curve  should  be  the 
binormals  of  another  curve,  the  radii  of  curvature  and  the  radii  of  torsion  of 
the  first  curve  must  satisfy  a  relation  of  the  form 


A 
where  A  and  B  are  constants. 


(-  +  -)  =  - 


[Mannheim,  Comptes  rendua^  1877.] 


[The  case  in  which  a  straight  line  through  a  point  on  a  skew  curve  rigidly 
connected  with  the  fundamental  trihedron  is  also  the  principal  normal  tor  the 
binorinal)  of  another  skew  curve  has  been  discussed  by  Pellet  {Comptea  reiidiu. 
May,  1887),  by  Ces^tro  {NouveUcs  Annales,  1888,  p.  147),  and  by  Balitrand 
{Mathesis,  1804,  p.  150).] 

12.  If  the  osculating  plane  to  a  skew  curve  F  is  always  tangent  to  a  fixed 
sphere  whose  center  is  O,  show  that  the  plane  through  the  tangent  perpen- 
dicular to  the  principal  normal  passes  through  O,  and  show  that  the  ratio  of 
the  radius  of  curvature  to  the  radius  of  torsion  is  a  linear  function  of  the  arc. 
State  and  prove  the  converse  theorems. 


CHAPTER    Xri 
SURFACES 


I.   CURVATURE  OF  CtRVKS  imAVVN  ON   A  SURFACE 

239.  FundamenUl  formula.  Heusnier's  theorem.  Id  order  to  study 
the  curvature  of  a  surface  at  a  non-singular  point  M,  we  shall  sup- 
pose the  surface  referred  to  a  system  of  rectangular  coordinates 
euch  that  the  axis  of  *  is  uot  parallel  to  the  tangent  plane  at  M. 
If  the  surface  is  analytic,  its  equation  may  be  written  in  the  form 


(1) 


'''(.',  s). 


where  F(x,  ij)  is  developable  in  power  series  according  to  powers  of 
X  —  la  and  y  —  I/O  in  the  ni'ighborhood  of  the  point  M  (x^,  i/a,  2o) 
(§  194).  But  the  argimients  which  we  shall  use  do  not  require  the 
assumption  that  the  surface  should  be  analytic:  we  shall  merely 
suppose  that  the  function  F(x,  ij),  together  with  its  first  and  second 
derivatives,  is  continuous  near  the  point  {Xg,  y^  We  shall  use 
Monge's  notation,  2>,  ?,  J",  s,  t,  for  these  derivatives. 

It  is  seen  immediately  from  the  equation  of  the  tangent  plane 
that  the  direction  cosines  of  the  normal  to  the  surface  are  propor- 
tional to  p,  1,  and  —  1.  If  we  adopt  as  tlie  positive  direction  of  the 
normal  that  which  makes  an  acute  angle  with  the  positive  z  axis, 
the  actual  direction  cosines  themselves  A,  ^,  v  are  given  by  the 
formulae 


(2)X  = 


1 


Vl+x-i-,/ 


vn 


Vl-f;,'  +  g 


Let  r  be  a  curve  on  the  surface  .S*  through  the  point  M,  and  let 
[  the  equations  of  this  curve  be  given  in  parameter  form;  then  the 
i  functions  of  thtr  parameter  which  represent  the  coordinates  of  a 
I   point  of  this  curve  satisfy  the  equation  (1),  and  hence  their  differ- 
entials satisfy  the  two  relations 


(3) 


lis  ^=L  pdx  +  '/  dij , 
il^z  =  piPT  -+■  qtPy  +  rdx'  -^  2a dx dy  +  fdy'. 
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The  first  of  these  equations  means  that  the  tangent  to  the  curve  C 
lies  in  the  tangent  plane  to  the  surface.  In  order  to  interpret  the 
second  geometrically,  let  us  express  the  differentials  which  occur  in 
it  in  terms  of  known  geometrical  quantities.  If  the  independent 
variable  be  the  arc  o-  of  the  curve  C,  we  shall  have 

^7"""^'       d^"^'      rf^""*^'       d^^li'      'd^'^R'      d^^  R* 

where  the  letters  a,  p,  y^  a\  p\  y\  R  have  the  same  meanings  as  in 
§  229.  Substituting  these  values  in  (4)  and  dividing  by  Vl-h/>^-f  y*, 
that  equation  becomes 


or,  by  (2), 


y'  -  pa'  -  qp'  ^  ra^  -f  28aP  -f  ffi 


«2 
9 


\a'  H-  fJLp'  -f  vy'  ^  ra^  -f  2saP  +  tfiF 


But  the  numerator  \a'  -f  fifi'  -f  vy'  is  nothing  but  the  cosine  of  the 
angle  $  included  between  the  principal  normal  to  C  and  the  positive 
direction  of  the  normal  to  the  surface ;  hence  the  preceding  formula 
may  be  written  in  the  form 

cos  6      rc^-h  2sap  +  tp* 


(5) 


R       vt+Tm^ 


This  formula  is  exactly  equivalent  to  the  formula  (4);  hence  it 
contains  all  the  information  we  can  discover  concerning  the  curva- 
ture of  curves  drawn  on  the  surface.  Since  R  and  Vl  -H  />•  +  y* 
are  both  essentially  positive,  cos  0  and  ra^  -f  2sap  4-  tfi^  have  the  same 
sign,  i.e.  the  sign  of  the  latter  quantity  shows  whether  $  is  acute  or 
obtuse.  In  the  first  place,  let  us  consider  all  the  curves  on  the  sur- 
face 5  through  the  point  ^f  which  have  the  same  osculating  plane 
(which  shall  be  other  than  the  tangent  plane)  at  the  point  M.  All 
these  curves  have  the  same  tangent,  namely  the  intersection  of  the 
osculating  plane  with  the  tangent  plane  to  the  surface.  The  direc- 
tion cosines  a,  fi,  y  therefore  coincide  for  all  these  curves.  Again, 
the  principal  normal  to  any  of  these  curves  coincides  with  one  of 
the  two  directions  which  can  be  selected  upon  the  perpendicular  to  the 
tangent  line  in  the  osculating  plane.  Let  cd  be  the  angle  which  the 
normal  to  the  surface  makes  with  one  of  these  directions ;  then  we 
shall  have  0  =  ta  or  0  =  ir  —  ta.  But  the  sign  of  ra^  +  2sap  -f  iff 
shows  whether  the  angle  $  is  acute  or  obtuse;  hence  the  positive 
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t 
I 


direction  of  the  principal  normal  is  tlic  same  for  all  these  curves. 
Since  8  ia  also  the  same  for  all  the  curves,  tlie  radius  of  curvatuTS 
ti  is  the  same  for  them  all ;  tliat  is  to  say,  all  the  curves  on  the  sur- 
/ace  through  the  point  M  which  have  the  same  osculating  plane  have 
t/ie  same  center  of  curvature. 

It  follows  that  we  need  only  study  the  curvature  of  the  plane 
sectioDs  of  the  surface.  First  let  us  study  the  variation  of  the 
curvature  of  the  sections  of  the  surface  by  planes  which  all  pass 
igh  the  same  tangent  MT.  We  may  suppose,  without  loss  of 
generality,  that  m'  +  2sap  +  t^>  Q,  fur  a  change  in  the  direction 
of  the  2  axis  is  sufficient  to  change  the  signs  of  r,  s,  and  t.  For  all 
these  plane  sections  we  shall  have,  therefore,  cos $>0,  and  the 

igle  $  is  acute.  If  fli  be  the  radius  of  curvature  of  the  section 
by  the  normal  plane  through  MT,  since  the  corresponding  angle  8 
is  zero,  we  shall  have 

L        r^  +  2»ap  +  tf? 


«i 


VTf 


Comparing  this  formula  with  equation  (5),  which  gives  the  radius 
of  curvature  of  any  oblique  section,  we  find 


(6) 


'U 


It 


I 


or  R  =  R,  cos  6,  which  shows  that  the  center  of  cnrvatiire  of  nnij 
oblit/ue  Mercian  is  the  projection  of  the  center  of  enrvature  of  the 
normal  section  through  the  same  tangent  line.  This  is  Meusnier's 
theorem. 

The  preceding  theorem  reduces  the  study  of  the  curvature  of 
oblique  sections  to  the  study  of  the  curvature  of  uormal  sections. 
We  shall  discuss  directly  the  results  obtained  by  Euler.  First  let 
OS  remark  that  the  formula  (S)  will  appear  in  two  different  forms 
for  a  normal  section  according  as  ra^  +  2sa^  +  tfC  is  positive  or 
negative.  In  order  to  avoid  the  inconvenience  of  carrying  these 
two  signs,  we  shall  agree  to  affix  the  sign  +  or  the  sign  —  to  the 
radius  of  curvature  R  of  a  normal  section  according  as  the  direction 
from  M  to  the  center  of  curvature  of  the  section  is  the  same  as  or 
opposite  to  the  positive  direction  of  the  normal  to  the  surface. 
With  this  convention,  R  is  given  in  either  case  by  the  formula 


^(7> 


K      vT+yT 
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which  allows  without  ambiguity  the  direction  in  which  the  center 
of  curvature  lies. 

From  (7)  it  is  easy  to  determine  the  position  of  the  surface  with 
tespect  to  its  tangent  plane  near  the  point  of  tangency.  For  if 
r*  —  r(  <  0,  the  quadratic  form  nt'  +  '2mff  +  tji'  keeps  the  same 
sign  —  the  sign  of  r  and  of  ( —  as  the  normal  plane  turns  around 
the  normal;  hence  all  the  normal  sections  have  their  centers  of 
curvature  on  the  aame  side  of  the  tangent  plane,  and  therefore  all 
lie  on  the  same  side  of  that  plane :  the  surface  is  said  to  be  convex 
at  such  a  point,  and  the  point  is  called  an  elliptic  poiut.  On  the 
contrary,  if  s^  —  rt  >  0.  the  form  nv'  +  2safi  +  t^  vanishes  for  two 
particular  positions  of  the  normal  plane,  and  the  corresponding 
normal  sections  have,  in  general,  a  point  of  inflection.  When  the 
normal  plane  lies  in  one  of  the  dihedral  angles  formed  by  these  two 
planes,  li  is  positive,  and  the  corresponding  section  lies  above  the  tan- 
gent plane ;  when  the  normal  plane  lies  in  the  other  dihedral  angle, 
R  is  negative,  and  the  section  lies  below  the  tangent  plane.  Hence 
in  this  case  the  surface  crosses  its  tangent  plane  at  the  point  of 
tangency.  Such  a  point  is  called  a  hijiierbnlw  point.  Finally,  if 
<■  _  rt  =  0,  all  the  normal  sections  lie  on  the  same  side  of  the  tan- 
gent plane  near  the  point  of  tangency  except  that  one  for  which 
the  radius  of  curvature  is  infinite.  The  latter  section  usually 
crosses  the  tangent  plane.     Such  a  point  is  called  a,  parabolic  point. 

It  is  easy  to  verify  these  results  by  a  direct  study  of  the  differ- 
ence «  =  s  —  s'  of  the  values  of  z  for  a  point  on  the  surface  and  for 
the  point  on  the  tangent  plane  at  M  which  projects  into  the  same 
point  {x,  ij)  on  the  xy  plane.     For  we  have 

^'  =  p{x  -  x^)  +  q(y  -  y^), 
whence,  for  the  point  of  tangency  (i„,  y„). 


dxdt, 


S'/~ 


It  follows  that  if  a'  —  rt  <  0,  «  is  a  maximum  or  a  minimuiD  at  SI 
(§  66),  and  since  u  vanishes  at  M.  it  has  the  same  sign  for  all  other 
points  in  the  neighborhood.  On  the  other  hand,  if  s' —  rt  >  0.  u 
has  neither  a  maximum  nor  a  minimum  at  M,  and  hence  it  changes 
sign  in  any  neighborhood  of  M. 
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240.  Suler'a  theorems.  The  indicatrix.  In  order  to  study  the  varlEi- 
tion  of  the  radius  nf  curv.iture  of  a  uoi'mal  scutiou,  let  us  take  the 
point  At  as  the  origin  and  the  tangent  plane  at  Af  as  the  xy  plane. 
With  such  a  system  of  axes  we  shall  have  p  =  q  =  0,  and  the 
formula  (7)  becomes 


(8) 


r  oos'i^  +  2a  cos  0  sin  ^  -|-  ( sin*^, 


I 


the  angle  which  the  trace  of  the  normal  plane  makes 
with  the  positive  x  axis.  Equating  the  derivative  i>t  the  seuond 
member  to  zero,  we  find  that  the  points  at  which  li  may  be  a  maxi- 
mum or  a  minimum  stand  at  right  angles.  The  followiug  geomet- 
rical picture  is  a  convenient  means  of  visualizing  the  variation  of  It. 
Let  us  lay  off,  on  the  line  of  intersection  of  the  normal  plane  with 
the  ri/  plane,  from  the  origin,  a  length  Om  equal  numerically  to  the 
square  root  of  the  absolute  value  of  the  corresponding  radius  of  cur- 
vature. The  point  in  will  describe  a  curve,  which  gives  an  instanta- 
neous picture  of  the  variation  of  the  radius  of  curvature.  This  ciirve 
is  called  the  indicntriT.     Let  us  examine  the  three  possible  cases. 

1)  «*  —  rt  <  0.    In  this  case  the  radius  fl  has  a  constant  sign,  which 
we  shall  suppose  positive.     The  coordinates  of  -m  are  i  =  Vfi  ci 
and  ij  =  V/f  sin  ^ ;  hence  the  equation  of  the  imUrairix  is 


(9) 

which  is  the  equation  of  an  ellipse  whose  center  is  the  origin.  It  is 
clear  that  fi  is  at  a  maximum  for  the  section  made  by  the  normal 
plane  through  the  major  axis  of  this  ellipse,  and  at.  a  minimum  for 
the  normal  plane  through  the  minor  axis.  The  sections  made  by  two 
planes  which  are  ei^ually  inclined  to  the  two  axes  evidently  have  the 
same  curvature.  The  two  sections  whose  planes  pass  through  the 
aies  of  the  indicatrix  are  called  the  princi/ial  normal  aert'wns.  and 
the  corresponding  radii  of  curvature  are  called  the  princijMil  radl!  of 
tmreature.  If  the  axes  of  the  indicatrix  are  taken  for  the  axes  of  x 
»nd  y,  we  shall  have  «  =  0,  and  the  formula  (8)  becomes 


1 


reos*<fr  -I-  (sin'^. 


HTith  these  axes  the  principal  radii  of  curvature  R^  and  R^  correspond 
0^  =  0  and  ^  =  7r/2,  respectively  ;  hence  1/R,  =  r,  1/R,  =  t,  and 
^  _  ctis'0      ain'^ 
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2)  «"  —  r^  >  0.  The  normal  sections  which  correspond  to  the 
values  of  ^  which  satisfy  the  equation 

r  cos^^  +  2«  cos  ^  sin  ^  -f  ^  sin*^  =  0 

have  infinite  radii  of  curvature.  Let  LlOLi  and  LiOL^  be  the  inter- 
sections of  these  two  planes  with  the  xy  plane.  When  the  trace  of 
the  normal  plane  lies  in  the  angle  LiOL^j  for  example,  the  radius 
of  curvature  is  positive.  Hence  the  corresponding  portion  of  the 
indicatrix  is  represented  by  the  equation 

where  i  and  ri  are,  as  in  the  previous  case,  the  coordinates  of  the 
point  m.  This  is  an  hyperbola  whose  asymptotes  are  the  lines 
L[OLi  and  L^OL^.  When  the  trace  of  the  normal  plane  lies  in  the 
other  angle  L^OLi,  R  is  negative,  and  the  coordinates  of  m  are 

f  =  V—  R  cos^,         i7  =  V— iJsin^. 
Hence  the  corresponding  portion  of  the  indicatrix  is  the  hyperbola 

which  is  conjugate  to  the  preceding  hyperbola.  These  two  hyper- 
bolas together  form  a  picture  of  the  variation  of  the  radius  of  curva- 
ture in  this  case.  If  the  axes  of  the  hyperbolas  be  taken  as  the 
X  and  y  axes,  the  formula  (8)  may  be  written  in  the  form  (10),  as  in 
the  previous  case,  where  now,  however,  the  principal  radii  of  curva- 
ture Ri  and  R^  have  opposite  signs. 

3)  s^  —  rt  =  0.  In  this  case  the  radius  of  curvature  R  has  a 
fixed  sign,  which  we  shall  suppose  positive.  The  indicatrix  is  still 
represented  by  the  equation  (9),  but,  since  its  center  is  at  the  origin 
and  it  is  of  the  parabolic  type,  it  must  be  composed  of  two  parallel 
straight  lines.  If  the  axis  of  y  be  taken  parallel  to  these  lines,  we 
shall  have  «  =  0,  ^  =  0,  and  the  general  formula  (8)  becomes 

-  =  rcos«<^, 

or 

1  _  cos*^ 
R^     R^    ' 

This  case  may  also  be  considered  to  be  a  limiting  case  of  either  of 
the  preceding,  and  the  formula  just  found  may  be  thought  of  as  the 
limiting  case  of  (10),  when  R^  becomes  infinite. 
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Euler's  fonnulie  may  be  establiHheil  without  naing  the  formula  (5).  Talcing 
the  point  JH  of  the  given  Hurtace  as  the  origiii  and  thi^  tAOgent  plane  aa  the  zjr 
plane,  the  azpausion  of  z  by  Taylor's  aeriea  maj  be  written  iD  the  form 


where  the  terms  not  written  down  are  of  order  greater  tlian  two.  Id  ordec 
to  find  the  radii  of  curvature  of  the  aeclion  made  by  a  plane  ^  —  x  tan  #,  ne 
ma;  introduce  the  tranisforiuailoii 


•ud  then  set  y'  =  0.     This 


1.2 


Jl^  +  ITCOB*, 

z  in  powers  of  *", 


which,  b;  S  314,  leads  U)  the  formula  (8). 

NottM.   The  section  of  llie  surface  by  its  tangent  plac 

I)  =  «>  +  2axy  +  'V'  +  *>  (j:,  »)  +  ■    ■ , 
■ud  has  a  double  point  at  the  origin.     The  two  tangenta 


given  by  the  equation 


.t  tbU  point  ore  the 

aaymptolic  tangents.  Mure  generally,  if  two  Buiface.s  S  and  S[  are  both  tangent 
A  the  origin  to  the  xy  plane,  the  projection  of  their  curve  of  iotersection  on  the 
V  plane  is  given  by  Uie  equation 

0  =  (r  -  r,)i'  +  2(»  -  H,)xy  +  (t  -  ti)y' +  ■ .  ■, 
where  i-i,  *,,  t,  have  the  sauie  meaning  for  the  surface  .Si  that  r,  s,  t  have 
for  S.     The  nature  of  the  double  point  depends  upon  the  sign  of  the  exprBasion 
((  —  ■])*  —  (r  -  ri)((  —  (]).     It  this  eipresaion  is  zero,  the  curve  of  intersection 
baa,  In  general,  a  cusp  at  tlie  origin. 

To  recapitulate,  there  exist  on  any  surface  four  remarkable  posi- 
tions for  the  tangent  at  any  point :  two  perpendicular  tangents  for 
■which  the  coi' responding  radii  of  curvature  liave  a  maKimiim  or  a 
minimum,  and  two  so-called  aai/mptotk,  or  principal,"  tangents,  for 
which  the  corresponding  radii  of  curvature  are  iuHnite.  The  latter  are 
to  be  found  by  equating  the  trinomial  ra*+2safi+t0'tozeTo  (^238). 
We  proceed  to  show  how  to  find  the  principal  normal  sections  iind 
lihe  principal  radii  of  curvature  for  any  system  of  rectangular  axes. 


I 


341.  Principal  radii  of  curvature.  There  are  in  general  two  different 
normal  sections  whose  radii  of  curvature  are  equal  to  any  given 
value  of  R.  The  only  exception  is  the  case  in  which  the  given 
'  Talue  of  R  is  one  of  the  principal  radii  of  curvature,  in  which  case 

*  The  reader  shdnM  liigtiugBish  sharply  the  d  Irectiuns  of  the  principal  tangtnU 
•t  Che  indiistrli)  and  Ibo  directious  ul  the  principal  norma!  Kctions 
l.(tbe  ozu  o(  the  indioAtrii).    To  avnid  I'ODfusion  we  shall  uol  use  tiie  turn;  prindpal 
t  tangent.  — TiiAns. 
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only  the  corresponding  principal  section  has  the  assigned  radius 
of  curvature.  To  determine  the  normal  sections  whose  radius  of 
curvature  is  a  given  number  /2,  we  may  determine  the  values  of 
a,  Pj  y  by  the  three  equations 


Jx 

It  is  easy  to  derive  from  these  the  following  homogeneous  combina- 
tion of  degree  zero  in  a  and  fi : 


ai)  Vr+j^MV  ^     ^^2  ^  2sap  -f  tp" 


R  a«  -f  ^  -f  (pa  +  <ipy 

It  follows  that  the  ratio  p/a  is  given  by  the  equation 

a«(l  -hp^-  rD)  +  2aP{pq  _  «2))  -|.  ^ (1+  ^^  -  tD)  =  0, 


where  R  =  D  Vl  -H^^  +  y^.  If  this  equation  has  a  double  root,  that 
root  satisfies  each  of  the  equations  formed  by  setting  the  two  first 
derivatives  of  the  left-hand  side  with  respect  to  a  and  p  equal  to 
zero  * 

(m  {<'^'^p'-rD)^P{pq-sD)       =0, 

(        a{pq-8D)^P{l-\-q^-^tD)  =  0. 

Eliminating  a  and  p  and  replacing  D  by  its  value,  we  obtain  an 
equation  for  the  principal  radii  of  curvature: 


On  the  other  hand,  eliminating  D  from  the  equations  (12),  we  obtain 
an  equation  of  the  second  degree  which  determines  the  lines  of  inter- 
section of  the  tangent  plane  with  the  principal  normal  sections : 

From  the  very  nature  of  the  problem  the  roots  of  the  equations  (13) 
and  (14)  will  surely  be  real.  It  is  easy  to  verify  this  fact  directly. 
In  order  that  the  equation  for  R  should  have  equal  roots,  it  is 
necessary  that  the  indicatrix  should  be  a  circle,  in  which  case  all 
the  normal  sections  will  have  the  same  radius  of  curvature.  Hence 
the  second  member  of  (11)  must  be  independent  of  the  ratio  p/a, 
which  necessitates  the  equations 

(15)  ""  '  * 


1-fy     pq     l-{-q' 
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The  points  which  satisfy  these  equations  are  called  umbilici.  At 
such  points  the  equation  (14)  reduces  to  an  identity,  since  every 
diameter  of  a  circle  is  also  an  axis  of  symmetry. 

It  is  often  possible  to  determine  the  principal  normal  sections 
from  certain  geumetrical  considerations.  For  instance,  if  a  surface 
S  has  a  plane  of  symmetry  thi-ough  a  point  M  on  the  surface,  it  is 
clear  that  the  line  of  intersection  of  that  plane  with  the  tangent 
plane  at  M  is  a  line  of  symmetry  of  the  indicatrix ;  hence  the  sec- 
tion by  the  plane  of  symmetry  ia  one  of  the  principal  sections.  For 
example,  on  a  surface  of  revolution  the  meridian  through  any  point 
is  one  of  the  principal  normal  sections  ;  it  is  evident  that  the  plane 
of  the  other  principal  normal  section  passes  through  the  normal  to 
the  surface  and  the  tangent  to  the  circular  parallel  at  the  point. 
But  we  know  the  center  of  curvature  of  one  of  the  oblique  sections 
through  this  tangent  line,  namely  that  of  the  circular  parallel  itself. 
It  follows  from  Meusnier's  theorem  that  the  center  of  curvature  of 
the  second  principal  section  is  the  point  where  the  normal  to  the 
surface  meets  the  axis  of  revolution. 

At  any  point  of  a  developable  surface,  s'  —  rt  =  0,  and  the  indica- 
trix  is  a  pair  of  parallel  straight  lines.  One  of  the  principal  sec- 
tions coincides  with  the  generator,  and  the  corresponding  radius  of 
curvature  ia  infinite.  The  plane  of  the  second  principal  section  is 
perpendicular  to  the  generator.  AH  the  points  of  a  developable 
surface  are  parabolic,  and,  conversely,  these  are  the  only  surfaces 
which  have  that  property  {§  222). 

If  a  non-developable  surface  ia  convex  at  certain  points,  while  other 
points  of  the  surface  are  hyperbolic,  there  is  usually  a  line  of  para- 
bolic  points  which  separates  the  region  where  .^  —  rt  is  positive  from 
the  r^ion  where  the  same  quantity  ia  negative.  For  example,  on  the 
anchor  ring,  these  parabolic  lines  are  the  extreme  circular  parallels. 

In  general  lliere  are  on  any  convex  surtdce  only  a  finite  number  of  nmbilics. 
We  proceed  to  Rbow  tbat  tbe  only  real  surface  for  wblch  every  point  ia  an 
umbilio  is  Llii-  sphere.  Let  X,  ^,  >  be  tbe  dlreclir>D  cosines  of  llie  normal  to  tbe 
surface.     Differentiating  (2),  we  find  Die  formulte 
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The  first  equation  shows  that  X  is  independent  of  y,  the  second  that  fi  is  inde- 
pendent of  X ;  hence  the  common  value  of  dX/dx,  dfi/dy  is  independent  of  both 
X  and  y,  i.e.  it  is  a  constant,  say  1/a.     This  fact  leads  to  the  equations 


.      x-xo  y-Vo  Vo2  -  (X  -  xo)^  -  (y  -  yo)* 

a  a  a 

X  x  —  xo 


'  Va^  -  (X  -  xo)«  -  (y  -  yo)* 


»'  Va2  -  (X  --  Xo)2  -  (y  -  yo)* 

whence,  integrating,  the  value  of  z  is  found  to  be 

2  =  2o  +  Va'*  -  (X  -  xo)^  -  (y  -  yo)*, 

which  is  the  equation  of  a  sphere.  It  is  evident  that  if  d\/dx  =  dfi/dy  =  0,  the 
surface  is  a  plane.  But  the  equations  (15)  also  have  an  infinite  number  of 
imaginary  solutions  which  satisfy  the  relation  1  +  P^  +  9'  =  0,  as  we  can  see  by 
differentiating  this  equation  with  respect  to  x  and  with  respect  to  y. 

n.   ASYMPTOTIC  LINES      CONJUGATE  LINES 

242.  Definition  and  properties  of  asymptotic  lines.  At  every  h3rper- 
bolic  point  of  a  surface  there  are  two  tangents  for  which  the  corre- 
sponding normal  sections  have  infinite  radii  of  curvature,  namely 
the  asymptotes  of  the  indicatrix.  The  curves  on  the  given  surface 
which  are  tangent  at  each  of  their  points  to  one  of  these  asymptotic 
directions  are  called  asymptotic  lines.  If  a  point  moves  along  any 
curve  on  a  surface,  the  differentials  dxy  dy^  dz  are  proportional  to 
the  direction  cosines  of  the  tangent.  For  an  asymptotic  tangent 
ra^  -f  2sap  -}-  /^  =  0 ;  hence  the  differentials  dx  and  dy  at  any  point 
of  an  asymptotic  line  must  satisfy  the  relation 

(16)  rdx^  +  2sdxdy-{-tdy^  =  0. 

If  the  equation  of  the  surface  be  given  in  the  form  z  =  F(x,  y),  and 
we  substitute  for  ?•,  s,  and  t  their  values  as  functions  of  x  and  y, 
this  equation  may  be  solved  for  dy/dx,  and  we  shall  obtain  the  two 
solutions 

(17)         2=*'(*'y)'    S=*«(»''y)- 

• 
We  shall  see  later  that  each  of  these  equations  has  an  infinite  num- 
ber of  solutions,  and  that  every  pair  of  values  (xq,  yo)  determines 
in  general  one  and  only  one  solution.     It  follows  that  there  pass 
through  every  point  of  the  surface,  in  general,  two  and  only  two 
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ujmptDtic  lines :  all  these  lines  together  form  a  double  system  of 
lines  upon  tlie  suifaoe. 

Again,  the  asymptotic  lines  may  be  defined  without  the  use  of 
any  metrical  relation:  the  asymptotic  lines  on  a  surface  are  those 
curoesfor  which  the  osculating  plane  always  coincides  with  the  tan- 
gent plane  to  the  surface.  For  the  neceasaiy  and  sufficient  ooudition 
that  the  osculating  plane  should  coincide  with  the  tangent  plane  to 
the  surface  is  that  the  equations 

dz—pdx  —  qdy  =  0,         ^z  —  pd'x  ^  qtPy  =  ii 

should  be  satisfied  simultaneously  (see  S  215).  The  first  of  these 
equations  is  satisfied  by  any  curve  which  lies  on  the  surface.  Dif- 
ferentiating it,  we  obtain  the  equation 

d}z  —  ptPx  —  qcPy  -~  dpdx  —  dqdy  =  0, 

irhich  shows  that  the  second  of  the  preceding  equations  may  be 
replaced  by  the  following  relation  between  the  first  differentials: 


• 


(18) 


dpdx  +  dqdy  =  0, 


an  equation  which  coincides  with  (16).  Moreover  it  is  easy  to 
explain  why  the  two  definitions  are  equivalent.  Since  the  radius  of 
BQTvature  of  the  normal  section  which  is  tangent  to  an  asymptote 
of  the  indicatrix  is  infinite,  the  radius  of  curvature  of  the  asymp- 
totic line  will  also  be  infinite,  by  Meusnier's  theorem,  at  least  unless 
the  osculating  plane  is  perpendicular  to  the  normal  plane,  in  which 
case  Meusnier's  theorem  bei-omes  illusory.  Hence  the  osculating 
plane  to  an  asymptotic  line  must  coincide  with  the  tangent  plane, 
at  least  unless  the  radius  of  curvature  is  infinite;  but  if  this  were 
true,  the  line  would  be  a  straight  line  and  its  osculating  plane 
would  be  indeterminate.  It  follows  from  this  property  that  any 
projective  transformation  carries  the  asymptotic  lines  into  asymp- 
totic lines.  It  is  evident  also  that  the  differential  equation  is  of 
the  same  form  whether  the  axes  are  rectangular  or  oblique,  for  the 

»  equation  of  the  osculating  plane  remains  of  the  same  form. 
It  is  clear  that  the  asymptotic  lines  exist  only  in  case  the  points  of 
the  surface  are  hyperbolic.  But  when  the  surface  is  analytic  the 
differential  equation  (10)  always  has  an  infinite  number  of  solu- 
tions, real  or  imaginary,  whether  s*  —  rf  is  positive  or  negative.  As  a 
generalization  we  shall  say  that  any  convex  surface  possesses  two  sys- 
tems of  imaginary  asymptotic  lines.  Thus  the  asymptotic  lines  of  au 
onparted  hyperboloid  are  the  two  systems  of  rectilinear  generators. 


508  SURFACES  [XII,  §  243 

For  an  ellipsoid  or  a  sphere  these  generators  are  imaginary,  but 
they  satisfy  the  differential  equation  for  the  asymptotic  lines. 

Example.  Let  us  try  to  find  the  asymptotic  lines  of  the  surface 

z  =  a5"y". 
In  this  example  we  have 

r  =  m(m  —  l)x'"-«y»,        «  =  mnx^-iy"-^        t  =  n(n  —  l)a?"y"-*, 

and  the  differential  equation  (16)  may  be  written  in  the  form 

m(m  -  1)/— )  +  2mn(^)  +  n{n  - 1)  =  0. 
'\xdy/  \xdy/     . 

This  equation  may  be  solved  as  a  quadratic  in  {y  dx)/(x  dy).  Let  ^i  and  As  be 
the  solutions.  Then  the  two  families  of  asymptotic  lines  are  the  curves  which 
project,  on  the  xy  plane,  into  the  curves 

243.  Differential  equation  in  parameter  form.   Let  tlie  equations  of 
the  surface  be  given  in  terms  of  two  parameters  u  and  v : 

(19)  X  =  f(u,  v),         y  =  «^(w,  v),         z  =  i/f(i/,  v) . 

Using  the  second  definition  of  asymptotic  lines,  let  us  write  the 
equation  of  the  tangent  plane  in  the  form 

(20)  ^(A'  ^x)  +  B{V-y)-h  C(Z  -z)  =  0, 
where  A,  B,  and  C  satisfy  the  equations 


(21) 


OU  Oil  oil 

&V  ov  ov 


which  are  the  equations  for  A,  B,  and  C  found  in  §  39.  Since  the 
osculatiug  plane  of  an  asymptotic  line  is  the  same  as  this  tangent 
plane,  these  same  coefficients  must  satisfy  the  equations 

Adx    '\-Bdi/   -\-Cdz    =0, 
Ad:^X'\-Bd^y  +  C(Pz  =  0. 

The  first  of  these  equations,  as  above,  is  satisfied  identically.  Differ- 
entiating it,  we  see  that  the  second  may  be  replaced  by  the  equation 

(22)  dAdx-\-dBdi/  +  dCdz^O, 

which  is  the  required  differential  equation.  If,  for  example,  we 
set  C  =  —  1  in  the  equations  (21),  A  and  B  are  equal,  respectively, 
to  the  partial  derivatives  p  and  ^  of  ;;;  with  respect  to  x  and  y,  and 
the  equation  (22)  coincides  with  (18). 


Xn,§244]     ASYMPTOTIC  LINES       CONJUGATE  LINES 


609 


Examples.  As  an  example  let  us  consider  the  conoid  z  =  <t>(y/x).  This  equa- 
tion is  equivalent  to  the  system  x  =  u,  ^  =  uo,  z  =  0(v),  and  the  equations  (21) 
become 

-4  +  JB»  =  0,        JBu  +  C0'(«)  =  O. 

These  equations  are  satisfied  if  we  set  C  =  —  u,  ^  =  —  o0'(o),  B  =  ^'(o) ;  hence 
the  equation  (22)  takes  the  form 

One  solution  of  this  equation  is  o  =  const.,  which  gives  the  rectilinear  genera- 
tors.    Dividing  by  do,  the  remaining  equation  is 

4>"{x)dv  __  2du 
0'(r)     ~    u 

whence  the  second  system  of  asymptotic  lines  are  the  curves  on  the  surface 
defined  by  the  equation  u'^  =  K<f>'(v)t  which  project  on  the  xy  plane  into  the 
curves 

Again,  consider  the  surfaces  discussed  by  Jamet,  whose  equation  may  be 
written  in  the  form 

Taking  the  independent  variables  z  and  u  =  y/x^  the  differential  equation  of 
the  asymptotic  lines  may  be  written  in  the  form 


^^az  =  ±J^::^du, 

\  F(z)  \  /(u) 


from  which  each  of  the  systems  of  asymptotic  lines  may  be  found  by  a  single 
quadrature. 

A  helicoid  is  a  surface  defined  by  equations  of  the  form 

x  =  p  cos  ctf ,        y  =  /9  sin  ctf ,        z=  f(p)  +  hto . 

The  reader  may  show  that  the  differential  equation  of  the  asymptotic  lines  is 

p/"(p)  dp2  -  2k  dw  dp  +  f^f'(p)  d<u2  =  0 , 

from  which  ia  may  be  found  by  a  single  quadrature. 

244.  Asymptotic  lines  on  a  ruled  surface.    Eliminating  A^  By  and  C 
between  the  equations  (21)  and  the  equation 

we  find  the  general  differential  equation  x)f  the  asymptotic  lines  : 

df_  d^  d^ 

du  '  du  du 

(23)                                d£  H  ^    =0. 

dv  dv  dv 

<Px  d^y  d^z 
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This  equation  does  not  contain  the  second  differentials  d^u  and  d^v^ 
for  we  have 

rf»a.  =  1^  rf«^  ^.  |f  ^v  -h  1^  rftt*  -h  2  ^  dudv  +  ^  dv^ 


du 


dv 


du' 


dudv 


dv' 


and  analogous  expressions  for  d^y  and  tPz.  Subtracting  from  the 
third  row  of  the  determinant  (23)  the  first  row  multiplied  hy  d^u 
and  the  second  row  multiplied  by  d^v^  the  differential  equation 
becomes 


du 

d<lt 
du 

d^ff 
du 

8/ 

dv 

di, 
dv 

d^ 
dv 

^du'  +  2-^dudv  + 
cu^               du  dv 

•    •    • 

•  •  « 

=  0. 


Developing  this  determinant  with  respect  to  the  elements  of  the 
first  row  and  arranging  with  respect  to  du  and  dv^  the  equation 
may  be  written  in  the  form 

(24)  D  du^  +  2D'  du  dv  +  D"  dv^  =  0, 

where  D,  D\  and  2>"  denote  the  three  determinants 


(25) 


/>  = 


dx 
du 

dy 

du 

dz 
du 

dx 
du 

du 

dz 
du 

dx 
dv 

dy 

dv 

dz 
cv 

D 

1  __. 

dx 
dv 

dy 

dv 

dx 

dv 

d^x 

d*y 

d*z 

d^x 

d^y 

d*z 

du^ 

du^ 

du' 

dudv 

dudv 

dudv 

dx 

dy      dz 

du 

du      du 

D"  = 

dx 
dv 
d^x 

dy      dz 

dv      dv 

d^y     d^z 

• 

dv^ 

dv"" 

dv^ 

As  an  application  let  us  consider  a  ruled  surface^  that  is,  a  surface 
whose  equations  are  of  the  form 

x  =  Xo'\-au,         y  =  yo  +  Pu,         z=zZo-\-yUf 

where  XofyoyZo,  a,  fi,  y  are  all  functioiis  of  a  second  variable  param- 
eter V,  If  we  set  u  =  Of  the  point  (xq,  y^y  ^o)  describes  a  certain 
curve  r  which  lies  on  the  surface.  On  the  other  hand,  if  we  set 
V  =  const,  and  let  u  vary,  the  point  (x,  y,  z)  will  describe  a  straight- 
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line  generator  of  the  ruled  surfaoe,  and  the  value  of  u  at  any  point 
of  the  line  will  be  proportional  to  the  distance  between  the  point 
(x,  y,  z)  and  the  point  (x,,,  ,'/„,  s,,)  at  which  the  generator  meete  the 
curve  r.  It  is  evident  from  the  formulffl  (25)  that  i>  =  0,  that  D' 
is  independent  of  u,  and  that  D"  is  a  polynomial  of  the  second 
degree  in  u: 


D"  : 


Since  dv  is  a  factor  of  (24),  one  system  of  asymptotic  lines  consists 
of  the  reotilinear  generators  v  =  const.  Dividing  by  de,  the  remain- 
ing differential  etjuation  for  the  other  system  of  asymptotic  lines  is 
of  the  form 

(26)  -T^'  +  I.ii'  +  Mu  +  ^■  =  0, 

where  L,  M,  and  N  are  functions  of  the  single  variable  t;.  An  etiua- 
tion  of  this  type  possesses  (pertain  remarkable  properties,  which  we 
shall  study  later.  For  example,  we  aliall  8ee  that  the  ankarntome 
ratio  of  any  four  solutions  is  a  eanstarit.  It  follows  that  tJje  anhar- 
monic  ratio  of  the  four  points  in  which  a  generator  meets  any  four 
asymptotic  lines  of  the  other  system  is  the  same  for  all  generators, 
which  enables  us  to  discover  all  the  asymptotic  lines  of  the  second 
systeui  whenever  any  three  of  them  are  known.  "VVe  shall  also 
see  that  whenever  one  or  two  integrals  of  the  equation  (26)  are 
known,  all  the  rest  can  be  foimd  by  two  qnatlratures  or  by  a  single 
quadrature.  Thus,  if  all  the  generators  meet  a  fixed  straight  tine, 
that  line  will  be  an  asymptotic  line  of  the  second  system,  and  all 
the  others  can  be  found  by  two  quadratures.  If  the  surface  pos- 
sesses two  suuh  rectilinear  direetrices,  we  should  know  two  asymp- 
totic lines  of  the  second  system,  and  it  would  appear  that  another 
quadrature  would  be  required  to  find  all  the  others.  But  we  can 
obtain  a  more  complete  result.  For  if  a,  surface  possesses  two 
rectilinear  directrices,  a  projective  ti'ansformation  can  be  found 
which  will  carry  one  of  them  to  infinity  and  transform  the  surface 
into  a  conoid ;  but  we  saw  in  S  243  that  the  asymptotic  lines  on  a 
conoid  could  be  found  without  a  single  quadrature. 

345.  Conjugate  lines.  Any  two  conjugate  diameters  of  the  indica- 
trix  at  a  point  of  a  given  surface  i'  are  called  ronjrti/ate  tangents. 
To  every  tangent  to  the  surface  there  corresponds  a  conjugate 
tangent,  which  coincides  with  the  first  when  and  only  when  the  given 
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tangent  is  an  asymptotic  tangent.  Let  z  =  F(Xy  y)  be  the  equation  of 
the  surface  Sy  and  let  m  and  //i'  be  the  slopes  of  the  projections  of 
two  conjugate  tangents  on  the  xy  plane.  These  projections  on  the 
xy  plane  must  be  harmonic  conjugates  with  respect  to  the  projec- 
tions of  the  two  asymptotic  tangents  at  the  same  point  of  the  sur- 
face. But  the  slopes  of  the  projections  of  the  asymptotic  tangents 
satisfy  the  equation 

In  order  that  the  projections  of  the  conjugate  tangents  should  be 
harmonic  conjugates  with  respect  to  the  projections  of  the  asymp- 
totic tangents,  it  is  necessary  and  sufficient  that  we  should  have 

(27)  r  -\-s(m  +  m')  -f  tmm^  =  0. 

If  C  be  a  curve  on  the  surface  S,  the  envelope  of  the  tangent 
plane  to  S  at  points  along  this  curve  is  a  developable  surface  which 
is  tangent  to  S  all  along  C  At  every  point  M  of  C  the  generator  of 
this  developable  is  the  conjugate  tangent  to  the  tangent  to  C.  Along 
C,  Xy  y,  Zf  7>,  and  q  are  functions  of  a  single  independent  variable  a. 
The  generator  of  the  developable  is  defined  by  the  two  equations 

Z-z-p{X'-x)-q{Y-y)^0, 
—  dz  +  ])  dx  -h  q  dy  —  dp(X  —  x)  —  dq(  Y  —  y)  =  0, 

the  last  of  which  reduces  to 

Y  —  y  dp  rdx  -\-  sdy 

I  '■'■'■         JS^        -■        ■  ■         I  ■  ^^^         —^         ■■■■■■     ■    ^  .Mwi     ■■    .^1     II     « 

X  —  X  dq  sdx-\-  tdy 

Let  m  be  the  slope  of  the  projection  of  the  tangent  to  C  and  m'  the 
slope  of  the  projection  of  the  generator.     Then  we  shall  have 

dx  X  —  X 

and  the  preceding  equation  reduces  to  the  form  (27),  which  proves 
the  theorem  stated  above. 

Two  one-parameter  families  of  curves  on  a  surface  are  said  to 
form  a  conjugate  network  if  the  tangents  to  the  two  curves  of  the 
two  families  which  pass  through  any  point  are  conjugate  tangents 
at  that  point.  It  is  evident  that  there  are  an  infinite  number  of 
conjugate  networks  on  any  surface,  for  the  first  family  may  be 
assigned  arbitrarily,  the  second  family  then  being  determined  by  a 
differential  equation  of  the  first  order. 
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Given  a  surface  represented  by  equations  of  the  form  (19),  let  us  find  the 
conditions  under  which  the  curves  u  =  const,  and  v  =  const,  form  a  conjugate 
network.  If  we  move  along  the  curve  o  =  const.,  the  characteristic  of  the 
tangent  plane  is  represented  by  the  two  equations 

A{X  -x)  +  B(T  -  y)  +  C(Z  -  z)  =  0, 

In  order  that  this  straight  line  should  coincide  with  the  tangent  to  the  curve 
u  =  const.,  whose  direction  cosines  are  proportional  to  dx/dv,  dy/cv,  dz/dv,  it 
is  necessary  and  sufficient  that  we  should  have 

dv  cv  dv 

dA  dx      dB  dy      ^C  dz 

du    dv       cu   cv       du  dv  ^    ' 

Differentiating  the  first  of  these  e'quations  with  regard  to  u,  we  see  that  the 
second  may  be  replaced  by  the  equation 


(28) 


A^^B^^C'^^=0. 


ducv 


dudv 


ducv 


and  finally  the  elimination  of  ^,  i?,  and  C  between  the  equations  (21)  and  (28) 
leads  to  the  necessary  and  sufficient  condition 


dx 

du 

dy 
du 

dz 
du 

dx 
dv 

dy 
dv 

cz 
cv 

d^x 

d^y 
dudv 

1^2 

dudv 

dudv 

=  0. 


This  condition  is  equivalent  to  saying  that  x,  y^  z  are  three  solutions  of  a 
differential  equation  of  the  form 

d^e 


(29) 


dudv  du  dv 


where  M  and  N  are  arbitrary  functions  of  u  and  v.  It  follows  that  the  knowl> 
edge  of  three  distinct  integrals  of  an  equation  of  this  form  is  sufficient  to 
determine  the  equations  of  a  surface  which  is  referred  to  a  conjugate  network. 
For  example,  if  we  set  Jf  =  ^  =  0,  every  integral  of  the  equation  (29)  is 
the  sum  of  a  function  of  u  and  a  function  of  v ;  hence,  on  any  surface  whose 
equations  are  of  the  form 

(30)        X  =  f{u)  +  /i(«) ,         y  =  0(M)  +  0i(») ,         «  =  ^(u)  +  M^) » 

the  carves  (u)  and  (o)  form  a  conjugate  network. 

Surfaces  of  the  type  (80)  are  called  surfaces  of  transUUion,  Any  such  surface 
may  be  described  in  two  different  ways  by  giving  one  rigid  curve  r  a  motion  of 
translation  such  that  one  of  its  points  moves  along  another  rigid  cur\'e  r^    For, 
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letMoyMi^MifMhe  four  points  of  the  surface  which  correspond,  respectively, 
to  the  four  sets  of  values  (uo ,  Vo)i  (^i  vo)f  (^  *  v),  (u,  v)  of  the  parameters  u  and  o. 
By  (30)  these  four  points  are  the  vertices  of  a  plane  parallelogram.  If  vq  is  fixed 
and  u  allowed  to  vary,  the  point  Mi  will  describe  a  curve  r  on  the  surface ;  like- 
wise, if  Uo  is  kept  fixed  and  v  is  allowed  to  vary,  the  point  M^  will  describe 
another  curve  F'  on  the  surface.  It  follows  that  we  may  generate  the  surface  by 
giving  r  a  motion  of  translation  which  causes  the  point  M%  to  describe  T\  or  by 
giving  r^  a  motion  of  translation  which  causes  the  point  Mi  to  describe  r.  It  is 
evident  from  this  method  of  generation  that  the  two  families  of  curves  (u)  and  (v) 
are  conjugate.  For  example,  the  tangents  to  the  different  positions  of  V  at  the 
various  points  of  r  form  a  cylinder  tangent  to  the  surface  along  r ;  hence  the 
tangents  to  the  two  curves  at  any  point  are  conjugate  tangents. 


in.   LINES  OF  CURVATURE 

246.  Definition  and  properties  of  lines  of  curvature.  A  curve  on  a 
g^ven  surface  S  is  called  a  line  of  curvature  if  the  normals  to  the 
surface  along  that  curve  form  a  developable  surface,  li  z  =  f(x,  y) 
is  the  equation  of  the  surface  referred  to  a  system  of  rectangular 
axes,  the  equations  of  the  normal  to  the  surface  are 

(31)  (X  =  -^Z4-(.-f,..), 

The  necessary  and  sufficient  condition  that  this  line  should  describe 
a  developable  surface  is  that  the  two  equations 

i-Zdp-^d{x-^pz)^0, 
^     ^  \-Zdq-^d{y-^qz)=:0 

should  have  a  solution  in  terms  of  Z  (§  223),  that  is^  that  we 

should  have 

d{x  -f  pz)  _  d(y  4-  q^) 
dp  dq 


or,  more  simply, 


dx  -\-  pdz      dy  -\-  qdz 
dp  dq 


Again,  replacing  dz,  dp^  and  dq  by  their  values^  this  equation  may 
be  written  in  the  form 

(l-\-p^)dx-^pqdy  ^  pqdX'\-(lJf-q*)dy 
^     ^  rdx  -\-  sdy  sdx  -\-  tdy 

This  equation  possesses  two  solutions  in  dy/dx  which  are  always 
real  and  unequal  if  the  surface  is  real,  except  at  an  umbilic.  For, 
if  we  replace  dx  and  dy  by  a  and  )8,  respectively,  the  preceding 
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equation  coincides  with  the  equation  found  above  [(14),  S  241]  for 
tht;  determination  of  the  lines  of  intersection  of  the  principal  normal 
sections  with  the  tangent  plane.  It  follows  that  the  tangents  to  the 
lines  of  curvature  through  any  point  coincide  with  the  ajtes  of  the 
indicati'ix.  We  shall  see  in  the  study  of  ditferentiaJ  equations  that 
there  is  one  and  only  one  line  of  curvature  through  every  non- 
Bingular  point  of  a  surface  tangent  to  each  one  of  the  axes  of  the 
indicatrix  at  that  point,  except  at  an  umbilic.  These  lines  are 
always  real  if  the  surface  is  real,  and  the  network  which  they  form 
is  at  once  orthogonal  and  conjugate, — a  characteristic  property. 


ExampU.     hei  113  delermlns  the  t 
xy/a.    Ill  this  examplti 


of  the  paraboloid  x  = 


and  the  differenlial  equation  (33)  if 


If  we  take  the  positive  sign  for  both  radicals,  the  general  sotution  ia 

(i  +  VS»T^')(v  +  v1^T"q')  =  C, 
which  gives  one  syslem  of  linen  of  curvature.     It  we  set 

(34)  \  =  z  Vk>  +  a'  +  i^  Vi*  +  ffl», 

the  equ&tioD  of  this  sfstein  cnaj  be  written  in  the  form 
'\'  +  a*  =  C 


byv 


leof  I 


e  ideDtity 

+  Q"  +  V  Vi'  +  a"  )^  +  a<  =  [xy  +  Vlx*  +  (^(i/»  +  «')]' 


It  follows  thai  the  projectionB  of  the  lines  of 
raprenented  by  the  equation  (34),  where  \  is  i 
■hown  in  the  same  manner  that  the  projeclioD 
other  Eyatem  are  represented  by  the  eigualioh 


i  at  thin  flrHt,  gyalem  are 
n  arbitrary  coneiaDi.  It  may  be 
I  of  the  iinea  of  curvature  of  the 


(85) 

From  the  equation  zy  = 
i5)  may  be  written  in  the 


xV^ 


at  -  t  Vi'  +  ai'  =  M- 
f  the  given  paraboloid,  the  equalio 


But  the  expressions  ^^  +  z^  and  Vj/^  +  i"  represent,  respectively,  the  dis- 
Unces  of  (he  point  (z.  y.  z)  from  the  axes  of  z  and  y.  It  follows  that  the  IJnei 
^canatnrt  on  the  parabtloul  are  tktim  cureex  for  aihkh  Ike  turn  or  We  (((JTereiice 
^theHtlancet  0/ any  point  upon  them  from  the  axet  oft  and  yita  eonitant. 
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247.  Evolttte  of  a  surface.  Let  C  be  a  line  of  curvature  on  a  sur- 
face S.  As  a  point  M  describes  the  curve  C,  the  normal  MN  to  the 
surface  remains  tangent  to  a  curve  F.  Let  (A',  F,  Z)  be  the  coor- 
dinates of  the  point  A  at  which  MN  is  tangent  to  F.  The  ordinate 
Z  is  given  by  either  of  the  equations  (32),  which  reduce  to  a  single 
equation  since  C  is  a  line  of  curvature.  The  equations  (32)  may 
be  written  in  the  form 

(l  +  /?^(fo  -\-pqdy       pqdx-\-{\-\-  q^)dy 
rdx  -{•  sdy  sdx  +  tdy 

Multiplying  each  term  of  the  first  fraction  by  dx,  each  term  of  the 

second  by  dy,  and  then  taking  the  proportion  by  composition,  we 

find 

^     _dx^-\-  dy^  -]-(pdx-\-q  dyY 

rdx^  -i- 28  dx  dy  -{- 1  dy^ 

Again,  since  dx,  dy,  and  dz  are  proportional  to  the  direction  cosines 
a,  p,  y  of  the  tangent,  this  equation  may  be  written  in  the  form 

^_^^^'+^^  +  (/>a  +  y)g)^_  "• 


m»  +  28a P  -f  tp^  ra^  +  2sap  +  tp^' 


Comparing  this  formula  with  (7),  which  gives  the  radius  of  curva- 
iture  R  of  the  normal  section  tangent  to  the  line  of  curvature,  with 
the  proper  sign,  we  see  that  it  is  equivalent  to  the  equation 

(36)  Z-^  =  -^==£===  =  /?v, 

where  v  is  the  cosine  of  the  acute  angle  between  the  z  axis  and  the 
positive  direction  of  the  normal.  But  z  +  Jiv  is  exactly  the  value 
of  Z  for  the  center  of  curvature  of  the  normal  section  under  con- 
sideration. It  follows  that  the  point  of  tangeiicy  A  of  the  normal 
MN  to  its  envelope  F  coincides  vnth  the  center  of  curvature  of  the 
principal  nojnnal  section  tangent  to  C  at  M.  Hence  the  curve  F  is 
the  locus  of  these  centers  of  curvature.  If  we  consider  all  the  lines 
of  curvature  of  the  system  to  which  C  belongs,  the  locus  of  the  cor- 
responding curves  F  is  a  surface  1,  to  which  every  normal  to  the 
given  surface  S  is  tangent.  For  the  normal  MN^  for  example,  is 
tangent  at  A  to  the  curve  F  which  lies  on  2. 

The  other  line  of  curvatme  C  through  M  cuts  C  at  right  angles. 
The  normal  to  S  along  C  is  itself  always  tangent  to  a  curve  F' 
which  is  the  locus  of  the  centers  of  curvature  of  the  normal  sections 


XII,  $218] 


LINES  OF  CURVATURE 


tangent  to  C.  The  locus  of  this  curve  V  for  all  the  lineB  of  curva^ 
ture  of  the  system  to  which  C  belongs  is  a  surface  S'  to  which  all 
the  normals  to  -S  are  taogeut.  The  two  surfaces  2  and  S'  are  not 
usually  analytically  distinct,  but  foi'm  two  nappes  of  the  same  sur- 
face, which  is  then  represented  by  an  irreducible  equation. 

The  normal  MN  to  />  is  tangent  to  each  of  these  nappes  S  and  S' 
at  the  two  principal  centers  of  curvature  A  and  A '  of  the  surface  N 
at  the  point  M.  It  is  easy  to  find  the  tangent 
planes  to  the  two  nappes  at  the  points  A  and  ^' 
(Fig,  61).  As  the  point  M  describes  the  curve 
C,  the  normal  MN  describes  the  developable 
surface  1}  whose  edge  of  r^resaion  is  r ;  at 
the  same  time  the  point  A'  where  MJV  touches 
S'  describes  a  curve  y'  distinct  from  T',  siuce 
the  straight  line  j1/.V  cannot  remain  tangent  to 
two  distinct  curves  r  and  V.  The  developable 
D  and  the  surface  S'  are  tangent  at  A ' ;  hence 
the  tangent  plane  to  S'  at  A '  is  tangent  to  D 
all  along  MX.  It  follows  that  it  is  the  plane 
NMT,  which  passes  through  the  tangent  to  C. 
Similarly,  it  is  evident  that  the  tangent  plane 
to  2  at  J  is  the  plane  NMT'  through  the  tan-  ^^^  j, 

gent  to  the  other  line  of  curvature  C 

The  two  planes  A'.l/raud  JV.U7"  stand  at  right  angles.  This  fact 
leads  to  the  following  important  conception.  Let  a  normal  OM  be 
dropped  from  any  point  O  in  space  on  tlie  surface  a',  and  let  A  and 
A'  be  the  principal  centers  of  curvature  of  A'  on  this  normal.  The 
tangent  planes  to  £  and  S'  at  A  and  A ',  respectively,  are  perpendic- 
ular. Since  each  of  these  planes  passes  through  the  given  point  O,  it 
is  clear  that  tke  two  nappes  of  the  evolute  of  anij  surface  S,  olisen^ed 
from  any  point  O  in  spare,  appear  tu  cut  each  other  at  riylit  angles. 
The  converse  of  this  proposition  will  be  proved  later. 

248.  Rodrigues'  formula.    If   X,  ^,  v  denote  the  direction  cosines 

of  tlie  normal,  and  li  one  of  the  principal  radii  of  curvature,  the 
Corresponding  principal  center  of  curvature  will  be  given  by  the 
formula; 


(37)       X  =  x  +  Ii\, 


=  y  + 1:, 


W 


Ab  the  point  {x,  y,  z)  describes  a  line  of  curvature  tangent  to 
the  normal  section  whose  radius  of  curvature  is  R,  this  center  of 
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ourvature,  as  we  have  just  seen,  will  describe  a  curve  F  tangent  to 
the  normal  MN ;  hence  we  must  have 

or,  replacing  X,  Y,  and  Z  by  their  values  from  (37)  and  omitting  the 
common  term  dR, 

dx-^-  Rd\      dy  ■\-  RdfL      dz-\-  Rdv 
X  ft  V 

The  value  of  any  of  these  ratios  is  zero,  for  if  we  take  them  by 
composition  after  multiplying  each  term  of  the  first  ratio  by  X,  of 
the  second  by  fi,  and  of  the  third  by  v,  we  obtain  another  ratio 
equal  to  any  of  the  three ;  but  the  denominator  of  the  new  ratio  is 
unity,  while  the  numerator 

\dx  +  fkdy  -h  vdz  +  R(\.dk  -^  /id/i  +  vdy) 

is  identically  zero.  This  gives  immediately  the  formulae  of  Olinde 
Bodrigues : 

(38)     dx  +  Rd\  =  0,         dy  +  Rdfi^Oy         dz  +  Rdv  =  0, 

which  are  very  important  in  the  theory  of  surfaces.  It  should  be 
noticed,  however,  that  these  formulae  apply  only  to  a  displacement 
of  the  point  (as,  y,  z)  along  a  line  of  curvature. 

« 
848.  Lines  of  curvature  in  parameter  form.    If  the  equations  of  the 

surface  are  given  in  terms  of  two  parameters  u  and  v  in  the  form 

(19),  the  equations  of  the  normal  are 

A      "      B     "      C     * 

where  Ay  B,  and  C  are  determined  by  the  equations  (21).  The 
necessary  and  sufficient  condition  that  this  line  should  describe  a 
developable  surface  is,  by  §  223, 


(39) 


dx      dy     dz 

ABC 

dA     dB     dC 


=  0, 


where  ar,  y,  z.  A,  B,  and  C  are  to  be  replaced  by  their  expressions 
in  terms  of  the  parameters  u  and  v ;  hence  this  is  the  differential 
equation  of  the  lines  of  curvature. 
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As  an  example  let  us  find  the  lines  of  curratore  on  the  helicoid 

y 
z  =  a  arc  tan  - , 

whose  equation  is  equivalent  to  the  system 

x  =  /ocos0,        y  =  /osintf,        z^aB. 

In  this  example  the  equations  for  A^  JB,  and  C  are 

-4cos^  + Bsin^  =  0,        —  ^/osin^  +  JB/ocos^  +  Ca  =  0. 

Taking  C  =  p,  yre  find  A  =  a  sin  0,  B  =  -  aco80.    After  expansion  and  simpli- 
fication the  differential  equation  (39)  becomes 

(jpa_(pa  +  a«)(to«  =  0       or        de  =  ±       ^ 


Choosing  the  sign  +  f  for  example,  and  Integrating,  we  find 

The  projections  of  these  lines  of  curvature  on  the  xy  plane  are  all  spirals  which 
are  easily  constructed. 

The  same  method  enables  us  to  form  the  equation  of  the  second 
degree  for  the  principal  radii  of  curvature.  With  the  same  symbols 
A,  B,  Cy  k,  fi,  V  we  shall  have,  except  for  sign, 

A ^  B  _  C 

""  ^A^  +  B^-{-C*        '*"'  Va^-\-B^+C^'       ""  Vi4*-hB«+  C« 

We  shall  adopt  as  the  positive  direction  of  the  normal  that  which 
is  given  by  the  preceding  equations.  If  7?  is  a  principal  radius  of 
curvature,  taken  with  its  proper  sign,  the  coordinates  of  the  corre- 
sponding center  of  curvature  are 

X  =  x-{-pAy         y=t/-\-pB,         Z  =  Z'\-pCy 
where  

If  the  point  (x,  y,  z)  describes  the  line  of  curvature  tangent  to  the 
principal  normal  section  whose  radius  of  curvature  is  Ry  we  have 
seen  that  the  point  (.V,  Y,  Z)  describes  a  curve  F  which  is  tangent 
to  the  normal  to  the  surface.     Hence  we  must  have 

dx-\-  p (lA  -\-  Adp  __  di/  -\-  pdB-\-  Bdp  __  dz  -f  p dC  -{■  C dp 
A  "  B  ""  C    '         "' 
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or,  denoting  the  common  values  of  these  ratios  by  dp  +  K, 

cdx  -^pdA  —  AK=^0, 
(40)  \di/'\'pdB-BK-0, 

[dz  '\-pdC  -  CA'  =  0. 

Eliminating  p  and  A'  from  these  three  equations,  we  find  again  the 
differential  equation  (39)  of  the  lines  of  curvature.  But  if  we 
replace  dx,  dt/,  dz^  dA,  dB,  and  dC  by  the  expressions 


dx  .        dx  . 


-^—du  -\-t^dv, 
cu  ov 


respectively,  and  then  eliminate  du,  dv,  and  A',  we  find  an  equation 
for  the  determination  of  p : 


(41) 


dx 


du  du 

dy^     d_B 
du  du 

dz         d_C' 
du      '^  du 


dA       dx 


dA 


dv  dv 

dy         dB 

■^ — ^  P~^^ 
dv  ov 

dz   ,      dC 


dv 


dv 


B 


C 


=  0. 


If  we  replace  p  by  r/^A^  -f  ^^  +  C^,  this  equation  becomes  an 
equation  for  the  principal  radii  of  curvature. 

The  equations  (39)  and  (41)  enable  us  to  answer  many  questions 
which  we  have  already  considered.  For  example,  the  necessary 
and  sufficient  condition  that  a  point  of  a  surface  should  be  a  parar 
bolic  point  is  that  the  coefficient  of  p^  in  (41)  should  vanish.  In 
order  that  a  point  be  an  umbilic,  the  equation  (39)  must  be  satisfied 
for  all  values  of  du  and  dv 

As  an  example  let  us  find  the  principal  radii  of  curvature  of  the  rectilinear 

helicoid.     With  a  slight  modification  of  the  notation  used  above,  we  shall  have 

in  this  example 

y=     usinv,         z  =  av, 

B  =  —  acoBVj        C  =  u, 


X  =  U  COS  V  , 

^  =  a  sin  V, 
and  the  equation  (41)  becomes 


whence  fi  =  ±  (o*  -f  u^)/a.    Hence  the  principcU  radii  of  curvature  of  the  helicoid 
are  numerically  equal  and  opposite  in  sign. 

250.  Joachimsthal's  theorem.  The  lines  of  curvature  on  certain 
surfaces  may  be  found  by  geometrical  considerations.  For  example, 
it  is  quite  evident  that  the  lines  of  curvature  on  a  surface  of  revolu- 
tion are  the  meridians  and  the  parallels  of  the  surface,  for  each  of 
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these  curves  is  tangent  at  every  point  to  one  of  the  axes  of  the 
indicatrix  at  that  point.  This  is  again  confinued  by  the  remark 
that  the  normals  along  a  meridian  form  a  plane,  and  the  normals 
along  a  parallel  form  a  cirL'.ular  cone,  —  in  each  case  the  oormals 
form  a  developable  surface. 

On  a  developablu  surface  the  first  system  of  lines  of  curratute 
eonsistB  of  the  generators.  The  second  system  consists  of  the 
orthogonal  trajectories  of  the  generators,  that  is,  of  the  involutes  of 
the  edge  of  regression  {§  231).  These  can  be  found  by  a  single  quad- 
rature. If  we  know  one  of  them,  all  the  rest  can  be  found  without 
even  one  iiuadrature.    All  of  these  results  are  easily  verified  directly. 

The  study  of  the  theory  of  evolutes  of  a  skew  curve  led  Joa- 
chimsthal  Ui  a  very  important  theorem,  which  is  often  used  in  that 
theory.  Let  .S  and  S'  be  two  surfaces  whose  line  of  intersection  C 
is  a  line  of  curvature  on  each  surface.  The  normal  MN  to  A'  along 
C  describes  a  developable  surface,  and  the  normal  MN'  to  S'  along 
C  describes  another  developable  surface.  But  eat^h  of  these  normals 
is  normal  to  r.  It  follows  from  §  231  that  if  two  itirfares  have  a 
common  line  of  curvature,  they  intersect  at  a  constaiii  angle  along 
that  line. 

Conversely,  )/  two  surfaces  intersect  at  a  constant  angle,  and  if 
their  line  of  intersert'ion  is  a  line  of  curvatjire  on  one  of  them,  it  is 
also  a  line  of  curvature  on  the  other.  For  we  have  seen  that  if  one 
family  of  normals  to  a  skew  curve  C  form  a  deveTopable  surface, 
the  family  of  normals  obtained  by  turning  each  of  the  first  family 
through  the  same  angle  in  its  normal  plane  also  form  a  developable 
surface, 

Any  curve  whatever  on  a  plane  or  on  a  sphere  is  a  line  of  curva- 
ture on  that  surface.  It  follows  as  a  corollary  to  Joachimsthal's 
theorem  that  the  necessary  and  sufficient  condition  that  a planecurve 
or  a  spherical  curve  on  ani/  surface  should  be  a  line  of  curvature  m 
that  the  plane  or  the  sphere  on  which  the  euroe  lies  should  cut  the 
surface  at  a  constant  angle. 

251.  Dupin's  theorem.  We  have  already  considered  [SS  43,  146] 
triply  orthogonal  systems  of  surfaces.  The  origin  of  the  theory  of 
such  systems  lay  in  a  noted  theorem  due  to  Dopiu,  which  we  shall 
proceed  to  prove : 

Given  any  three  families  of  siirfaren  trhirh  form  n  triply  orthoijonal 
wystem:  the  intersection  of  any  two  siirfuces  of  iHjferent  families  is  a 
line  of  curvature  on  each  of  them,. 
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We  shall  base  the  proof  on  the  following  remark.  Let  F(aj,  y, «)  =  0 
be  the  equation  of  a  surface  tangent  to  the  xy  plane  at  the  origin.  Then 
we  shall  have,  f  or  x  =  y  =  «  =  0,  dF/dx  =  0,  dF/cy  =  0,  but  dF/dz  does 
not  vanish,  in  general,  except  when  the  origin  is  a  singular  point. 
It  follows  that  the  necessary  and  sufficient  condition  that  the  x  and 
y  axes  should  be  the  axes  of  the  indicatrix  is  that  5  =  0.  But  the 
value  of  this  second  derivative  s  =  d^z/dx  dy  is  given  by  the  equation 

a«F        d^F       .    d^F  d^F  dF 


dxdy      dxdz         dydz  dz^  dz 

Since  p  and  q  both  vanish  at  the  oiugin,  the  necessary  and  sufficient 
condition  that  s  should  vanish  there  is  that  we  should  have 

d^F 
^     ^  dxdy         ' 

Now  let  the  three  families  of  the  triply  orthogonal  system  be  given 
by  the  equations 

^1  («»  yy  «)  =  Pi >         P% {^f  yy^)  =  fHj         Fji(x,  y,  z)  =  /)„ 
where  Fi ,  Fj ,  Fg  satisfy  the  relation 

^     ^  dx    dx        dy    dy        dz    dz 

and  two  other  similar  relations  obtained  by  cyclic  permutation  of 
the  subscripts  1,  2,  3.  Through  any  point  M  in  space  there  passes, 
in  general,  one  surface  of  each  of  the  three  families.  The  tangents  to 
the  three  curves  of  intersection  of  these  three  surfaces  form  a  trirec- 
tangular  trihedron.  In  order  to  prove  Dupin's  theorem,  it  will  be 
sufficient  to  show  that  each  of  these  tangents  coincides  with  one  of 
the  axes  of  the  indicatrix  on  each  of  the  surfaces  to  which  it  is 
tangent. 

In  order  to  show  this,  let  us  take  the  point  M  as  origin  and  the 
edges  of  the  trirectangular  trihedron  as  the  axes  of  coordinates; 
then  the  three  surfaces  pass  through  the  origin  tangent,  respec- 
tively, to  the  three  coordinate  planes.  At  the  origin  we  shall  have, 
for  example, 

©=»•      (^l=»-      m^o- 

ra^»'  ©).=»■  ©.=». 
©=».  (^}^«.  m=»- 
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The  axes  of  x  and  y  will  be  the  axes  of  the  indicatris  of  the  surface 
F{x,  y,z)=Q  at  the  origin  if  {h''  F,/()x  b-j)^  =  0.  To  show  that  tJiia 
is  the  case,  let  us  differentiate  (43)  with  respect  to  y,  omitting  the 
terms  which  vanish  at  tlie  origin ;  we  find 

ldF,\/d^F, 


/SF,\/d'Fj\      /SF,\  /8^F.\      „ 


5\  m: 


From  the  two  relations  analogous  to  (43)  we  could  deduce  two 
equations  analogous  to  (44),  which  may  be  written  dowD  by  cyclic 
permutation : 


(4S) 


[ill  I 


Fron)  (44)  and  (45)  it  ia  evideat  that  we  shall  have  also 


/^f\) 


=  0, 


/^F,\ 


=  0, 


which  proves  the  theorem. 

A  remarkable  example  of  a  triply  orthogonal  system  is  furnished 
by  the  confocal  quadtics  discussed  in  §  147.  It  was  doubtless  the 
investigation  of  thia  particular  system  which  led  Dupin  to  the  gen- 
eral theorem.  It  folluws  that  the  lines  of  curvature  on  an  ellipsoid 
or  an  byperlioloid  (which  had  been  determined  previously  by  Monge) 
are  the  lines  of  iutersectiou  of  that  surface  with  its  confocal  quadrics. 

The  paraboloids  represented  by  the  equation 

P  —  \  ?  —  * 

where  X  is  a  variable  parameter,  form  another  triply  orthogonal 
system,  which  determines  the  lines  of  curvature  on  the  paraboloid. 
Finally,  the  system  discussed  in  §  246, 


is  triply  orthogonal. 
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Tlie  Btudy  of  triply  orthogonal  systems  is  one  of  the  most  Interest- 
ing and  one  of  the  most  difficult  problems  of  differential  geometry. 
A  very  large  number  of  memoirs  have  been  published  on  the  subject, 
the  results  of  which  have  been  collected  by  Darboux  m  a  recent 
work.*  Any  surface  .V  belongs  to  an  infinite  numl«r  of  triply 
orthogonal  systems.  One  of  these  consists  of  the  family  of  surfaces 
parallel  to  ."i  and  the  two  faniiiies  of  developables  formed  by  the 
normals  along  the  lines  of  curvature  on  S.  For,  let  0  l»e  any  point 
on  the  normal  W.V  to  the  surfaiie  S  at  tlie  point  W,  and  let  MT 
and  !UT'  be  the  tangents  to  the  two  lines  of  curvature  C  and  C 
which  pass  through  M;  then  the  tangent  plane  to  the  parallel  sur- 
face through  0  is  parallel  to  the  tangent  plane  to  S  at  M,  and  the 
tangent  planes  to  the  two  developables  deacribed  by  the  normals  to 
S  along  C  and  C'  are  the  planes  jl/iV7'and  MNT',  respectively.  These 
three  planes  are  perpendicular  by  pairs,  which  shows  that  the  system 
is  triply  orthogonal. 

An  infinite  number  of  triply  ortliogonal  systems  can  be  derived 
from  any  one  known  triply  orthogonal  system  by  means  of  succes- 
sive inversions,  since  any  inversion  leaves  ail  angles  imchanged. 
Since  any  surface  whatever  is  a  member  of  soma  triply  orthogonal 
system,  as  we  have  just  seen,  it  follows  that  an  ini'ersion  carries  the 
lines  of  curvature  on  an;/  surface,  over  UUo  the  lines  of  curvature  on 
the  transformed  surface.     It  is  easy  to  verify  this  fact  directly. 

0  certilD  claraea  of  ■uifaces.  A  large  number  of  problems 
Ji  wbii:!!  il  is  required  lo  find  all  tbe  surfaces  whose  Hues 
of  ciirvaliire  li.ive  a  preasBigneil  geometrical  properly.  We  shall  proceed  lo 
indicate  aome  of  the  Eimpler  results. 

First  let  us  deiermme  all  those  surfaces  for  which  one  ajstem  of  lines  of 
curvature  are  circles.  By  Jottehlnialbar»  theorem,  the  plane  of  each  of  tbe 
clrcleB  must  cut  Che  surface  at  a  coustaut  angle.  Hence  nil  the  normals  to  the 
surface  along  any  circle  C  of  the  system  must  meet  the  ails  of  the  circle,  i.e. 
the  perpendicular  to  Its  plane  at  its  center,  at  lbs  snnie  point  O.  The  sphere 
through  C  about  O  as  center  is  Utngent  to  the  surface  all  along  C\  hence  the 
required  surface  must  be  the  eiiv«lope  of  a  one-pnranieter  family  of  spheres. 
Conversely,  any  surface  which  is  tbe  envelope  of  a  one-parameter  family  of 
spheres  la  a  solution  of  the  problem,  for  the  characteristic  curves,  which  are 
Circles,  evidently  form  one  system  at  lines  of  curvature. 

Surfaces  of  revolution  evidently  belong  to  the  preceding  class.  Another 
interesting  particular  case  la  the  so-called  tubular  surface,  which  is  the  envelope 
of  asphero  of  constant  radius  whose  center  describes  an  arbitrary  curve  r.  The 
chnracteristic  curves  are  the  circles  of  radius  R  whose  centers  lie  on  r  tuid 
whose  planes  are  normal  to  r.     The  normals  to  the  surface  are  also  normal  to  r ; 
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heooe  tbe  aecood  system  of  lines  of  curvature  are  the  Unea  in  which  the  surface 
is  cut  by  the  developable  iturfacea  which  may  be  formed  from  the  normals  to  r. 
"If  both  Byalema  of  lines  of  curvature  on  a  surface  are  circles,  it  is  clear  from 
the  preceding  argumeut  that  the  surface  may  be  thought  of  aa  tbe  envelope  of 
either  of  two  one-parameter  families  of  spheres.  Let  Si.  St.  Sa  be  any  three 
spheres  of  tlie  first  family,  Ci,  C'a,  C's  the  corresponding  clmracieristlc  curves, 
Bad  JU,,  Jf],  Jf|  tlie  three  points  in  which  C,,  C,,  C,  are  cut  by  ft  line  of  curva- 
ture C  of  the  other  system.  The  sphere  S'  which  is  tangent  to  the  surface  along 
C  is  also  tangent  to  the  i^phcres  5],S,,£a  at  Mi, Ma,  ilt,  respectively.  Hence 
the  required  xar/ace  is  Clie  envelope  of  n.  family  of  tpheres  eacli  q/'  which  touches 
thret  JUed  spheres.  Thin  surface  is  the  well-known  Dupia  ryclide.  Mannheim 
gave  an  elegant  proof  that  any  Dupin  cyclide  is  the  surface  into  which  a  certain 
anchor  ring  Is  transformed  by  a  certain  inversion.  Let  y  be  the  circle  which 
is  orthogonal  to  each  of  the  three  fixed  spheres  Si,  S^,  8a.  An  inversion  whose 
pole  Is  a  point  on  the  circumference  of  y  carries  that  circle  into  n  straight  line 
Ofy,  and  carries  the  three  spheres  S,,  S,,  St  into  thrve  spheres  Z|,  £g,  £■ 
orthOROnal  to  Ofy,  that  is,  the  centers  of  the  transformed  splieree  lie  on  Ot/. 
Let  Ci.  C}.  Ci  be  the  intersecllons  of  these  spheres  with  any  plane  through 
OO",  C  a  circle  tangent  to  ench  of  tbe  circles  Ci,  CJ,  CJ,  and  S'  the  sphere 
on  which  C  is  a  great  circle.  It  is  clear  that  S'  remains  tangent  to  each  ot  the 
spheres  S|,  Zg.  S]  as  the  whole  figure  is  revolved  about  OO",  and  that  tbe 
envelope  of  2'  is  an  anchor  ring  whose  meridian  is  the  circle  C. 

Let  UB  now  determine  the  surface  for  which  all  of  the  lines  of  curvature  of 
one  system  are  plane  curves  whose  planes  are  all  parallel.  Let  us  take  tbe  xy 
plane  parallel  to  the  planes  in  which  these  tinea  of  curvature  lie,  and  let 

rco8«  +  I»sincr  =  F(a,*) 
be  tbe  tangential  equation  of  the  section  of  the  surface  by  a  parallel  lo  the  xy 
pUuie,  where  F{a,  z)  is  a  function  of  a  and  i  which  depends  upon  the  surface 
under  consideration.     The  coiirdinates  x  and  ^  of  a  point  of  the  surface  are 
giTea  by  tbe  preceding  equation  together  with  the  equation 


PF 


The  (ormulie  for  x,  y,  t 
(46)    i=Fcos«-|^ 


^  Fsina 


An;  surface  may  be  represented  by  equations  of  this  form  by  choosing  tbe 
function  f(ir.  z)  projwrly.  The  only  exceptions  are  the  ruled  surfaces  whose 
directing  plane  Is  the  zy  plane.  It  is  easy  to  show  that  tbe  coefficients  A,B,C 
of  the  tangent  plane  may  bo  taken  lo  be 

^  =  cos«,         B  =  sin<r.         C  =  -—: 


G  of  the  angle  between  the  normal  and  the  i 


vT+  F](a,  z) 
In  order  that  all  the  sections  by  pinnea  parallel  lo  the  ay  plane  be  lines  of  curva- 
ture, it  is  necessary  and  sulBcieut,,  by  Joacliimsthal'a  theorem,  thai  each  of 
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these  planes  cut  the  enrface  at  &  cnnHlAnt  angle,  i.e.  that  v  be  independenl  of  a. 
ThiR  IB  equivaleat  to  aaying  that  Fi((T,  z)  is  indepeadent  of  a,  i.e.  that  F((l,  z> 
is  dE  the  form 

i^(n,  z)  =  #.(«)  + f(Q) , 

irhere  the  fimctiona  «  and  ^  are  arbitrary.  Substitating  this  value  Id  (46),  we 
■ee  that  the  moat  general  solution  of  the  problem  la  given  b;  the  equations 


=  f(n)cc 
=  f(a)8i 


i  +  *(*)8i 


Thene  surfaces  may  be  generated  as  folloiTB,  The  first  two  of  equations  (47), 
for  2  constant  itnd  a  variable,  represent  a  family  of  parallel  curves  which  aT« 
the  projections  od  the  xy  plane  of  the  sections  of  the  surface  by  planes  paraJlel 
to  the  iy  plane.  But  these  curves  are  all  parallel  to  the  curve  obtained  by  set- 
ting #(i)  =  0.  Hence  the  surfaces  may  be  generated  as  follows ;  Taking  in  tke 
IV  plane  any  curne  wftoiewer  and  Us  parallel  curees,  lift  each  of  th«  eurwa  verti- 
caUy  a  distance  given  by  some  arbitrary  law ;  Ihcatnei  in  Iheir  nan  posUions  form 
a  surface  which  ia  the  moil  general  ioliition  of  the  problem.. 

It  is  easy  to  see  that  the  preceding  construction  may  be  replaced  by  the 
following :  The  required  sur/ace«  are  those  detcribed  by  any  plaiu  curve  wliott 
plane  rolls  wilMat  slipping  on  a  cylinder  of  any  base.  By  analogy  with  plane 
curves,  these  surfaces  may  be  called  rolled  surfaces  or  rouldtea.  This  fact  may 
be  verified  by  examining  the  plane  curves  a  =  const.  The  two  families  of  lines 
of  curvature  are  the  plane  curves  t  =  const,  and  a  =  const. 


rV.    FAMILIES  OF  STRAIGHT  LINES 

The  equations  of  a  strnight  liae  in  spaoe  contain  four  v&riable 
parameters.  Henee  we  may  consider  one-,  two-,  or  three-parameter 
families  of  straight  lines,  according  to  the  number  of  given  relations 
between  the  four  parameters.  A  one-parameter  family  of  straight 
lines  form  a  ruled  surface.  A  two-parameter  family  of  straight 
lines  is  called  a  line  congrtienee,  and,  tinally,  a  thiee-parameter 
family  of  straight  lines  is  called  a  line  complex. 


253.  Ruled  surfaces.   Let  the  equations  of  a  one-parameter  family 
of  straight  lines  (G)  be  given  in  the  form 


(48) 


«+7>, 


-6s  +  ?, 


vjhere  a,  b,  p,  q  are  functions  of  a  single  variable  parameter  h.  Lot 
us  consider  the  variation  in  the  position  of  the  tangent  plane  to  the 
surface  S  formed  by  these  lines  as  the  point  of  tangency  moves  along 
any  one  of  the  generators  O.  The  equations  (48),  together  with  the 
equation  z  —  «,  give  the  coordinates  x,  if,zoia,  point  M  on  ^  in  terms 
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of  the  two  parameters  z  and  u ;  hence,  by  §  39,  the  equation  of  the 
tangent  plane  at  M  is 

X  —  x        F-  y      Z  —  z 

a  b  1        =0, 

a'z-\-p*     b'z-\-q'         0 

where  a',  b',  p',  q'  denote  the  derivatives  of  a,  b,  p,  q  with  respect 
to  u.  Replacing  x  and  y  hy  az  -{-  p  and  bz  -f  q^  respectively,  and 
simplifying,  this  equation  becomes 

(49)     (b'z  -h  q'){X  -aZ  -p)-  (a'z  -\- p')(Y -  bZ  -q)  =  0. 

In  the  first  place,  we  see  that  this  plane  always  passes  through  the 
generator  G,  which  was  evident  a  priori,  and  moreover,  that  the  plane 
turns  around  G  as  the  point  of  tangency  M  moves  along  G,  at  least 
unless  the  ratio  (a'«  -\-  p*)/{b^z  -\-  q')  is  independent  of  z,  i.e.  unless 
a*q'  —  b'p'  =  0,  —  we  shall  discard  this  special  case  in  what  follows. 
Since  the  preceding  ratio  is  linear  in  z,  every  plane  through  a  gen- 
erator is  tangent  to  the  surface  at  one  and  only  one  point.  As  the 
point  of  tangency  recedes  indefinitely  along  the  generator  in  either 
direction  the  tangent  plane  P  approaches  a  limiting  position  P', 
which  we  shall  call  the  tangent  plane  at  th^i  point  at  infinity  on  that 
generator.     The  equation  of  this  limiting  plane  P'  is 

(60)  bXX  -aZ  -p)-  a'(K  -  bZ  -  q)  =  0. 

Let  (i>  be  the  angle  between  this  plane  P'  and  the  tangent  plane  P  at 
a  point  M  (Xy  y,  z)  of  the  generator.  The  direction  cosines  (a',  fi',  y') 
and  (a,  fif  y)  of  the  normals  to  P'  and  P  are  proportional  to 

b',         -a',         a'b-alf* 
and 

b'z-\-q',     -(a'z-^p'),     b(a' z -\- p')  -  a(b' z -^  q^ , 

respectively;  hence 

I       ^^1  f  Az  +  B 

cos  Q>  =  aa'  -f  pp  +  ry  =     /—    / —  =  > 

where 

A==a'^    +&"    -{-(oA'-^y, 

B  =  a'p'  -^  b'q'  -^  (ab'  -  ba%aq*  -  bp"), 
C=p^^    -f  ?'*   -f(ay'-^V. 
After  an  easy  reduction,  we  find,  by  Lagrange's  identity  (§  131), 


,,,,        ^  ^AC-B^       (a'q'  -  b'p')  Vl  4-  a"  -f  b^ 

(61)       tan<i>=— - — 7-^-^        AID 

^     ^  Az  -\-  B  Az  ■\-  B 
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It  follows  that  the  limiting  plane  P^  is  perpendicular  to  the  tangent 
plane  Pi  at  a  point  Oj  of  the  generator  whose  ordinate  «i  is  given  by 
the  formula 

fK9\  J  _  ^  _  __  a'p'  4-  h^q'  4-  jah'  -  ba^jaq^  -  bp') 

iP^)         ^1"      ^  a'^ -\- b''^ -\- (ab' -  bay 

The  point  Oi  is  called  the  central  point  of  the  generator,  and  the  tan- 
gent plane  Pi  at  O^  is  called  the  central  plane.  The  angle  $  between 
the  tangent  plane  P  at  any  point  M  of  the  generator  and  this  central 
plane  Pi  is  7r/2  —  m,  and  the  formula  (51)  may  be  replaced  by  the 
formula 

tan  ^  =    -^^(^-^0   =  ia'^^b'^-^{cib^-baj-\{z^zi) 
^  -y/AC-B^  (a'q'  -  b'p')  Vl  +  a^  -f  b^ 

Let  p  be  the  distance  between  the  central  point  O^  and  the  point  M, 
taken  with  the  sign  -|-  or  the  sign  —  according  as  the  angle  which 
Oi  M  makes  with,  the  positive  z  axis  is  acute  or  obtuse.  Then  we 
shall  have  p  =  (z  —  Zi)  Vl  -h  a*  -h  b^,  and  the  preceding  formula  may 
be  written  in  the  form 

(53)  tan^  =  A:p, 

where  k^  which  is  called  the  parameter  of  distribution,  is  defined  by 
the  equation 

,  _     a'^^b''^(ab'-bar 
^  ^  ""  (a'q'  -  b'p'Xl  4-  a'  -h  b') ' 

The  formula  (53)  expresses  in  very  simple  form  the  manner  in  which 
the  tangent  plane  turns  about  the  generator.  It  contains  no  quantity 
which  does  not  have  a  geometrical  meaning :  we  shall  see  presently 
that  k  may  be  defined  geometrically.  However,  there  remains  a  cer- 
tain ambiguity  in  the  formula  (53),  for  it  is  not  immediately  evident 
in  which  sense  the  angle  $  should  be  counted.  In  other  words,  it  is 
not  clear,  a  priori,  in  which  direction  the  tangent  plane  turns  around 
the  generator  as  the  point  moves  along  the  generator.  The  sense  of 
this  rotation  may  be  determined  by  the  sign  of  k. 

In  order  to  see  the  matter  clearly,  imagine  an  observer  lying  on  a 
generator  G.  As  the  point  of  tangency  M  moves  from  his  feet  toward 
his  head  he  will  see  the  tangent  plane  P  turn  either  from  his  left 
to  his  right  or  vice  versa.  A  little  reflection  will  show  that  the 
sense  of  rotation  defined  in  this  way  remains  unchanged  if  the 
observer  turns  around  so  that  his  head  and  feet  change  placets. 
Two  hyperbolic  paraboloids  having  a  generator  in  common  and 
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lying  Gyminetrically  with  respect  to  a  plane  through  that  generator 
give  a  clear  idea  of  the  two  possible  situations.  Let  us  now  move 
the  axes  in  such  a  way  that  the  new  origin  is  at  tlie  central  point  O,, 
the  new  z  axis  is  the  generator  '.'  itself,  and  the  xz  plane  is  the  cen- 
tral plane  /',.  It  is  cvideat  that  the  valne  of  the  parameter  of  dis- 
tribution (54)  remains  unchanged  during  this  movement  of  the  ases, 
and  that  the  formula  (53)  takes  the  form 


(53') 


tanfl  = 


where  0  denotes  the  angle  between  the  xz  plane  P,  and  the  tangent 
plane  /-",  counted  in  a  convenient  sense.  For  the  value  of  k„  which 
corresponds  to  the  a  axis  we  must  have  a~b=p  =  q  =  \),  and  the 
equation  of  the  tangent  plane  at  any  point  M  of  that  axis  becomes 

(6's  +  y')i-(a'*+^')r  =  0. 

In  order  that  the  origin  be  the  central  point  and  the  xz  plane  the 
central  plane,  we  must  have  also  n'  =  0,  y'  =  0 ;  hence  the  equation 
of  the  tangent  plane  reduces  to  K  =  (b'z/p')X,  and  the  formula  (54) 
gives  k  =  -b'/j}'.  It  follows  that  the  angle  B  in  (53')  should  be 
Gounted  positive  in  the  sense  from  Oy  toward  f>x.  If  the  orienta- 
tion of  the  axes  is  that  adopted  in  §  228,  an  observer  lying  in  the 
a  axis  will  see  the  tangent  plane  turn  from  his  left  toward  his  right 
if  /:  is  positive,  or  from  his  right  toward  his  left  if  k  is  negative. 

The  locus  of  the  central  points  of  the  generators  of  a  ruled  surface 
is  called  the  li-ne  of  sirktion.  The  equations  of  this  curve  in  terms 
of  the  parameter  u  are  precisely  the  equations  (48)  and  (52). 

Note.  If  a'j'  =  b'p'  for  a  generator  G,  the  tangent  plane  is  the 
same  at  any  point  of  that  generator,  Tf  this  relation  is  satisfied 
for  every  generator,  i.e.  for  all  values  of  w,  the  ruled  surface  is  a 
developable  surface  (§  223),  and  the  results  previously  obtained  can 
lie  easily  verified.  For  if  n'  and  b'  do  not  vanish  simultaneously, 
the  tangent  plane  is  the  same  at  all  points  of  any  generator  G, 
and  becomes  indeterminate  for  the  point  s  =  —  p'/a'  =  — y'/i',  i.e. 
for  the  point  where  the  generator  touches  its  envelope.  It  is  easy 
to  show  that  this  value  for  a  is  the  same  as  that  given  by  (52)  when 
a'q'  =  b'p'.  It  follows  that  the  line  of  striction  becomes  the  edge 
of  regression  on  adevelopable  surface.  The  parameter  of  distribution 
ia  infinite  for  a  developable. 

If  a'  3=  6'  =  0  for  every  generator,  the  surface  is  a  cylinder  and 
the  central  point  is  indeterminate. 
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254.  Direct  definition  of  ttie  parameter  of  distribution.  The  central 
poiut  and  the  parameter  of  distribution  may  be  detiiied  iu  an  entirely 
dlfTerent  manner.  Li-t '.'  and  tr',  be  two  neighboring  generators  cor- 
rcBponding  to  the  values  »  and  it  +  A  of  the  parameter,  respectiTely, 
and  let  f7i  be  given  by  the  equations 

(55)      *  =  («  + Ao.)s+^  + Ap,  !/  =  {l>  +  ^b)z  +  q  +  Aq. 

Let  fi  be  the  shortest  distance  between  the  two  lines  G  and  G,.  a  the 
angle  between  O  and  ^.'i,  and  (.Y,  >',  Z)  the  point  where  O  meets  the 
common  perpendicular.  Then,  by  well-known  formulto  of  Analytic 
Geometry,  we  shall  have 

_  ArtAy  +  A^  Aji-i-(,aM-fcAa)[(tt  +  Aa) A7  -(b  +  A6)Af>] 
~  '  "(An)*  +  (Aft)"  +  (n,  A6  -  6  Aa)' 

Aa  Ay  —  Aft  Ap 

V(Aa)'  +  (Afc)'  -t-  (a  Aft  -  6  Aa)" 

V(Aa)'  +  (Aft)'  +  (n  Aft  -  ft  A«)' 


Vn»  -f  ft"  +  1  V(n  +  Ao)'  +  (ft  +  Aft)'  +  1 
Ab  h  approaches  zero,  Z  approaches  the  quantity  a,  defined  by  (52), 
and  (sin  n)/6  approaches  k.  Hence  the  central  point  is  the  limiting 
position  of  the  foot  of  the  common  perpendicular  to  (;  and  C,,  while 
the  parameter  of  distribution  is  the  limit  of  the  ratio  {sin  n)/8. 

In  the  expression  for  8  let  us  replace  Aa,  Aft,  Ap,  Aj  by  their 
expansions  in  powers  of  A: 

Ao  =  Ao'  +  z — 1^  a"  -\ 

and  the  similar  expansions  for  Aft,  Ap,  Ai/.  Then  the  numerator  of 
the  expression  for  B  Incomes 

Ao  Ay— AftAp  =  A'(a'y'  — 6'y')+g-(a"y'-|-o'y"  — 6"/i'— ft'p")H , 

while  the  denominator  is  always  of  the  first  order  with  respect 
to  A.  It  is  evident  that  S  is  in  general  an  infinitesimal  of  the  Srst 
order  with  respect  to  A,  except  for  developable  surfaces,  for  which 
a'q'  =  b'p'.  But  the  coefiicient  of  A'/2  is  the  derivative  of  o' j'  —  b'p'; 
hence  this  coefiicient  also  vanishes  for  a  developable,  and  the  shortest 
distance  between  two  neighboring  generators  is  of  the  third  order 
(S  230).  This  remark  is  due  to  Bouquet,  who  also  showed  that  if 
this  distance  is  constantly  of  the  fourth  order,  it  must  be  precisely 
zero;  that  is,  that  in  that  case  the  given  straight  lines  are  the 
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tangents  to  a  plane  curve  or  to  a  conical  surface.  In  order  to  prove 
this,  it  is  sufficient  to  carry  the  development  of  Aa  Ay  —  Afi  ^p  to 
terms  of  the  fourth  order. 

255.  Congruences.  Focal  surf  ace  of  a  congruence.  Every  two-parameter 
family  of  straight  lines 

(56)  x  =  az+p,         y  =  bz  +  i, 

where  a,  h,  p,  g  depend  on  two  parameters  a  and  ff,  is  called  a  line 
eongruenre.  Through  any  point  in  space  there  pass,  in  general,  a 
certain  number  of  lines  of  the  congruence,  for  the  two  equations  (66) 
determine  a  certain  number  of  definite  sets  of  values  of  a  and  ,8  when 
X,  y,  and  x  are  given  definite  values.  If  any  relation  between  a  and  p 
be  assumed,  the  equations  (56)  will  represent  a  ruled  surface,  which 
is  not  usually  developable.  In  order  that  the  surface  be  developable, 
we  must  have 

dadq  —  dbdp  =  (i, 

or,  replacing  da  by  {8a/da)da  +  (da/3fi)dfi,  etc.. 


(ST) 


-da  +  ^d^ 


dp 


This  is  a  quadratic  equation  in  dp/da.     Solving  it,  we  should  usu- 

»aUy  obtain  two  distinct  solutions, 
(68)  ^  =  ♦.(-.».        ^  =  *.(•'•«. 

either  of  which  defines  a  developable  surface.  Under  very  gen- 
eral limitations,  which  we  shall  state  precisely  a  little  later  and 
which  we  shall  just  now  suppose  fulfilled,  each  of  these  equations 
is  satisfied  by  an  infinite  numlier  of  functions  of  it,  and  each  of  them 
has  one  and  only  one  solution  which  assumes  a  given  value  /3a  when 
[[  =  do-  It  follows  that  every  straight  line  G  of  the  congruence 
belong!)  to  two  developable  surfaces,  alt  of  whose  generators  are 
members  of  the  congruence.  Ijct  r  and  T'  be  the  edges  of  regression 
of  these  two  developables,  and  A  and  A '  the  points  where  O  touches 
rand  r',  respectively.  The  two  points  .4  and  .4 'are  called  the  foral 
pointt  of  the  generator  G.  They  may  be  found  as  follows  without 
integrating  the  equation  (67).    The  ordinate  x  of  one  of  these  points 

I  must  satisfy  both  of  the  equations 
zda  +  dp  =  ii.         zdb  +  dq^O, 
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01,  replacing  da,  dh,  dp,  dq  liy  tlie 


-da  +  -. 


Eliminating  *  bet^ 
tion  (57).  But  if 
Gecond  d^ree 


1  these  two  eqiialiotiB,  we  lind  again  the  etjoft- 
eluntDate  d^/dct  we  obtain  aa  equation  of  the 


,™.     /    ^a,       dp\/    db       Sq\       I    da   ,    SiA  /    dh       Sg\       ^ 


whose  two  solutions  are  the  value 
The  lotiua  of  the  focal  points 


of  s  for  the  focal  points. 
I  and  A'  consists  of  two  nappes 


2  and  2'  of  a  surface  whose  eijiiations  are  given  in  parameter  form 
by  the  formulsB  (56)  and  (59).  These  two  nappes  are  not  in  general 
two  distinct  surfaces,  but  constitute  two  portions  of  the  same  ana- 
lytic surface.  The  whole  surface  is  called  the  foeal  surface.  It  is 
evident  that  the  focal  surface  is  also  the  locus  of  the  edges  of  regres- 
sion of  the  developable  surfaces  which  (;an  be  formed  from  the  lines 
of  the  congruence.  For  by  the  very  definition  of  the  curve  r  the 
tangent  at  any  point  a  is  a  line  of  the  congruence ;  hence  n  is  a 
focal  point  for  that  line  of  the  congruence.  Every  straight  line 
of  the  congruence  is  tangent  to  each  of  the  nappes  2  and  £',  for  it 
is  tangent  to  each  of  two  curves  which  lie  on  these  two  nappes, 
respectively. 

By  an  argument  precisely  similar  to  that  of  S  247  it  is  easy  to 
determine  the  tangent  planes  at  A  and  .^'  to  S  and  S'  (Fig.  61), 
As  the  line  <i  moves,  remaining  tangent  to  V,  for  example,  it  also 
remains  tangent  to  the  surface  2'.  Its  point  of  tangency  A'  will 
describe  a  curve  y'  which  is  necessarily  distinct  from  T'.  Hence 
the  developable  described  by  G  during  this  motion  is  tangent  to  2' 
at  A',  since  the  tangent  planes  to  the  two  surfaces  both  contain  the 
line  G  and  the  tangent  line  to  y'.  It  follows  that  the  tangent  plane 
to  2'  at  A'  is  precisely  the  osculating  plane  of  r  at  A.  Likewise, 
the  tangent  plane  to  2  at  .1  is  the  osculating  plane  of  r'  at  A'. 
These  two  planes  are  called  the  focal  planes  of  the  generator  G. 

It  may  happen  that  one  of  the  nappes  of  the  foiial  surface  degen- 
erates into  a  curve  C.  In  that  case  the  straight  lines  of  the  con- 
gruence are  all  tangent  to  2,  and  merely  meet  C.  One  of  the 
families  of  developables  consists  of  the  cones  circumscribed  about  S 
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whose  vertices  are  on  C.  If  both  of  the  nappes  of  the  focal  surface 
degenerate  into  curves  C  and  C\  the  two  families  of  developables 
consist  of  the  cones  through  one  of  the  curves  whose  vertices  lie 
on  the  other.  If  both  the  curves  C  and  C  are  straight  lines,  the 
congruence  is  called  a  linear  congruence, 

256.  Congruence  of  normals.  The  normals  to  any  surface  evidently 
form  a  congruence,  but  the  converse  is  not  true:  there  exists  no 
surface,  in  general,  which  is  normal  to  every  line  of  a  given  con- 
gruence. For,  if  we  consider  the  congruence  formed  by  the  normals 
to  a  given  surface  S,  the  two  nappes  of  the  focal  surface  are  evidently 
the  two  nappes  2  and  S'  of  the  e volute  of  S  (§  247),  and  we  have  seen 
that  the  two  tangent  planes  at  the  points  A  and  A '  where  the  same 
normal  touches  S  and  S'  stand  at  right  angles.  This  is  a  character- 
istic property  of  a  congruence  of  normals,  as  we  shall  see  by  trying 
to  find  the  condition  that  the  straight  line  (56)  should  always  remain 
normal  to  the  surface.  The  necessary  and  sufficient  condition  that  it 
should  is  that  there  exist  a  function /][ a,  fi)  such  that  the  surface  S 
represented  by  the  ei^uations 

(60)  x  =  az-{-p,         j/=:bz-{-q,         z=f(a,P) 

is  normal  to  each  of  the  lines  (G).     It  follows  that  we  must  have 

dx  ,   -dy      dz       _ 
Ca  oa       oa 

dx  ,   .dy      dz       . 

or,  replacing  x  and  yhyaz-{-p  and  bz  -f  q,  respectively,  and  divid- 
ing by  Va*  -h  b'^  -f  1, 

l(.Va'  +  ^'  +  l)+     /"         ""    =0, 
^a  y/a'  +  b'  +  l 


(61) 


a|?  +  6|? 


The  necessary  and  sufficient  condition  that  these  equations  be  com- 
patible is 

dp\^a^  4.  //i  4. 1  /       da\  V^TfTThl 
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If  this  condition  is  satisfied,  z  can  be  found  from  (61)  by  a  single 
quadrature.  The  surfaces  obtained  in  this  way  depend  upon  a  con- 
stant of  integration  and  form  a  one-parameter  family  of  parallel 
surfaces. 

In  order  to  find  the  geometrical  meaning  of  the  condition  (62),  it 
should  be  noticed  that  that  condition,  by  its  very  nature,  is  inde- 
pendent of  the  choice  of  axes  and  of  the  choice  of  the  independent 
vai'iables.  We  may  thei'efore  ehoose  the  a  axis  as  a  line  of  the  con- 
gruence, and  the  parameters  a  and  0  as  the  coordinates  of  tlie  point 
where  a  line  of  the  congi'uence  pierces  the  xy  plane.  Then  we  shall 
have  p  =.a,q  =  ff,  and  a  and  !•  given  functions  of  a  and  p  which  van- 
ish for  a  =  ff  =  0.  It  follows  that  the  condition  of  integrability,  for 
the  set  of  values  a  =  p=  0,  reduces  to  the  equation  Ba/8fi  =  db/da. 
On  the  other  hand,  the  equation  (57)  takes  the  form 


p^.{^-^y..,--^.. 


=  0, 


which  is  the  equation  for  determining  the  lines  of  intersection  of 
the  xy  plane  with  the  devclopables  of  the  congruence  aft«r  a  and 
/3  have  been  replaced  by  x  and  j/,  respectively.  The  condition 
da/dp  =  dli/Ba,  for  a  —  ^  —  0,  means  that  the  two  curves  of  this 
kind  which  pass  through  the  origin  intersect  at  right  angles ;  that 
is,  the  tangent  planes  to  the  two  developable  surfaces  of  the  congru- 
ence which  pass  through  the  x  axis  stand  at  right  angles.  Since  the 
line  taken  as  the  a  axis  was  any  line  of  the  congruence,  we  may  state 
the  following  important  theorem: 

The  necessary  and  sufficient  cmdiiion  that  the  straight  lines  of  a 
given  con/jiiienee  be  the  normals  of  some  surface  is  that  the  foeal  planes 
tkroiigh  epery  line  of  the  congruence  should  be  perpendicular  to  each 

Note.  If  the  puvmeters  a  and  ^  be  chosen  aa  the  cosines  of  the  angles  which 
tha  Hue  makes  wilh  the  x  and  y  axes,  reapectivel; .  we  shall  hare 


and  the  equationa  (61)  become 
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Then  Ibe  condition  of  integrability  (32)  rednces  to  the  form  iq/da  =  dp/d^,  which 
means  that  p  sjidq  must  he  the  partial  derivatives  of  the  same  function  F{a,^): 


irhera  F(a,  ff)  can  be  found  by  a  single  qnadratuie. 
solution  of  the  total  diflerentinl  equation 


d I  ]  =  -  la —  +p ]ila  ~la +  B—-\dt 


n  arbitrary  conatant. 


9BT.  Theoram  of  Halus,  If  rays  of  light  from  a  point  soui 
refracted)  by  any  surface,  ilie  reflected  (or  refracted)  rays 
each  of  a  family  of  parallel  surfaces.  This  theorem,  which  i 
been  extended  by  Cauohy,  Dupin,  Gergonne,  and  Quelelet 


mber  of  Bucceasive  reflecLiona  or  refractiona,  and  w 
e  general  theorem  : 


KB  that  z  is  the 

are  reflected  (or  ' 

I  the  nornukls  to  ' 

lie  to  Malus,  lias  ■ 

the  case  of  kny  I 


may  state  the  following 


If  a  family  afrayt  of  light  are  normal  In  some  sarfaee  itt  any  lime,  theyTttain 
that  pToperiy  after  any  number  of  rrjleelioim  and  refTOCliimt. 

Since  a  reflection  may  be  regarded  aa  a,  refraction  of  index  - 1,  it  is  evidently 
gnfficient  to  prove  the  theorem  for  a  single  refraction.  Let  S  be  a  surface  nor- 
mal to  the  iiurefracted  raya,  wM  an  incident  ray  which  meets  the  surface  of 
separation  S  at  a  point  M,  and  MH  the  refracted  ray.  By  Deacartea'  law,  the 
Incident  ray,  the  refracted  ray,  and  the  normal  MN  lie  in  a  plane,  and  the 
angles  i  and  r  (Fig,  f>'2)  satisfy  the  relation 
nsin  j  =  sin  r.  For  dtQuilencss  we  shall  sup- 
pose, as  in  the  figure,  that  n-  is  less  than 
unity.  Let  I  denoic  the  distance  Mm,  and 
let  us  lay  o9  on  the  refracted  ray  eiteoded 
a  length  ('  =  Mm'  equal  to  k  times  I,  where 
i  is  a  constant  factor  which  we  shall  deter- 
tuine  presentlj'.  The  point  m'  describes  a 
surface  S*.  We  shall  proceed  to  sliow  that 
k  may  be  chosen  In  such  a  way  that  JIfni'  is 
normal  to  8".  Let  C  be  any  curve  on  S. 
As  the  point  m  describes  C  the  point  M 
describes  a  curve  r  on  the  surface  S,  and  p,^   j^ 

the  corresponding  point  m'  descriljes  another 

■  curve  C  on  S'.     Let  «,  (r,  »"  be  the  lengths  of  the  arcs  of  the  three  curves  C,  r, 

■  C  measured  from  corresponding  fixed  points  on  those  curvefi,   respectively. 

■  w  the  angle  which  the  tangent  WTi  to  r  makes  with  the  tangent  MT  to  the 

■  Dormal  section  by  the  normal  plane  through  the  inciiient  ray,  and  «  and  #'  the 

■  angles  which  MTi  makes  with  Mm  and  Mm\  reapecUvely. 
I  coe^,  for  example,  let  us  lay  off  a 


In  order  b 
a  Afni  a  unit  length  and  project  It  upon  MTu 
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firat  directly,  then  by  projecting  it  apon  MT  and  from  MT  npon  Jf Ti .  This, 
and  the  similar  projection  from  Mm'  upon  MTi ,  give  the  equations 

CO8  0  =  sinicoBitf,        cos^' =  sinrcosw. 

Applying  the  formula  (1(K)  of  §  82  for  the  differential  of  a  segment  to  the  seg- 
ments Mm  and  Mm\  we  find 

cU  =  —  da-  cos  w  sin  i , 

dt  =  —  do- COB  w  sin  r  —  ds^cos^, 

where  $  denotes  the  angle  between  m'Jtf  and  the  tangent  to  C^    Hence,  replacing 

dl'  by  k  dl,  we  find 

cos  (ii  do'(A;  sin  i  —  sinr)  =  ds^cos^, 
or,  assuming  Ac  =  n, 

da^cosBzzO, 

It  follows  that  Mm'  is  normal  to  C,  and,  since  C  is  any  curve  whatever  on 
S\  Mm'  is  also  normal  to  the  surface  S'.  This  surface  S'  is  called  the  anti- 
caustic  surface,  or  the  secondary  caustic.  It  is  clear  that  S'  is  the  envelope  of 
the  spheres  described  about  M  as  center  with  a  radius  equal  to  n  times  Mm ; 
hei^ce  we  may  state  the  following  theorem : 

Let  us  consider  the  surface  8  which  is  normal  to  the  incident  rays  as  the  envelope 
of  a  family  of  spheres  whos^  centers  lie  on  the  surface  of  separation  2.  Then  the 
anticaustic  for  the  refracted  rays  is  the  envelope  of  a  family  of  spheres  unth  the 
same  centers,  whose  radii  are  to  the  radii  of  the  corresponding  spheres  of  the  first 
family  as  unity  is  to  the  index  of  refraction. 

This  envelope  is  composed  of  two  nappes  which  correspond,  respectively, 
to  indices  of  refraction  which  are  numerically  equal  and  opposite  in  sign.  In 
general  these  two  nappes  are  portions  of  the  same  inseparable  analytic  surface. 

268.  Complexes.  A  line  complex  consists  of  all  the  lines  of  a  three-parameter 
family.     Let  the  equations  of  a  line  be  given  in  the  form 

(64)  x  =  a«+Pt        y  =  6j  +  ^. 

Any  line  complex  may  be  defined  by  means  of  a  relation  between  a,  6,  p,  q  of 
the  form 

(65)  F(o,6,p,g)  =  0, 

and  conversely.  If  F  is  a  polynomial  in  a,  6,  p,  g,  the  complex  is  called  an 
algebraic  complex.  The  lines  of  the  complex  through  any  point  (xoi  Voi  ^o)  form 
a  cone  whose  vertex  is  at  that  point ;  its  equation  may  be  found  by  eliminating 
a,  6,  p,  q  between  the  equations  (64),  (65),  and 

(66)  xo  =  ozo  +  P ♦        yo  =  bzo-{-  q- 
Hence  the  equation  of  this  cone  of  the  complex  is 


(67) 


^/x  -  gp    y  -yo    xqz  -  xzq    ypz  -  yzo\  _  ^ 

\Z  —  Zo'   Z  —  Zq  Z  -  Zq  Z  —  Zq     / 


Similarly,  there  are  in  any  plane  in  space  an  infinite  number  of  lines  of  the 
complex ;  these  lines  envelop  a  curve  which  is  called  a  curve  of  the  complex. 
If  the  complex  Is  algebraic,  the  order  of  the  cone  of  the  complex  is  the  same  as  the 
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cliiM  of  tA«  CWM  of  IA«  comptei.  For,  i(  we  wIbIi  to  find  the  number  of  Hues  of 
tbe  cnuiplei  whiuli  pus  through  ftoy  given  point  A  and  which  lie  in  a  plane  F 
llirough  that  poiut,  we  niaj  either  count  tlie  uuuiber  of  geiieral.ora  in  which  P 
cuts  the  cone  of  the  conipIcK  whose  veneji  iu  at  jl.or  we  may  count  the  nnmbfr 
of  tangenls  which  can  be  drawn  Ecuui  A  to  the  curve  of  thu  complex  which  lies 
in  the  plane  P.    Aa  the  number  must  be  the  Sftnie  in  either  case,  the  theorem  is 

If  the  cone  of  the  complex  is  always  »  plane,  the  complex  is  mid  to  be  linear, 
BDil  the  eqoatlon  (66)  Is  of  the  form 

(fl8)  Aa  +  Bi  +  Cj)  +  Dv  +  E(afi  -  dp)  +  f=  0. 

of  the  oomplei  through  any  given  point  (lo,  ifu.*u) 


riieuUielucusof  alltheli 
s  the  plane  whose  eqttatii 


The  carve  of  the  complex,  since  It  must  be  of  elaaa  unity,  degenerates  into  a 
point,  that  Is,  all  the  lines  of  the  complex  which  lie  in  a  phiiii'  pass  through  a 
single  point  of  that  plane,  wliicti  Is  called  the  pole  or  the/ocut.  A  linear  com- 
plex therefore  eatabilsheH  a  oorrespoiidence  between  the  points  and  the  planes 
of  space,  such  that  any  point  in  space  corresponds  to  h  plane  through  that  point, 
and  any  plane  to  a  point  In  that  plane.  A  covvespon deuce  is  also  eslnblished 
among  the  stralgUl  lines  In  space.  Lot  D  be  a  straight  line  wbieh  doen  not 
belong  to  tlie  oi>mplex,  Fand  W  the  foci  of  any  two  planes  through  i),  and  L 
the  line  FW,  Every  plane  througb  A  has  its  focus  at  iu  point  of  ioterxecticm  4 
with  the  line  D,  since  each  of  tbe  linea  ^F  and  ^¥'  evidently  belongs  to  the 
complex.  It  follows  that  every  line  which  meets  both  Dand  A  belongs  to  the 
complex,  and,  finally,  that  tbe  focus  of  any  plane  thi'ougli  Ji  is  tliK  point  where 
that  plane  meets  tk.  The  lines  D  and  4  are  called  Po>yu(7ate lines;  each  of  them 
is  the  locuB  of  the  foci  of  all  planes  through  the  other. 

If  the  line  S  recedes  to  infinity,  the  planes  througb  It  become  parallel,  and 
it  is  clear  that  the  foci  of  a  set  of  parallel  planes  lie  on  a  straight  line.  There 
always  exists  a  plane  such  that  tbe  locus  of  the  foci  of  the  planes  parallel  to  it 
is  perpendicular  to  that  plane,  tf  this  particular  line  be  taken  as  tbe  i  aiin, 
the  plane  whose  focus  is  any  point  on  the  z  axis  is  parallel  to  the  zy  plane.  By 
(Q(i)  tbe  necessary  and  suftlcient  condition  that  this  should  be  the  case  is  that 
j4  =  B=C  =  Zt  =  0,  and  the  equation  of  the  complex  takes  the  simple  form 


(70) 


aq-  bp  +  J^O, 


The  plane  whose  focus  is  at  the  point  (z,  y,  z)  is  givezi  by  tbe  e<]uation 

(71)  Xy~Yz^  K(Z  -  i)  =  0, 

where  X.,  T,  Z  are  the  running  cotirdinaies, 

Aa  an  example  let  us  determine  tbe  curves  whose  langeiiis  belong  to  the 
preceding  complex.  Given  such  a  curve,  whose  cofirdinales  x,  y,  t  are  known 
functions  of  a  variable  parameter,  the  equations  of  the  tangent  ul  any  point  arc 

X-x      r-y 


The  necessary  and  sufficient  condilion  that  this  line  Bhould  belong  Ui  tbe  given 
complex  iH  that  it  Bliould  lie  In  the  plane  (71)  wbtMe  focua  U  tixe  point  (z,  y,  (), 
that  ie,  tbai  we  sbould  have 


(72) 


xdy  —  ydx  =  Kdz. 


We  saw  in  §  218  how  to  find  all  posaiblb  sets  of  funclioiis  x,  i/,  z  oi  a,  aisgle 
parameter  which  satisfy  such  a  relation ;   hence  we  ore  in  a  poaition  to  find 

the  i-eij Hired  curvKa. 

Tlie  reijiilts  of  §  21S  may  be  staled  in  the  language  of  line  complexes.     For 
example,  differentiating  tbe  equation  (72)  we  find 


(73) 


*(Pl/  -y<Px  -  ffd'i, 


and  the  equations  (72)  and  (73)  ahow  thai  tha  oaculating  plane  at  the  point 
(X,  y,  I)  ia  precisely  the  tangent  plane  (71) ;  hence  we  may  state  the  following 
theorem ; 

//  all  Ote  tangents  to  a  tkew  rune  beioiis  to  a  linear  line  complex,  the  oteulating 
plane  at  any  point  of  that  eumt  ia  tlie  plane  tchoae/oewrU  at  Uiat  poittt. 

(Apfell.) 

Suppose  that  we  wished  to  draw  the  osculating  planes  from  any  point  O  In 
space  U)  a  ukew  curve  r  whose  tangents  all  belong  to  a  linear  line  complex.  Let 
Af  be  tlie  {loiiit  of  contact  of  one  of  these  planes.  By  Appeli'R  theorem,  the 
straight  line  MO  belongs  to  the  complex ;  hence  M  lies  in  Ibe  plane  whose  focus 
is  tbe  point  0.  Converaely,  if  tlie  point  M  of  T  lies  in  that  plane,  tbe  straight 
liue  JIfO,  which  belongs  to  the  complex,  lies  in  the  osculating  plane  at  JIf ;  hence 
that  osculating  plane. passen  through  O,  It  follows  that  the  required  points  are 
tbe  inlersecCioDH  of  the  curve  with  the  plane  whose  focus  is  the  point  O  (see 
%  218), 

Linear  line  complexes  occur  in  many  geometrical  and  mechanical  applica- 
tions,    Tbe  reader  is  referred,  fur  example,  to  the  theses  of  Appell  and  Picard." 


1,  Find  the  lines  of  curvati 
envelope  ot  tbe  family  of  plan 
equation 


wbere  a  is  a  variable  parameter,  ^{ac) 
and  R  a  given  constant. 


e  of  the  developable  surface  which  la  Uie 
I  defined  in  rectangular  (oJirdinateB  by  the 

ir*(a)  +  fiv'l  +  a»  +  *'(a), 

arbitrary  function  ot  that  parameter, 

[Licence,  Paris,  August,  1871. J 

2,  Find  the  conditions  that  the  lines  x  =  az  +  a.  ij  =  bt  +  p,  where  a,  b,  a.  p 
are  functions  of  a  variable  parameter,  should  form  a,  developable  surface  for 
which  all  of  the  system  of  lines  of  curvature  perpendicular  to  the  generator  lie 
on  a  system  of  concentric  spheres. 

[Lleence,  Paris,  July,  1872.J 


'  Aiinalef  Kienti,nqiits  i/c  VEcoIk  Norrnale  suptrieim.  IMTH  apd  187T, 
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3.  DetermiDe  the  Uoea  of  turvature  ot  the  surface  whoae  equation  in  rec- 
tiuigular  coiirdiaktsB  is 

[Licence,  Paris,  July,  1876.] 


4.  Consider  tbe  ellipsotd  of  three  uneqnal  ti: 


3  defined  b;  tbe  equalioE 


and  the  elllplical  section  £  in  tbt  iz  jiliiiiL'.  Fiud,  at  eacb  point  Af  of  £:  I)  tbe 
vsluea  uf  llie  principal  radii  uf  turvalure  iii  aiid  ifj  of  tlie  ellipsoid,  2)  Lhe  rela- 
tion between  Ki  and  Ri,  3)  the  loci  ot  the  centeia  of  curvature  o[  lhe  principal 
■ections  as  the  point  3i  deacribea  tbe  ellipse  E. 

[Iiwence,  Paris,  NoTember,  I8TT.] 

6.  Derive  the  equation  o(  tbe  second  degree  for  the  principal  radii  of  curva- 
ture at  any  point  ot  lhe  paraboloid  defined  by  the  equation 


Also  express,  in  terms  of  the  variable  z,  each  of  the  principal  radii  of  cnrva- 
lure  at  any  point  on  the  line  of  intersection  of  tbe  preceding  paraboloid  and  the 
paraboloid  dedned  by  the  equation 


6.  Find  the  loci  of  lhe  centers  of 

paraboluid  defined  by  tbe  equation  zj/ 


[Liceme,  Paris,  November,  1880.] 


ot  tbe  prlt|cipal  sectioOH  of  tbe 
the  point  of  the  surface  describes 


r,  Paris,  July,  I8B3.] 


7.  Find  tbe  equation  of  the  snrface  which  is  the  louus  of  tbe  ci 
vature  of  all  the  plane  sections  of  a  given  surface  S  by  planes  which  all  p 
through  the  same  point  JIf  ot  lhe  surface. 

8.  Let  Jf  rbeany  tangent  line  at  a  point  Af  of  a  given  quadric  surface,  Olbe 
center  of  cuivatiu^  of  tbe  Bection  of  tbe  surface  by  any  plane  tbrougb  MT, 
and  (7  the  center  of  curva'lure  ot  Ibe  evolute  of  that  plane  Bection,  Find  the 
locna  of  O*  as  the  secant  plane  revolves  about  MT. 

[Licence,  Clermont,  July,  1883.] 

9.  Find  tbe  asymploUc  lines  on  the  ancli 
about  one  of  its  tangenls. 


10,  Let  C  be  a  given  curve  in  the  xt  plane  in  a  ayslem  ot  rectangular  coiirdi- 

surface  is  described  fay  a  circle  whose  plane  remains  parallel  to  the 

XV  plane  and  whose  center  describes  the  curve  C,  while  [be  radiu.t  varies  in  such 

a  way  that  llie  circle  always  meets  lhe  z  axis.     Derive  the  differential  equation 

uf  tbe  asymptotic  lines  on  this  surface,  taking  as  the  variable  parameters  tbe 
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coordinate  z  of  any  point,  and  the  angle  B  which  the  radius  of  the  circle  through 
the  point  makes  with  the  trace  of  the  plane  of  the  circle  on  the  xz  plane. 

Apply  the  result  to  the  particular  case  where  the  curve  C  is  a  parabola 
whose  vertex  is  at  the  origin  and  whose  axis  is  the  x  axis. 

[Licence^  Paris,  July,  1880.] 

11.  Determine  the  asymptotic  lines  on  a  ruled  surface  which  is  tangent  to 
another  ruled  surface  at  every  point  of  a  generator  A  of  the  second  surface, 
every  generator  of  the  first  surface  meeting  A  at  some  point. 

18.  Determine  the  curves  on  a  rectilinear  helicoid  whose  osculating  plane 

always  contains  the  normal  to  the  surface. 

[Licence^  Paris,  July,  1876.] 

18.  Find  the  asymptotic  lines  on  the  ruled  surface  defined  by  the  equations 
X  =  (1-f- ii)co8V,        y  =  (l  — u)sinv,        «  =  u. 

[Licence,  Nancy,  November,  1900.] 

14*.  The  sections  of  a  surface  8  by  planes  through  a  straight  line  A  and  the 
curves  of  contact  of  the  cones  circumscribed  about  S  with  their  vertices  on  A 
form  a  conjugate  network  on  the  surface. 

[KOENIGS.] 

15*.  As  a  rigid  straight  line  moves  in  such  a  way  that  three  fixed  points 
upon  it  always  remain  in  three  mutually  perpendicular  planes,  the  straight  line 
always  remains  normal  to  a  family  of  jMirallel  surfaces.  One  of  the  family  of 
surfaces  is  the  locus  of  the  middle  point  of  the  segment  of  the  given  line  bounded 
by  the  point  where  the  line  meets  one  of  the  coordinate  planes  and  by  the  foot 
of  the  perpeudiculaf  let  fall  upon  the  line  from  the  origin  of  coordinates. 

[Darboux,  Comptes  renduB,  Vol.  XCII,  p.  446,  1881.] 

16*.  On  any  surface  one  imaginary  line  of  curvature  is  the  locus  of  the  points 
for  which  the  equation  l+l>^  +  9'  =  0is  satisfied. 

[In  order  to  prove  this,  put  the  differential  equation  of  the  lines  of  curvature 
in  the  form 

{dpdy  -  dqdx){\  +  p«  +  q^  4-  (pdij  -  qdx){pdp  -\-qdq)  =  0.] 

[Darboux,  Annates  de  VlUcole  normale^  1864.] 
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23;  ^n,  26;  4O6,  100;  logarithmic: 
see  Logarithm;  monotonic:  14s. 
72;  perlodie:  318,  153;  primitive: 
see  Primitive  funcUons  and  Inte- 
grals; rational:  S,  3;  7a«,  TT;  ^5, 
ex.  12 ;  SOS.  103 ;  real  variables !  *, 
2;  il,  |10;  (etc.,  Me  special  titles) ; 
transcendental :  sei.  IDS ;  136,  114  ; 
ilS,  IM;  trigonomeirlc :  100,  48; 
fSO,  106;  MS,  lU;  trigonometric 
(inverse):  loi,  50;  HSf,  179. 
Fundamental  ilx^orem  of  Algcbta:  see 
D'Aiembert'B  tbeorem. 


CalHai :  4Sn,  207. 

Gumma  funi^tlon;  see  Function  r(a). 
Gnus*:  y.'A-J,  101;  #.1/,  142;  344,  163. 
Geometry  of   higher  dimeusiona:  fee 

Higher  dimensions. 
Gergonnti  SSS,  267. 
Gounat :  3,!,  (tn. ;  4&,  (W. ;  SS,  ex.  23. 
Gninee:  /6b',  83. 
Graves'  theorem:  166,  83, 
Greatest  limit :  3S8.  150  ;  335,  160 ; 

S5I,  lfi7;  377,  177. 
Green:  S6i,  120  :  f^£',  140;  309.  14P; 

3/6',  152;  -IM,  15.3. 
Green's  theorem  i  SSS,  140 ;  S09,  140 ; 

3/6,  153 ;  3/*,  153. 

Hadamard :  37£,  ftn, 
//olpAen:  33,  ex.  II ;  56,  ex.  IS. 
Harmonic  series :  lOS.  40 ;  S47,  105. 
Haro'BBeries:/S3,  ex.  11. 
Helicold  ;  SOU,  243  ;  519.  240. 
Helix;  ,#*■.?,  231;  ,^3,  232. 
HurmiUi :  37,  46  ;  /?/,  87;  205,&j..  12; 
236^  ftn. 

Hewians:  5^,  30. 

Higher  dimeiififous:  310.  150, 

Highest  common  divisor:  tti,  104. 

Ht(6erti  J7/.  87. 

Ilinpilal,  de  r  :  see  L'BospibU,  de. 

Hotel:  21U,  106. 

Hyperboia.  area  of :  SIS,  106. 

Hyperbolic  fuLiciions;  see  F^uictions. 

Hyperbolic  point:  50V,  230. 

Hypocycloid  :  S4S,  117;  ,^f,  ex.  7. 

Implicit  funoUons :  see  Functions  mtd 
D'Alemben'slheorBm. 

Improper  integrals :  see  Integrals. 

Incommensurable  numbers :  Z^?,  Iln,; 
171,  87 ;  ij.''.  ex.  21. 

Indefinite  inlegrals :  see  Integrala. 

Independence  of  Path:  316,  152;  see 
also  Integral  Piz+  Qdy;  of  sur- 
face ;  ^liS.  165 ;  see  also  Inlegials, 
surface.  ' 

Indeterminate  forms:  10,  6  ;  1i?,  47. 

Index  (of  a  fuDOtion) :  /.'37,  77;  SOS, 
cxB.  U  and  12;  333,  154. 

Indlcatrix:  501,  240  fl. 
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'  tnflnite,  definition  of :  i,  4. 

Infinite  limits :  kc  InlegniK,  improper. 

Infinile  sertet:  S,  1;  O'J,  tin.;  IS3, 
SI;  SS7,  160;  alUraatiiig i  182, 
01;  complex  terms;  SSO,  IflTff.; 
constant  tenna:  319,  l&Tff.;  deveU 
opmeiit  in :  93.  46  ;  98,  48 ;  iOl,  101 ; 
575,  177;  404,  180;  4II,  ll»5;  4IS, 
197 ;  4SS,  lOfl ;  «ee  tUto  Taylor's 
Berles,  etc.;  diSerentiUion  of:  S64, 
174:5^0,170;  40J,  180;  division  of: 
S:'S,  183;  dominaoL:  see  PunctionB. 
dominant;  Fourier's:  4IS,  IDTR,; 
hanaonic :  103.  4(1 ;  347,  106 ;  of  in- 
finite series :  see  Substitution  of  series 
and  Double  series;  integration  of: 
201,  101;  364,  174;  Sl)8,  174;  Mc- 
Lauriii's;  see  McLaurin's  series; 
multiplication  of:  SSI,  158;  379, 
178;  positive  terms:  £,  1;  SS9, 
167  Ef.;  reversion  of:  407.  100; 
substitution  of :  see  Substitution  of 
series;  sum  of:  U'.i,  (tn.;  5S9,  lfi7; 
s«e  aiso  Convergence  j  TH,ylor'B ;  tee 
Taylor's  series;  trigonometric :  4", 
105  ft. ;  variable  terms  :  SSO,  173  ; 
see  also  Double  series,  etc. 

Infinitely  smnll  quantity  :  tO,  14  ;  fee 
aim  Infinilesimal. 

lnanil«simal :  19,  14  ;  ISO.  72 ;  iBl, 
120. 

Inlegrable  functions :  see  Functions. 

Integrals,  Abeliiini  .gi.i,  105;  esi.  108; 
S26. 1 10 ;  differentiation  of :  see  Dif- 
ferentiation of  iniegTAls;  definite: 
14s.  68  S, ;  see  ai»o  Evaluation  of 
integrals;  double:  asu.  1200.;  ellip- 
tic: £S6,  110;  SSI.  112;  SSS.  112; 
S46.  ex,  H ;  fnncllons  defined  by : 
fee  Functions;  byperelliptic :  SSti. 
110;  improper:  175.  80;  179,  DO; 
iW,  01;  Ate,  140;  S77,  133;  f^P, 
lai;  5JS,  173;  569,176;  indefinite : 
154.  70 ;  SOS.  103  0. ;  see  a^  Func- 
tions, primttive,  and  Evaluation  of 
ialegrals;  iDi«gration  of:  see  Inte- 
gratioD  of  integrals;  line;  1S4.  03; 

SOI,   102;  SGS,  128;  SIG.  153;  3^'S. 
165 ;  see  also  Differentials,  total,  and 


Integral  Pdx-i-qdy,  atiA  Green's 
theorem ;  logarithm :  S45,  118;  mul- 
tiple :  SIO,  160  fl. ;  5,5s,  171  ;  J67, 
174;  Fdx  +  (idy.  316,  153  ff.; 
pseudo-elliptic:  :i34. 113;  ^.^fi, ex.  6; 
S4r,  01.  7 ;  surface :  2S0, 136  ff. ;  SSS, 
156;  triple:  ,¥96,  143;  ztly  -  ydx: 
/SO,  04;  /»/,  06;  S06,  ex.  14. 

Integraphs:  SOI.  102. 

Integration,  at  binomial  differentials : 
2J4.  100;  of  integrals:  £^(i\  123; 
mechanical:  Jf>^,  102;  of  sirrit-s: 
JOi,  101;  se4,  174;  5fiS,  174j  see 
aUo  Integrals, 

Interpolation:  ms,  100, 

Interval :  function  defined  in  :  ?,  2  ;  7. 
6;  of  convergence :  Sfe  Convergence. 

Intrinsic  equations:  see  Equations. 

InTarianlB  :  .59.  30  ;  70,  37. 

Inverse  functions:  see  Functions. 

Inversion,  of  functions :  see  Func- 
tions; transformation  of;  en,  35; 
69,  38, 

Involutes :.J5J, 204;  456,206;  .jSO,  231. 

Involutions:  SSI,  112;  fJ,iI13;  2,^7, 
ei.  7. 

Involutory  transformations;  69,  36; 
7S,*l:  79,. 42. 

Jaeobi:  SS,  ftn. ;  3£,  ei.  5;   je,  ftn.; 

SS.  tin. 
JacobiaiiE ;    see   Functional   determi- 

Jnmet  t  B0!>,  243. 
Juachim^uiX :  530,  250. 
Joacbimstliars  theorem :  530.  250. 
Jordan :  360.  ftn, 

A'eJofn,  Lord :  M.  ex.  10. 

Kepler:  406,  180. 

Kepler's  equation  :  S49,  ex,  10 ;  jm>, 

189, 
Jfoent^s:  5J(J,  ex,  14. 

Lagrange :  S,  &;  7.9;  19.  19;  00.4*i    ' 
/Si',  100  i  S74,  181 ;  404,  IW;  «5, 
212. 

I.agrange'B  formula  (Implicit  func- 
Uons):  34,ei.»;  404. 189;  fommla 
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{interpolation):  IH8,  100;  identity: 

S7i,  131. 
Lrnnii  SO,  ftn.;  SS,  43;  3S5,  ei.  10. 
Laplace:  7S,  38;  i'.^  ex.8;  404,  189. 
Laplace's  equation  1  7,1,  3S. 
Laug^:  140,  ftn. 
Law  of  the  mean,  for  deriTBtiTea:  S, 

8;  Jfi.ll;  JS.ftn.;  .^*,48;  755,76; 

£65.  127 ;  (or  integralH (lal law):  Inl. 

74 ;  £S3,  121 ;  for  iuWgrals  (2d  law) : 

i5;,T4;  $05,  ex.13;  generalizatloue: 

10,  S;  9S,  iB;  265,  127. 

LAavu^i  iS!,  190. 

LtgendTt:  S3,  ex.9;  BS.Zd;  17.1,  9»; 

.IBS,  174 :  S!f4,  184. 
Legendre's    polynomials:  S3,  ex.  0; 

17,1,  88;  SOI,  101;  formula:  4SI. 

203;  integrals!  SS.i,  112;  S66,  174; 

994,  184;  tranafonnation :  6S,  36; 

rr,  41. 
I*«>tii*  ■.7,6;  19,  — ;  S7, 17 -,  S9. 18, 
Leibniz'  formula :  S7,  17. 
LemniBcate:  51M,  108;  SS4,  112. 
Length :  16 1,  80 ;  /fl^,  80  ;  etc. 
LU:  6*,  fin. 
L'Hoipiial,  de :  in,  8. 
L'Hospital,  de,  theorem:  10,  8. 
Limit:   /,  1 ;  a  Inwei :   140,  08;  an 

upper:  SI,  ftn.;  /.j'?,  62;  greatest: 

lee  Greatest  limit ;    of  error :  see 

Evaluation;  of  integration:  ise  In- 

tegralKj   the   lower:   14~,   68;   the 

upper:  14I,  02. 
Line  cotnplexM:  ««  Complexes;  cnii- 

gruences  :    (ce  Congruences ;    into- 

grals:  see  Integrals, 
Line  of  curvature;  tee  Curvature. 
Line  of  sldcLion  :  tee  SLriction. 
Linear    ttansIormationH :   see   Trans- 

formationB. 
LtoHViHe:  tsi,  111. 
Logarithm:  57, 2B;  lOO.iO;  lOJ.iO; 

SSi.  170. 
Loop-clrcnit :  SIO,  163. 
LflOK :  484,  ftn. 

Miilm:  M5,  267. 
;  Mftlus"  theorem :  SS5,  267. 
Mannftrim :  495,  zis.  7  and  U;S24. 262. 


Mnntion :  307,  ex.  24. 

MasB :  i'.W,  143. 

Maximum:  ,1,3;  llti,56B.;  S5I.  120; 

3ee  also  Extra  mum. 
MoLaurin'a  series:  9!i,  48;  SS^,  179; 

tee  (iJto  Taylor's  eeriea. 
Mean,  law  of  tbe :  nee  Law. 
Mechanical  quadrature:  iOl,  102. 
Mertenst  S6S.  108. 
Meusuien  497,  239. 
Meuanier'e  theorem :  4!ii,  231). 
Minimum :  3,   S;    J16,   65 ;   see   also 

Eiiremam. 
Miibius' strip:  f^r),  fin, 
Monge:  S9,  18  ;  «,  24  ;  -W3.  261. 
Monotonically    increasing    functions : 

see  Functions,  mono  ionic. 
Multiple  series:  310, 1603.,  358,  ITl; 

.M?,  174. 
Multiplication  of  series :  sec  Series. 
Marphg:  373.  ex,  1. 

t/ewton :  /fl,  fin. 

Normal  sections :  497,  230  ;  SOI,  240. 

Normals,  congruence  of:  S33.  36S; 
length  of :  -10, 10 ;  plane  curves :  SO, 
19;  principal  {skew  curves):  471, 
2-2(1. 

Numhere,  incommensurable:  I4~,  tin.; 
171,  87  j  34-',  ex.  21 ;  transcenden- 
tal: 77/,  87. 

Order  of  contact ;  »ee  Contact. 
Ordinary  points :  see  PoiDU. 
Orthogonal  systems,  of  curves:  S7S, 

132;  triple:  no,  43  ;  5S1,  251. 
Oscillation:  14S,  Bfi;  i51. 120;  ***,213. 
OsculaUng  plane:  45-1,  216;  455.218; 

sphere :  49S,  237, 
Osculation:  93,  46;   44S,  213;  4od, 

216  ;  4.55,  216  ;  4SS,  236  ;  i9t,  237. 
0»gn(id:53.  fin.;  757,  ftn.;  Je.l,  fin. 
Oslrogradxky :  309,  fin. 
OHlrogradBky's  theorem  :  .109,  149. 

Painieoi :  S8,  ex.  23. 
Parabola  :  135,  04  ;  73r,  06  ;  ISO,  107, 
Parabolic  point :  HOO,  230 ;  SSO,  240. 
Paraboloid:  575.  240;  6S.1,  261. 
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^V      Parallel  curves :  !07.  ei.  20 ;  surfaces ; 

Roaie:  340,  163. 

^B     .      Sii,  ex.  16. 

Raabe'Rtest:  S4Q.  163. 

^m         Farameler  of  distribution :  SSS,  263  ; 

Radius  of   curvature,   of   torsion:  see 

^B             530.  254. 

Curvature,  Torsion. 

Rational  (unctions :  see  Functions. 

^M            entUl. 

Reciprocal  equations:  see  Equations; 

polars:  see  Transformations (  radii: 

^M              EqualioDB,  putia)  diOarential. 

see  Traiuiforniations. 

^M          Peano:  456,  ftn. 

Rectification  of  curves :  see  Length. 

■         Pedal  curves!  69,  3fi;   go;,  ex..  21 

Reduction  formulre :   SOS.   103;   tlO, 

^1              and  22. 

104;  2S6,  110;  S27,  110;  gS9,  116; 

^1          Pellet :  49S,ei..  11. 

140,  116;   f«.  118;   ^4*.  exfc   16, 

^H         Periodic  functioiiH :  see  Functions. 

Id,  and  17;  U3,es.2l. 

^f         Periods:  SIS,  163. 

PiranJ:  3£f.  164  ;  5JS,  268. 

Regular  curves:  sec  Curves. 

Planimeter!  iOl,  102. 

Remainder  (Taylor's  series):   90,  44; 

iPofBCort:  5S6,  181. 

M.  48. 

Reversion  of  series:  407,  190. 

mations. 

Poinla,  ordinary :  110,  63  [  40S,  102. 

Eiemann:   140,  ftn.;  50.7.  (In.;   347, 

Points,  singular:   110.   63;   i;^,  64; 

166. 

H^              5/9,  163 ;  40j,  1»2  ;  409,  ftn. 

Rlemann's  theorem :  309,  ha. ;  see  also 

^k          Poiuon :  204,  ei.  0 ;  SSS,  ex.  8. 

^P          Polu  co6rdiuales :  tee  Cobrdiuates. 

AobsrCs:  «d.«,  ex.  10. 

■^         Polar  line :  473,  227. 

Kr^Irt-ffHes:  ,M,  ex.  8;  5/7,248. 

Polar  surface  :  473,  227. 

Hodripies'  formula;  5/7,  248. 

Polynomials,  continuily  of:  .1,  3;  rela- 

Roile's Ibeorem :  7,  7. 

tively  prime:  sii,  104  ;  214,  104, 

Roots,  existence  of:    3,  3;  291,  142; 

Potential  equation :  see  Laplace's  equa- 

5?/,  164 ;    see  alio  Functions,   im- 

tion. 

plicit,  and  D'Alembert's  theorem. 

Power  series:   575,   177  fT. ;    double: 

Roulette :  207,  ex.  23 ;  ISO,  107 ;  S£6, 

394.  186. 

262, 

PrimltiTB  (unolions:  ISO.ej;  154.  76; 

Rouquel:  495,  ei.  4. 

see  alaa  Integrals. 

Ruled  surfaces:  see  Surfaces. 

^—               Normals,  Tangents,  elc. 

Sch^er:  125.  56. 

^L         Prin^sAetm :  S40,  102. 

Riktil:  435,  ex.  7. 

^1           Pi'Umoid:  285,  138;  SIO.  lUI. 

Sehwan:  11,  9. 

^f          Prismoidal  formula:  i*J,  138. 

Schwarzian:  8S,  ei.  22. 

Projective  transformations :  see  Trans- 

Sequences:  537,  166  ;  see  aiso  InflnitA 

formations. 

series. 

Faeudo-elliptic  integrals ;  see  Integrals. 

Series:   set    Infinite  series,   Taylor's 

Pwiseuz :  484,  232. 

series,  Double  series,  etc. 

Seiret:  234,  ftn.;  4SS,  ex.  7. 

Quadrature :   134,  64  ;  1S5,  66  ;    IGO, 

Serret'a  curves;  SS4,Hn. 

78 ;  see  also  Area,  Integrals,  etc. 

SimpMon:  199,  100. 

Quadrics,  oonfocal :  S33,  261. 

Singular   points:    110.   53;    II4,  64; 

Quarlic  curves :  tS3,  108. 

Sin,    153;    4(W.   102;    409.  ftn. 

i^uMfX :  555,  267. 

1 

Slnistrorsal  (skew  curve):  476,  228. 
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Skew  curvps :  .iff  rjiireB. 
SI«itMr:  SOT.ex.  -AS. 

siokeM-.  sst,  isa. 

SUikes'  Hieorem:  iSJ,  I3fl, 

Stiictlon,  line  of:  6-^a,  358. 

Stwtm:  174,  88. 

Sturm  sequences:  174,  BS. 

SubnoriDEil:  So,  1!). 

SubatituUonof  seriefl:  SSK,  192;  3tl7, 
1B6 ;  Ht  al*o  Doable  series. 

SubNtitutians:  see  Transformations. 

SubUngent :  30,  10. 

tiurface  integrals:  tu  Integrals. 

Surtace.i:  7S,  30;  407,  239 ft.;  ana- 
lytic :  410,  194  ft. ;  npsidal :  86,  ex. 
IT;  developable:  7,9,42;  .^6'/,  SSI ; 
464,222;  505,2\\i  focal:  5,1;, 255; 
parallel!  SK,  ex.  18;  ruled:  f.95, 138; 
509. 244 ;  .5.3ff ,  2&3 ;  tranalation :  .^/5, 
246 i  tubular:  5?J,  262;  imilaieral : 
.f.S'O,  135 ;  nave :  £6,  ex.  IT. 

Tangential  equntlone:  £07,  ex.  31. 

Tajigents,  aflyniplolic;  505,240;  con- 
jugaW!  o;7,  245;  length  of:  SO,  IB; 
principal:  J05, 240;  stationary:  457, 
21T;  10  curves  (plane):  ,5,  S;  (fj,  32; 
9«,46;  97,47;  to  curves  (skew):  £, 
6;  SI.  27;  lo  aurfaccs:  IS,  12;  J.i, 
22  ;  76,  39  and  ftn. 

Tannerv :  S5S,  ftn. 

Taylor's  series:  i'3,  44fl.;  as,  48ff.i 
171,  80 ;  197.  51 ;  3;f4,  180 ;  398, 186, 

TVAeftj/fAflff':  f57,  123. 

Tenn-by-term  differentiation :  see  Dif- 
'  ferentialion  of  series;  Integration: 
tee  IntegTfttion  of  series. 

Test*  for  convergence:  see  Conver- 
gence, 

TAiimpson,  Sir  Wm.  t  act  EeMn,  Lord. 

TiMot:  4!ir>,  ex.  6. 

Torsion  and  Rftdins  of  toisloo:  i7-'i 
and  474,  228. 

Total  differentials:  see  Differentials. 


Tractrii:  JJ/,  209. 

Transcpnil-'iKal  numbers:  171.  B7. 

TransformatioxM,  contact:  b7,  30;  77, 
41 ;  7a,  42 ;  involulory :  69,  36 ;  7S, 
41;  79,42;  linear:  j?9,  30 ;  of  coordi- 
nates: C5, 34;  7fi,  40;  etc. ;af  curves: 
6S,36;  of  independent  variable :  61, 
31;  70,38;  7.^,39;  of  int«gntls:  see 
Change  of  variables;  point:  6li,  35; 
es,  3fl;  77,40;  projaative :  66,  &h; 
HO,  37;  reciprocal  polai«:  f>9,  36; 
r,!',  41;  reciprocal  radii:  «6',36i  6.9, 
36. 

Trigonometric  functions :  see  Func- 
tion^;  series;  fll,  195. 

Triple  integrals :  see  Integrals. 

Triply  orthogonal  systems:  see  Orthog- 
onal systems. 

Umbillcs:  506,  241;  SSO,  249. 

Uniform  curves,  continuity,  conver- 
gence, inlinilcsimal :  see  Curves, 
Continuity,  Convergence,  Infinitesi- 

Unilateral  surfaces:  see  Surfaces  and 

Miibius'  strip. 
Upper  limit:  dee  Limit. 

Value,  absolute ;  3,  3 ;  375, 
Variable,  complex:  375. 
Variations,  calculus  of:  SS7,  123. 
Viviani ;  iS6,  139, 
Vlvianl's  formula:  iS6,  130, 
Volume:  )I64, 123 ;  SS4, 137;  S2S, ex.  8; 
Sse,  ex.  13. 

WallU:  UO,  11B. 

Wallis'  formula:  ^40.  118. 
Wave  surface:  86,  ex.  IT. 
Weler»tra»t:  0,  5;  /W,  7B;  SOO,  tto.; 

4"i,  87;  4^^,  199. 
Weleretrass'  theorem:  4~'^,  100. 

Ziwtt;  406,  tta. 
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Hawkes,  Luby,  and  Teuton  :  Second  Course  in  Algebra 

(Revised  Edition) [/n/r«jr] 

Moore  and  Miner :   Practical  Business  Arithmetic  (Re- 
vised Edition) I.oo 

Moore  and  Miner;  Concise  Business  Arithmetic  .     .     .       .75 

Morrison  :  Geometry  Notebook 65 

Powersand  Loker:  Practical  Exerciscsin  Rapid  Calculation       .40 

Robbins:  Algebra  Reviews 25 

Smith:  Algebra  for  Beginners go 

Smith:  The  Teaching  of  Geometry i.aj 

WenCworth:  Advanced  Arithmetic i.oo 

Wentworth  :  New  School  Algebra 1.12 

Wentworth- Smith  Mathematical  Series 

Academic  .Algebra 1.20 

School  Algebra,  Book  I 90 

Book  11 90 

Vocational  .-Mgebra .       .50 

Plane  and  Solid  Geometry 1.30 

Plane  Geometry 80 

Solid  Geometry 75 

Plane  Trigonometry,  J0.90.  With  Tables     ....     i.io 

Plane  and  Spherical  Trigonometry,  f  1.15.  With  Tables     1.35 

Wentworth  and  Hill:  Exercise  Manual  in  Geometry       .       .70 

Wentworth  and  Hill:   EJcercises  in  Algebra 70 

Wentworth  and  Hill:   First  Steps  in  Geometry      ...       .60 
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Anderegg  and  Roe:  Trigonometry  (Revised  Edition)  .  $0.75 
Bailey  and  Woods :  Plane  and  Solid  Analytic  Geometry  2.00 
Barker :  Computing  Tables  and  Mathematical  Formulas  .60 
Byerly :  Elements  of  the  Differential  Calculus  .  .  .  2.00 
Byerly :  Elements  of  the  Integral  Calculus  (Revised)     .     2.00 

Byerly:  Fourier's  Series 3.00 

Byerly:  Generalized  Coordinates 1.25 

Byerly:  Problems  in  Differential  Calculus 75 

Clements:    Problems  in  the   Mathematical  Theory  of 

Investment 32 

Comstock:  Method  of  Least  Squares i.oo 

Durfee:  EHements  of  Plane  Trigonometry 75 

Elisenhart :  Differential  Geometry  of  Curves  and  Surfaces     4.50 

Faunce:  Descriptive  Geometry 1.25 

Fine:  College  Algebra 1.50 

Glenn:  The  Theory  of  Invariants 2.75 

Granville :  Plane  and  Spherical  Trigonometry  and  Tables  1.25 
Granville  and  Smith :  Differential  aqd  Integral  Calculus     2.50 

Hall:  Mensuration 50 

Halsted:  Metrical  Geometry i.oo 

Hancock :  Theory  of  Maxima  and  Minima      .     .     .     .     2.50 

Hawkes:  Higher  Algebra 1.40 

Hedrick :  Goursat's  Mathematical  Analysis,  Vol.  I    .     .     4.00 
Volume  II,  Part  I.    Functions  of  a  Complex  Variable     2.75 
Volume  II,  Part  II.    I>ifferential  Fxjuations      .     .     .     2.75 
Hedrick  and  Kellogg:  Applications  of  the  Calculus  to 

Mechanics 1.25 

Hooper  and  Wells :  Electrical  Problems 1.25 

Ingersoll   and   Zobel:    Mathematical   Theory   of   Heat 

Conduction 1.60 

Lehmer :  Synthetic  Projective  Geometry 96 

Leib:  Problems  in  the  Calculus i.oo 

Lester :  Integrals  of  Mechanics 80 

Longley :  Tables  and  Formulas  (Revised  Edition)     .     .       .50 
McClenon  and  Rusk  :  Elementary  Functions    [/n  press] 
Manning:  Non- Euclidean  Geometry 75 
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